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Abstract

In this paper we consider online mirror descent (OMD), a class of scalable
online learning algorithms exploiting data geometric structures through mirror
maps. Necessary and sufficient conditions are presented in terms of the step
size sequence {n;}; for the convergence of OMD with respect to the expected
Bregman distance induced by the mirror map. The condition is lim;_oo 7 =
0,> 4o, m: = oo in the case of positive variances. It is reduced to Y o, n: =
oo in the case of zero variance for which linear convergence may be achieved
by taking a constant step size sequence. A sufficient condition on the almost
sure convergence is also given. We establish tight error bounds under mild
conditions on the mirror map, the loss function, and the regularizer. Our results
are achieved by some novel analysis on the one-step progress of OMD using
smoothness and strong convexity of the mirror map and the loss function.
Keywords: Mirror descent, Online learning, Bregman distance, Convergence

analysis, Learning theory

1. Introduction

Analyzing and processing big data in various applications has raised the
need of scalable learning algorithms using geometric structures of data. One
approach for scalability in learning theory is stochastic gradient descent and

online learning. In this paper we are interested in online mirror descent, a class
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of scalable learning algorithms exploiting possible data geometric structures
such as sparsity.

Mirror descent is a powerful extension of the classical gradient descent [3]
by relaxing the Hilbert space structure and using a mirror map ¥ : W — R to
capture geometric properties of data from a Banach space W. In this paper we
consider W = R endowed with a norm || - || which might be a non-Euclidean
norm, allowing us to capture non-Euclidean geometric structures of data from
R¢. To introduce the mirror descent and online mirror descent, we assume that
the mirror map V¥ is Fréchet differentiable and strongly convex. The Fréchet
differentiability means the existence of a bounded linear operator V¥ (w) : W —
R at every w € W satisfying ¥(w + ) — ¥(w) — V¥ (w)x = o(||z||). The strong

convexity of U means the existence of some oy > 0 such that
Dy (W, w) 1= (&) — U(w) — (& — w, VI(w)) > "%Hw —w|?, Vib,weW,

where (0 —w, V¥ (w)) is the linear operator V¥ (w) acting on w—w € W. With
this number oy, we say ¥ is og-strongly convex (with respect to the norm || ||),
which we assume throughout the paper. The quantity Dy (@, w) is called the
Bregman distance between w and w.

Given a differentiable and convex objective function F' : W — R, a mirror
descent algorithm approximates a minimizer of F' by a sequence {w;}reny C W
defined with an initial vector w; € W and the gradient descent method in terms

of the gradient VI of F as
V\I/(wt+1) = V\I/(wt) - ﬁtVF(’UJt), t e N, (11)

where {n; }; is a sequence of positive numbers called the step size sequence. Here
the gradient descent is performed in the dual (W* = R?, || - ||.) of the primal
space (W, || -||) since the map VU : W — W* is well-defined, and invertible due
to the strong convexity of . Useful instantiations [II] of the mirror map ¥
include the choice of p-norm divergence ¥ = ¥, with 1 < p < 2 defined by
W,(w) = ] where |-, i the p-norm defined by [lull, = (5L, [w(i)p) "
for w = (w(1),...,w(d)) € R% The mirror descent algorithm with ¥ = U,



23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

6

47

48

49

50

recovers the gradient descent.

In machine learning, the objective function F' is often the regularized risk
F(w) =Ez[f(w, Z)] of the linear function x — (w, x) induced by the action of
x € W* on w € W, where f(w,Z) = ¢({w, X),Y) + r(w) is the regularized loss
function induced by a loss function ¢ : R x R — R, and a convex regularizer
r: W — R;, and Ez denotes the expectation with respect to the random
sample Z = (X,Y) drawn from a Borel probability measure p on Z := X x Y
with an input space X C W* and an output space ) C R. In the remainder
of this paper, we focus on F of the form F(w) = Ez[f(w, Z)] with f given in
terms of ¢ and 7.

In many machine learning applications, training examples {z; = (z¢,y:) €
Z}: become available in a sequential manner. In such situations, instead of
computing F(w), we use the sample z; at the t-th iteration of the mirror descent
to compute the gradient V., [f(wy, z;)] of f(w,z;) with respect to the variable
w at wg. This leads to the online mirror descent (OMD) which extends the
classical online gradient descent algorithm by replacing W5 with a mirror map
U to capture data geometric structures beyond Hilbert spaces. It generates a
sequence {w; }; C W with an initial vector w; € W by performing the stochastic

mirror descent in the dual space as
VO (wir1) = VU(we) = Vo [f(we, 2)],  teN (1.2)

We always assume that the loss function ¢ is convex and differentiable with
respect to the first variable (with the partial derivative ¢’). When ¥ = ¥y and
r(w) = Mw||3 with A > 0, the OMD becomes the classical online learning
algorithm with the iteration wy11 = wy — 9@’ ((wy, 1), yi )z + 2 wy] generated
by the stochastic gradient descent method in the Hilbert space W* = W. The
special choice ¢(a,y) = % (a—y)? of the unregularized least squares loss function
with 7 = 0 corresponds to the general randomized Kaczmarz algorithm [9] given
by

W1 = Wy — Ne[{We, ) — Ye] e, t e N. (1.3)

It was shown in [22] that when inf,cyy Ez [(Y —(w, X))Z} > 0, the randomized
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Kaczmarz algorithm converges in expectation if and only if lim; 7 =0
and Y .o = oo.

This paper presents necessary and sufficient conditions for the conver-
gence of the OMD with respect to the Bregman distance Dy. It extends
the results in [22] 29] from ¥5 to a general mirror map ¥ beyond the Hilbert
space framework. Our conditions are stated in terms of the step size sequence
{n:}+, under some mild assumptions on the mirror map V¥, the regularized loss
function f, and the probability measure p. Throughout the paper, we assume
that the training examples {z; }+ are sampled independently from the probability
measure p on 2.

We illustrate our main results to be stated in the next section by presenting
an example corresponding to the special choice of the unregularized least squares
loss and a strongly smooth mirror map or the p-norm divergence ¥, (which, as
shown in Proposition 7] is not strongly smooth). Here we say that U is Ly-
strongly smooth (with respect to the norm || - ||) with Ly > 0 if Dy (@, w) <
Ly |l — w|? for any w,% € W. Examples of strongly smooth mirror maps
include W5 and a mirror map ¥(&A) with parameters € > 0, A > 0 defined in
the literature of compressed sensing [7] as W(¢Y) (w) = A Zle ge(w(i))+ 3| wl3,
where g.(§) = % for [¢| < e and [§] - § for |{| > €. The mirror map ¥, plays an
important role in the mirror descent method and it can be applied to capturing
geometric structures of data for learning problems in huge dimensions. For
example, the specific choice with p = 1+ @ gives convergence bounds with
only a logarithmic dependence on the dimension d, see [II]. The mirror map
W, is strongly convex with oy, = p — 1 when the norm of W takes the p-norm
|-l =1 llp (see [2]), and by the norm equivalence, oy, > 0 for other norms.

With the special choice of the unregularized least squares loss f(w,z) =

3((w, ) — y)?, the OMD takes a special form
V\II(’U)H_1) = V\I/(wt) — nt[<wt, J)t> - yt}xt, teN. (14)

The following result for this example will be proved in Section [} Denote by
X7 the transpose of X € W*.
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Theorem 1. Assume sup,cy ||z« < o0, Ez[Y?] < oo, and that the covariance
matriz Cx = Ez[X X ] is positive definite. Consider the OMD and denote
w, = Cx'Ez[XY]. Let ¥ be either some p-norm divergence W = W, with

1 < p <2 ora strongly smooth mirror map.

(a) Assumeinf,ew Ez [|Y — (w, X)| || X|[«] > 0. Thenlim; oo E., ., ,[|lw,—
we||?] = 0 if and only if

tlgrolo ne =0 and ;nt = 0. (1.5)

Furthermore, if U is strongly smooth and lim;_, o, n; = 0, then there exist
some Ty € N and C > 0 such that E., ., ,[|w, — wr|?] > CT~! for
T>T. If we take n; = ﬁ for some appropriate o > 0 (given in the
proof), then Ezly---vafl [pr - wT”Z} =0 (Tﬁl)'

(b) Assume w, # w1, Ez [|Y — (w,, X)| || X||+«] = 0 and for some k > 0, n <
wigres Thenlimy oo E., 2, [[Jw, — we]|?] =0 if and only if oo me =

oo. Furthermore, if W is strongly smooth and ny = m < gz, then there

exist é1,Co € (0,1) such that

\T A\T
(@) llwp—wi]]* < Eey, oy [lwp—wr|?] < (&2) lwp—wn?, VT €N.

(1.6)

(c) If the step size sequence satisfies

int =00 and inf < 00, (1.7)
t=1

t=1

then {||w, — wt||*}ten converges to 0 almost surely.

Part (b) of Theorem|l]is for the case of zero variance with y = (w,, z) almost
surely, meaning that the sampling process has no noise and the target function
(conditional mean) is linear. It asserts that the OMD with a strongly smooth
mirror map and a constant step size sequence may converge linearly in this
case. Part (a) asserts that for the case of positive variances (either the sampling

process has noise or the target function is nonlinear) the OMD with a strongly
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smooth mirror map can converge of at most order O(%) and this order may be
achieved. This solves a conjecture raised in [22 page 3346] that a convergence
rate of order O(T~%) with 1 < < 2 is impossible for the randomized Kaczmarz
algorithm (with ¥ = Ws) in the noisy case. Theorem [1| also characterizes the
convergence in expectation by means of the step size condition Zfil Ny = 00
for the case of zero variance and the condition lim;_,, 17; = 0 and Z;’i 1M = 00
for the case of positive variances.

Our analysis is based on a key identity on measuring the one-step progress of
OMD by excess Bregman distances, from which lower and upper bounds on the
one-step progress are established by using strong smoothness and convexity of
the associated regularized loss functions as well as properties of the mirror map.
These lower and upper bounds are then used to build necessary and sufficient
conditions, as well as tight convergence rates.

This paper is organized as follows. In Section [2] we introduce some mild
assumptions on the mirror map and the regularized risk. General results on
convergence of the OMD for the cases with positive variances and zero variance
are stated in subsection 2] and then exemplified with specific mirror maps
and loss functions in subsections and We give some discussion and
comparison with related work in subsection In Section [3| we present a key
identity on the one-step progress of the OMD and sketch the basic idea of our
analysis. We prove the convergence results in the case of positive variances in
Section [4] and results in the case of zero variance together with the almost sure
convergence in Section In Section [6] we prove the explicit results stated in
Section [ subsection 2:2] and subsection [2:3] Some simulations are given in

Section [ to validate our theoretical results.

2. Main Results

In this section we state our main results on necessary and sufficient condi-
tions for the convergence of OMD (|1.2]) to a minimizer w* = arg min,ew F(w)

of the regularized risk F' which is assumed to exist throughout the paper.
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Our discussion requires some mild assumptions on the mirror map ¥ and
the regularized risk F'. On the mirror map, for necessary conditions, we shall
assume that VU is continuous at w* and satisfies the following incremental

condition at infinity.

Definition 1. We say that VU satisfies an incremental condition (of order 1)

at infinity if there exists a constant C'y > 0 such that
(IVI(w)]. < Cg(1+ ||wl]), Yw e W. (2.1)

We shall show later that the p-norm divergence ¥, with 1 < p < 2 and
strongly smooth mirror maps satisfy this mild condition.

For the pair (¥, F'), we shall also assume the following condition measuring
how the convexity of ¥ is controlled by that of F' around w* with a convex

function Q. Recall that w* is a minimizer of F on W.

Definition 2. We say that the convexity of U is controlled by that of F' around
w* with a convex function 2 : [0,00) — R4 satisfying Q(0) = 0 and Q(u) > 0
for u > 0 if the pair (U, F') satisfies

(w* —w, VF(w*) = VF(w)) > Q(Dyg(w*,w)), Yw e W. (2.2)

Typical choices of the convex function € include Q(u) = Cu® with o > 1
and C' > 0. In particular, when F' is strongly convex and ¥ is strongly smooth,
condition is satisfied with a linear (convex) function (u) = Cu for some
C > 0. To see this, we notice from the definition of the Bregman distance that

for a Fréchet differentiable and convex function ¢ : R — R, there holds
Dy(w,w) + Dy(w,w) = (w —w, Vg(w) — Vg(w)), Yw,w e W.  (2.3)

So when F' is op-strongly convex with op > 0, we have (w* — w, VF(w*) —

VF(w)) > opllw* —w|? It follows that {i with Q(u) = %u is satisfied

when ¥ is Lg-strongly smooth.
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2.1. Statements of general results

Our first main result, Theorem [2] states a necessary and sufficient condition
for the convergence of the OMD for the case of positive variances meaning that
infyew Ez [|| Vo f (w, Z)]||<] > 0. It also states in Parts (a) and (b) respectively
that in this case, the OMD cannot achieve convergence rates faster than O(7T~1)
after T iterates, while the best rate O(T~!) may be achieved when Q(u) = Cu in
. This theorem is a consequence of Propositions|11|and |13|to be presented

in Section Ml

Theorem 2. Assume infy,eyw Ez [[|Vo|[f(w, Z2)]||«] > 0 and that for some con-
stant L > 0, f(-,2) is L-strongly smooth for almost every z € Z. Suppose that
VWU is continuous at w* and satisfies the incremental condition at infin-
ity, and that the pair (U, F) satisfies around w* with a convexr function
0 :]0,00) = Ry satisfying (0) = 0 and Q(u) > 0 for uw > 0. Then for OMD
, limy oo By oz [Do(w*, we)] = 0 if and only if the step size sequence
satisfies .

(a) If U is strongly smooth and lim;_, o, n; = 0, then there exist some constants

to € N and C > 0 such that

Ezl,...,zT_l [D‘l/(w*7 (LUT)} Z

(b) If there exists an op > 0 such that
(w* —w, VF(w*) — VF(w)) > cpDy(w*,w), Yw e W. (2.5)

and the step size sequence takes the form n, = , then

4
(t—‘rl)o'p
. 1
Ez1 ,,,,, ZT_I[D‘IJ(’LU ,wT)] = O (T) . (26)

We shall see from the proof of Proposition given in Section [ that the
continuity of VU at w* and the incremental condition are only required for
proving lim;_, ., n; = 0 of the necessity, they are not required for the sufficiency
or for proving Y, . m = oo of the necessity. These conditions are satisfied

when W is strongly smooth, as shown in Proposition [5| below.
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Our second main result, Theorem [3| to be proved in Section [5| states a
necessary and sufficient condition for the convergence of the OMD for the case

of zero variance in the sense that Ez [||V,[f(w*, Z)]||«] = 0.

Theorem 3. Assume Eyz [|Vy[f(w*, Z2)]|ls] = 0 and that for some constant
L >0, f(-, 2) is L-strongly smooth for almost every z € Z. Suppose that the pair
(U, F') satisfies around w* with a convez function S : [0,00) — Ry satisfy-
ing Q(0) =0 and Q(u) > 0 for u> 0. Assume also wy # w* and that for some
k>0, < (21% for every t € N. Then limy,oo E;, . ., ,[De(w*,w,)] =0 if
and only if > ,o, ny = co. Furthermore, if holds and n; = m < ¥, then

T
o T
) < B Dow wn)] < Dofwwn) (1 751)

(2.7)
Remark 1. Our results in Theorems2land [l can be extended to the minibatch
setting where a batch of examples {z¢ 1, ..., 2z¢.m} are independently drawn from
the probability measure p at the t-th iteration. The associated OMD then takes

the form

m

VO (wig1) = VU(wy) — % N Vo lfwez)], VEeN.
i=1

In this setting, the variance of the stochastic gradients will decrease by a factor
of m. The necessary and sufficient conditions in Theorem [2|and Theorem [3| also
apply. For the case with positive variances, the right-hand side of both
and are required to be divided by m due to the variance reduction effect.
For the case with zero-variances, the inequality remains the same since the

stochastic gradient at w* does not change in the mini-batch setting.

Remark 2. The variance condition inf,ew Ez [||Vw[f(w, Z)]|l+] > 0 is almost
complementary to the variance condition Ey [|| V4, [f(w*, Z)]||«] = 0. Indeed, if
infuew Ez [||Vw[f(w, 2)]||l«] = 0 and we assume the infimum can be achieved
at a point w € W, meaning that Ez [||Vy|[f(w, Z)]|l«] = 0. Then we have
Vwlf (@, z)] = 0 almost surely and therefore @ is a minimizer of F. To see clearly

these variance conditions, suppose the data are drawn according to the equation
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yr = (w*, z¢) + € with w* € W and e following the normal distribution N (0, 0?).
Consider the loss function f(w,z) = 3 ((w, z) — y)z. We assume Ex[|| X]|.] > 0.
It is clear that Ez[XX "w* — XY] = 0 and therefore w* = arg min, ey F(w).
If 0 = 0, then it is clear that

Ez[IVu(f(w", Z2)]]l] = Ez[[(w", X) = Y] X|.] = 0,
which corresponds to the case with zero variance. On the other hand, if o > 0,
then for any w € W and x € X we have
Ey|x=s[|Vulf(w, 2)]l.] = 2] Ey x= [[{w, X) = Y]]
= |2 By x = [[(w — w*, X) — €[]
> 0||zH*Pr{’<w —w*, X) — e| > a|X = x}

= ||z« [1 —Pr{[{(w—w*, X) —¢| < 0| X = x}]

> ozl [1 - v2/a],

where the first inequality is due to the Markov’s inequality and the last inequal-
ity is due to following inequality (the density function of the normal distribution

N(0,0?) takes values in the interval [0, ﬁ])

Pr{le—a| <o} </2/m, VaeR.

It then follows that

Bz (IVulf(w, D)) = o[t = V2/r|EXIX[L] >0, ¥weW.
That is, the case 0 > 0 corresponds to exactly the case with positive variances.

Our last main result, Theorem [ to be proved in Section [5} provides a suf-
ficient condition for the almost sure convergence of the OMD by imposing a

stronger condition with Y ;= n? < occ.

Theorem 4. Assume that for some constant L > 0, f(, z) is L-strongly smooth
for almost every z € Z. Suppose that the pair (U, F) satisfies around w*
with a convex function Q : [0,00) — Ry satisfying Q(0) = 0 and Q(u) > 0
for w > 0. If the step size sequence satisfies the condition , then we have

lim;_, o, Dy (w*,w) = 0 almost surely.

10
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2.2. Results with strongly smooth mirror maps and p-norm divergence

In this subsection, for two classes of mirror maps ¥ and strongly convex
objective functions F, we state some results to be proved in Section [6] on the
continuity of VU at w* and the incremental condition at infinity for VU,
and the convexity condition of (U, F).

The first class of mirror maps are strongly smooth ones.

Proposition 5. If U is strongly smooth, then VWV is continuous everywhere
and satisfies the incremental condition (2.1) at infinity. Furthermore, if F is
strongly convex, (2.2)) is satisfied for a linear convex function Q(u) = Cy, ru

with some C'y 1, > 0.

The second class of mirror maps are the p-norm divergence ¥ = ¥, with
1 < p < 2. For the case p = 2, we have VU3 (w) = w, Dy, (0, w) = §|jw — @||3

for w,w € W and ¥, is strongly smooth. So Proposition [f] applies.

Proposition 6. Consider the p-norm divergence ¥ = ¥, with 1 < p < 2. Then
V¥, is continuous everywhere and satisfies the incremental condition (2.1)) with

Cy, = 1. Moreover, we have
IV ()]« = [[wlp, YweW (2.8)
and for any w,w € W, there holds

D, (i, w) < (@l 7 + 315" +1) (Il — w]2 + [l — w|jgnea=s) .
(2.9)

Denote 7, = (1,2]. For any w € W, we have

2
min{p.3-p) ©

@ — w|]2 > B,y (Dy, (0, w)), Yw e W, (2.10)
where Q, : [0,00) — [0, 00) is the convex function depending on p defined by

O, (u) u+%71, ifu>1, (2.11)
u) = P .
: Ly, ifo<u<l,

11
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and By, is the constant depending on | W|, and p given by

-1
. ~ 2— ~np—1
By= win{ (20000, 42l +2)

~N2— ~p—1 ~Tr
(2o, + 20l +2) 7 ),

If F is op-strongly convex with respect to the norm || - ||, then the pair (¥, F)
satisfies (2.2)) around w* with the convex function Q : Ry — Ry given by

Qu) = opBpQy(u), u € [0,00).

4
3

Figure 1: Plots of the convex function Q, with p = 5 (red line), p = % (blue line) and p = 2

(black line).

We remark that the convex function 5 defined by with p = 2 is a
Huber loss [17]. Figure [1| gives the plots of the function Q, with p = %,p = %
and p = 2.

Following Proposition [6] a natural question to ask is whether the p-norm
divergence is strongly smooth (that is, whether holds with Q,, (u) = Cu
for some C' > 0). When d = 1, ¥(w) = Jw® = ¥y(w) is strongly smooth.
When d > 1, the answer is negative, as shown in the following proposition to

be proved in the appendix.

Proposition 7. For d > 1, the p-norm divergence ¥V = ¥,, with 1 < p < 2 s

not strongly smooth.

12
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2.8. Explicit results with special loss functions for learning

In this subsection we state explicit results on the convergence of the OMD
associated with the regularized loss function f(w,z) = ¢((w,z),y)+A||w|3 with
A > 0 and the norm || -|| = || - ||z when the loss function ¢ has a Lipschitz contin-
uous derivative. Common examples of such loss functions [I7} 8, B0] include the
least squares loss ¢(a, y) = % (a—y)?, the logistic loss ¢(a, y) = log(1+exp(—ay))
or ¢(a,y) = 1/(14€%), the 2-norm hinge loss ¢(a,y) = (max{0,1 — ay})*, and
the Huber loss Q5 defined by with p = 2.

The following explicit result will be proved in Section [6]

Theorem 8. Assume sup,cy ||z]|« < oo, ||-|| = |- |l2, and the derivative ¢' of

the convex loss function ¢ : R x R — R satisfies the Lipschitz condition

ly = sup [#'(u,y) — &' (v, )] < 0. (2.12)

uAvER,YEY lu — vl

Then the regularized loss function f(w,z) = ¢({w,z),y) + Mwl||3 with some
A > 0 is 2(04 R? + \)-strongly smooth for every z € Z. The objective function F
is also 2(LyR? + \)-strongly smooth, and is 2\-strongly convex. The conclusion
of Theorem |1l with w, replaced by w* holds for the OMD with U being
either some p-norm divergence ¥ = ¥, with 1 < p < 2 or a strongly smooth

mirror map.

2.4. Comparison and discussion

In the special Hilbert space setting with ¥ = Wy, there is a large learning
theory literature on the convergence of stochastic gradient descent (SGD) or
online gradient descent (OGD). We first review some related work on condi-
tions for the convergence in expectation. Convergence of SGD/OGD in repro-
ducing kernel Hilbert spaces (RKHSs) was discussed in [28], [32] for regression
and [33][34] for classification. Under uniform boundedness assumptions of {w; }¢,
it was shown in [33] that a sufficient condition for the convergence of regularized

SGD/OGD in expectation is the step size condition (1.5). Such a result was

13
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recently established for online regularized pairwise learning in [14]. For unregu-
larized SGD/OGD applied to non-strongly convex and strongly smooth objec-
tive functions, it was shown in [34] that limr oo B, .., [F(wr)] = F(w*) if
the step size satisfies the condition . All the above mentioned discussions
on SGD/OGD considered sufficient conditions for the convergence in expec-
tation. As a comparison, we give necessary and sufficient conditions for the
convergence of a more general OMD in the strongly convex setting. We then
review some related work on convergence rates in expectation in the strongly
convex setting. Under boundedness assumptions Ez |||V, [f(we, Z)]||3] < B for
a constant B > 0, it was shown in [I9] 26] that the T-th iterate of SGD/OGD
satisfies E., . ., [[lwr — w*||3] = O(1/T). This convergence rate was also de-
rived in [6] under a relaxed assumption on gradients as Ez[|| V., [f(we, 2)]|13] <
A+ B||VF(w;)||3. As a comparison, we show that the same convergence rate
can be achieved for the general OMD without any boundedness assumptions on
gradients. Furthermore, we show this convergence rate is tight by presenting a
matching lower bound up to a constant factor, which has not been established in
the literature to our best knowledge. It should be mentioned that lower bounds
for minimax errors were discussed for stochastic convex optimization [I], which
consider the error rates of any stochastic convex optimization methods in the
worst case. We now review some related work on the almost sure convergence.
For SGD/OGD, under the assumption that the objective function F' with a
single minimizer w* satisfies
Hw_%}r}l*fl‘%x(w —w*,VF(w)) >0, Ve>0

and

Ez[|Vf(w, 2)|2] < A+ Bllw —w*|3, YweWw

for some constants A, B > 0, it was shown [5] that {w;}; converges to w* almost
surely if the step sizes satisfy (1.7). For regularized OGD in RKHSs associated
with the specific least squares loss function, it was shown in [31] that {w;},

converges to w* almost surely for polynomially decaying step sizes 1, = 1t~
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with 6 € (0,1). We extend these results on the almost sure convergence to the
OMD.

We remark that the SGD has also been well studied in the literature of
optimization (see, e.g., |27, [24]) under some conditions on the noise sequence
instead of conditions on the step size sequence. For the randomized Kaczmarz
algorithm , the convergence in expectation has been studied in the literature
of non-uniform sampling and compressed sensing, including the characterization
of the convergence [22] by in the noisy case with inf,ey Ez[({(w, X) —
Y)?] > 0, and the linear convergence [29] with a constant step size sequence in
the noiseless case with y = (w*, z) almost surely. Our work on the convergence
of the OMD with a general mirror map ¥ is motivated by these results on
the randomized Kaczmarz algorithm with the special mirror map Ws.

For the OMD with a general mirror map V¥, the only existing work
to our best knowledge is some regret bounds in [II] and some convergence
rates in [25]. In this paper we characterize the convergence in expectation by
the step size condition in the noisy case and by Y o, 7 = oo in the
noiseless case, derive the linear convergence with a constant step size sequence
in the noiseless case, and verify the almost sure convergence by the step size
condition . The main difficulty with the general mirror map W is the lack of
analysis for the one-step progress ||w;y1 — w*||3 — ||wy — w*||3 which was carried
out in [22] by exploiting the Hilbert space structure and the special linearity
caused by the least squares loss function. To overcome this difficulty due to the
Banach space structure and the nonlinearity, we use the Bregman distance Dy
induced by the mirror map ¥, which has been used in our recent work [20]. Our
novelty here is a key identity measuring the one-step progress of the OMD
with the general mirror map ¥. Our analysis is then conducted by extensively
using properties of the Bregman distance, the smoothness and convexity of
regularized loss functions, and the convexity condition involving a related
convex function €.

Our contribution of this paper includes not only the novel convergence analy-

sis for the OMD ([1.2]) with a general mirror map ¥, but also some improvements
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of our earlier work [22] on the randomized Kaczmarz algorithm with the
special mirror map Ws. In particular, we confirm a conjecture raised in [22] on
high order convergence rates for the randomized Kaczmarz algorithm. Further-
more, the analysis in [22] was carried out under the restriction 0 < 1, < 2 on the
step size sequence which is removed here. It would be interesting to get explicit
convergence rates when the mirror map is ¥,, and to extend our analysis to

other learning frameworks [12] [16], 23], [13].

3. A Key Identity and Idea of Analysis

Our analysis for the convergence of the OMD (|1.2]) will be carried out based
on the following key identity which measures the one-step progress of the algo-

rithm in terms of the excess Bregman distance Dy (w*, wiy1) — Dy (w*, wy).

Lemma 9. The following identity holds for t € N

E.,[Dy(w*, wei1)] — Dy (w*, we) = m(w” — wy, VF(wy)) + Ez, [Dy (wy, wer1)]-
(3.1)

Proof. By the definition of the Bregman distance, we see the following identity

Dy (w,v) + Dg(v,u) — Dg(w,u) = (w —v,VU(u) — VI(v)), Yu,v,weW.
(3.2)

Choosing v = w1 and v = wy yields
D\IJ(U}7 wt+1) — D\p (U), wt) = —D\p(wt+1, wt) + <’U) — ’LUt+1, V\Il(wt) — V\I/(wt+1)>.

We now separate w — w41 into w —wy and wy — w41, use the iteration relation

(11.2) of the OMD and apply (2.3)) with g = ¥ to derive

Dy (w,wy1) — Dy (w,wy)

= —qu(wt_,_l,wt) + <w — Wy, V\Il(wt) - V\I/(wt+1)> + <wt — W41, V\Il(wt) - V\Il(wt+1)>

= =Dy (wey1,wt) + ne{w — we, Vi [f(wy, 2¢)]) + (wp — wipr, V8 (wy) — VU (wiy1))

= Dy (ws, wip1) + ne{w — we, Vi [f(we, 2¢)])-
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Taking expectations E,, on both sides, setting w = w* and noting that w; is

independent of z;, we see the stated identity (3.1]). The proof is complete. O

The necessity of the convergence will be derived by using the strong smooth-
ness of F' and the strong convexity of ¥ to bound (w; — w*, VF(w;)) = (wy —
w*, VF(w;) — VF(w*)) by O(1) Dy (w*, w;), from which we can apply the iden-
tity to get necessary conditions by the following inequality

Bz [D\I/(w*ythrl)] > (1_O(nt))Ezl,...,zt,1[D\Il(w*uwt)]"'Ezl,‘..,zt [D\I!(wt>wt+1)]~
The sufficiency will be derived by using the strong smoothness of f and the

duality Dy (w¢, wet1) = Dy« (V¥(wig), VI(wy)) to bound E, [D\Il(wtywt—&-l)]

in terms of (w* — w;, VF(w*) — VF(w;)) and E,,[||V f(w*, 2)||?], from which

we can apply the identity (3.1]) again to get

B,z [DW(W*7 wt+1)] <Eu iz [D‘IJ (w”, wt)]

= [(w" = wy, VE(w") = VF(wy))] + O(n7)

and then use for bounding —(w*—wy, VF(w*)=VF (w;)) by —Q (Dg (w*, wy)])

to obtain
E. ..z [Do(w, wepr)] <K zt_l[Dw(w*th)]—ﬁQ(]Ezl ..... o [Da (W, wy)])+0(n7).

Here for a continuous convex function ¢ : R* — R, the Fenchel-conjugate ¢* is
defined by

g*(v) = sup [(w,v) - g(w)]v RS R?
wew

and the duality (3.3)) on the Bregman distances is stated (see, e.g., [4]) in the
following lemma together with the duality between strong convexity and strong

smoothness [1§].

Lemma 10. Let g : R — R be continuous and convex. Let 3 > 0. Then g is
B-strongly convex with respect to the norm || - || if and only if g* is %—strongly
smooth with respect to the dual norm || - ||«.

If g is Fréchet differentiable and strongly convez, then there holds

Dy(w,w) = Dy« (Vg(w), Vg(w)), Yw,w € W. (3.3)
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4. Convergence in the Case of Positive Variances

In this section we prove Theorem [2| by deriving the necessary and sufficient

condition from two propositions given below.

4.1. Necessary condition for convergence

The first proposition gives the necessity for the convergence of the OMD

2.

Proposition 11. Assume inf,ew Ez [|| Vo f (w, Z)]||«] > 0 and that F is strongly
smooth. Assume also that VV satisfies the incremental condition at infin-
ity. Iflimy oo B,y 4, [Dw(w*,w)] = 0 for some w* where VU is continuous,
then the step size sequence satisfies ,

Furthermore, if U is strongly smooth, then holds with some constants
to € N and C>0.

Proof. We first show lim;_, ., n: = 0.
By the oy-strong convexity of ¥, we have [|w* — w|? < %D\p(w*,wt). So

the condition lim; oo E,, . 5, [Dw(w*, w)] = 0implies limy oo B, 5, [[Jw*—

w¢||?] = 0. Then we claim that

Jim By [[90(0r) - ()] =0 (1.1

To prove our claim, we use the continuity of V¥ at w* and know that for
any € > 0, there exists some 0 < ¢ < 1 such that |[V¥(w) — VT (w*)||. < &
whenever ||w —w*|| < 4.

When ||w — w*|| > 4, we apply the incremental condition and ||w| <
Jw — w4 [l to find

V¥(w) = V(). < Coy(1+ [lw]) +[[VE(w )]« < Coeslw —w,

where C'y o+ 5 is the constant given by

Cu + Cyllw|[ + [VI(w)|«

C\Il,w*,ts = C\I/ + 5

18



Combining the above two cases, we know that
Eep oz [IV¥(we) = VU (w)[|4] < € + Cywe 6By .oz [lwe — w]]].

ws But limy oo By L, [|lw* — w][?] = 0 ensures the existence of some t. ;5 €

2 N such that for ¢t > t.s, there holds E,, ., [|lws — w*||?] < —=— which

2
O3 x5
£
Cy w5

v By (IIVE(wy) — VE(w*)|«] < 2¢ for t > .5, which verifies our claim

w ([ED).

Denote o = infyew Ez [||Vuw[f(w, 2)]||«] > 0. From the iteration relation
(1.2)) of the OMD, we have 1. ||V [f (wt, 2¢)]|l« = |V (we) — VT (wyyp1)]]«. Tak-

wr implies E,, .,  [llw —w*|]] < by the Schwarz inequality. So we have

ing expectations on both sides with respect to z; yields
mo < e, [[[Valf (we, 20)] 1] < (V8 (w) =V (W) [l AE:, [V (wi41) = VE ()]
and

mo SEey 2 [(IVE(wr) = VO (@) [ 4+ By 2 [V (wign) — VE(w5)][L].

;0 Hence (4.1)) confirms our first limit lim;_, o 7 = 0.
We now show Y2, 7 = oo. Assume that F is Lp-strongly smooth for some
Lr > 0. From the identity (2.3) and the optimality condition VF(w*) = 0, we

have
Dp(w*,wt) + Dr(w, w*) = —(w* — we, VF(wy)).

This is bounded by Lg|lw* — w;||* by the Lp-strong smoothness of F. But the

og-strong convexity of ¥ implies Dy (w*, wy) > %¢|Jw* — w||*. Hence

2L
(w* —wi, VF(wy)) > —Lp|lw* —w|* > —?;Dq,(w*,wt).

s Plugging this inequality into (3.1]) and taking expectations on both sides give

Z [D\I/(w*athrl)] 2 (1_ant)Ezl ..... zt_l[-D\I/(w*;wt)}_HEzl ..... Zt [-D\I/(wtawt+1)]7
(4.2)

.....

= where a is the constant a = 2Lpoy’.
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333 Since lim; o, 7; = 0, we can find some integer ¢y € N such that 7, < (3a)~*
s for t > tg. Applying the elementary inequality 1 — 1 > exp(—2n) valid for
s 1 € (0,1/3], we know by noting E., ., [Dw(ws, wet1)] > 0 in (4.2)) that

Ezluuwzt [D‘I/(w*a wt-‘rl)] > eXP(_QaTIt)]En,-A.,zFl [D‘I’ (w*’ wt)]7 vt > to.
(4.3)
Applying this inequality iteratively for t =T, ...,tg + 1 then yields

T
E....or[Du(w wrin)] = [T exp(=2am)Es, ...z, [Du (", wigi)]
t=to+1
T
= exp ( — 20, Z nt)Ezh..‘,z,:o [Dq,(w*,wto+1)].
t=to+1
(4.4)
We claim that E, ., [Dy(w*, wi41)] > 0. Otherwise, we would have
Bz o [Dw(w" wiy)] = Esy sy [D (W™, wi11)] = 0

s by , leading to E., ., _, [[w* — ws,lI?] = Bz 2, [lw* — wigia[?] = 0
s according to the strong convexity of W. This would imply wy,+1 = we, = w*
s almost surely and thereby V,,[f(w*, zi,)] = 0 almost surely by , leading to
w0 Bz [||Vwl[f(w*, 2)]|l<] = 0, a contradiction to the assumption inf,eyy Ez [||Vw[f (w, 2)]|1+] >
a0 0.
a1 By E., ... 2, [Dy(w*, wiy4+1)] > 0 and limp oo B, 2 [De(w*, wry1)] = 0,
w2 we see from that Zfi 1M = oo. This proves the necessary condition for
a3 the convergence of the OMD.
We now prove under the Ly-strong smoothness of ¥ for some Ly > 0.
Since U is og-strongly convex and Ly-strongly smooth with respect to || - ||, we
know from Lemma [10[that ¥* is J\f,l—strongly smooth and Lg,l—strongly convex
with respect to || - ||« (note ¥** = W since ¥ is convex and differentiable). We
also know from Lemma, [10] that the duality relation between Bregman
distances holds for ¢ = ¥, which yields

Dy(wy, wer1) = Du+ (V¥ (wit1), VU(wy)), VEeN.

20



Combining this with the Lg,l-strong convexity of U* and l) we know from
the bound n; < (3a)~! that for t > to,

EZ17-~7Zt [D‘I’(w*a wt-‘rl)] > (1 - ant)Ezh--thfl [D‘I’ (w*’ wt)]
+(2Lw) T Eey s, [V (we) = VO (wera) 7]

But VU(w;) = VU (wiy1) = 0V [f (we, 2¢)] by the definition (1.2 of the OMD.

So for t > ty we have
Eerrze [Do (W wign)] = (1= am)Ez, |z, [De(w", wy)]
+ (2Lw) "B [V lf (wr, 2)])12] -
By the Schwarz inequality,
Eeyooe [IVulF (e, 20)]1) < {Bayooe [Vl (o, 2011232

Hence

Ee oo [Vl F 00, 20)]12] 2 {Be, o [V [F (0, 201} > 02
and thereby

sz [Dw (W wes1)] > (1=ame)Ee, .z, [Dw(w”, we)[+(2Lw) "lf0®, VE > to.

Applying this inequality iteratively from t = T > ¢y to t = to yields (denote

H£:T+1(1 —an) =1)

E.\,..or [Dq,(w*7 wT+1)]

T T T
2 ]Ezlwugztg—l [D\I’(w*7wto)] H (1 - a’nt) + (2L‘I/)_102 Z 77? H (1 - m?k)
t=to t=to k=t+1

T T
> (2Ly) 0?7 [T (- am).

t=to  k=t+1
By the Schwarz inequality and the bound 0 < 1 — ani < 1 for k > ¢y, we have

T

T T T 1/2
Some I (1—ank)§{2n§ 11 (1—ank)} (T —to +1)V2.

t=to  k=t+1 t=to  k=t+1
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344

345

346

347

348

349

350

351

352

Hence

T T 1 T 2
2
Z Un H (1 —ank) > m (Z an H (1- a77k)>
t=to k=t+1 t=to k=t+1
1 kA ’
= 1—-(1-— 1-—
ﬁ@—m+n<zx (1 =an) 1] ( w@)
t=tg k=t+1
1 ( T [ T T 2
o (20| I - - Tt -
a*(T =t +1) t=to Lk=t+1 k=t
1 A ’
- 1-JTa-
a2(T — tO ¥ 1) ( H ( ank))
k=tgo
1 2 77t2
> 1 1 = 0
—a%T—¢O+1)( (L=amo))” = 7 =7
Therefore,
2 1,2
n. (2Lq/) g
Ezl ..... zZT [D\I/(U) 7'U)T+1)] = t% — to 1 s YT > to
This verifies (2.4) with C' = 72 (2Ly)"'0? and completes the proof. O

4.2. Sufficient condition for convergence

We now turn to the second proposition giving the sufficiency for the con-
vergence of the OMD ([1.2). We need the following lemma, to be proved in
appendix by some ideas from [34], which establishes the co-coercivity of gradi-

ents for convex functions enjoying some smoothness condition.

Lemma 12. Let o € (0,1] and g : W — R be a Fréchet differentiable and
convez function. If there exists some constant L > 0 such that

Dy(w,w) <

*1Ta an - u?HlJ”’, Yw,w € W,

then we have

2L %

V()= V(). < (0, Vg(w)-Vg(@)),  Vu,d € W. (45)

Proposition 13. Assume that for some constant L > 0, f(-,z) is L-strongly
smooth for almost every z € Z. Suppose that the pair (U, F) satisfies
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354

355

356

357

358

359

around w* with a convex function Q : [0,00) — Ry satisfying Q(0) = 0 and
Q(u) > 0 for uw > 0. If the step size sequence satisfies , then we have
limy oo By 2 [Do(w*, w)] = 0.

Furthermore, if holds with some op > 0 and the step size takes the
form n, = ﬁ, then holds.

Proof. According to the key identity (3.1]) for the one-step progress of the OMD
and the duality relation (3.3)) of the Bregman distances, we have
E., [Dy(w*, wiy1)] — Dy (w*, wy)
= n{w* —wy, VF(wy)) + E., [De+ (VU(wig1), VE(wy))]. (4.6)

By Lemma the og-strong convexity of ¥ implies the U‘Ijl—strong smoothness
of W*. Tt follows from the definition ([1.2]) of the OMD that

E.,[Do- (VU(wes), V@) < 5 e, [[9¥(wee) - V(w2

_ .
= 5o Ee [IIVulf (e, 20)]2]- (4.7)
ow

We bound [[|Vy [f(we, 2)]12] by 2[[IVw[f (we, 20)] =V [f (w0, 20 |1 Z]+2 [V [f (w*, 20)]I[Z]-
Then we apply Lemmawith w=w*"0=w,g= f(-,2) and a = 1. By the
L-strong smoothness of f(-, z), we know that
E. [IVulf (s, 20)] = Valf (", z)] 2]
LE., |(w; =", Vulf(we, 20)] = VulF(w", )]

= L{w* — wy, VF(w*) — VF(wy)), (4.8)

IN

where the interchange of the expectation and the gradient is valid due to the
strong smoothness. Then we have
E. [Dy(w", wis1)] = Dy (w*,wy) <

- (1 - L”) nelw® — wr, VE@w*) — VE(wr) + LB, [V (0, 2)]IP)-
oV [V

Since lim;_, o, 7 = 0, there exists some t; € N such that int < % for t > t;
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361

362

3

3

3

364

which implies
E..[Dy(w", we1)] — Do (w”, wy) <
2
— " —wy, VF(w") = VF(w,)) + Z—;Ezt (IVwlf(w*, z)]|2]. (4.9)

Now we apply the relation (2.2) on the convexity to obtain

—(w* —w, VF(w*) = VF(w)) < —Q (Dg(w*,wy)) . (4.10)
It follows that
E.,[Dy(w*, wes1)] < Dy (w*, wy) — %Q (D (w*, wy)) + br7, (4.11)

where b is the constant b = -LEz[||V,[f(w*, 2)]||2]. Since Q is convex, by

ow

Jensen’s inequality, we have

Q (Ezlxuwzt—l [D‘I’(w*th”) < ]Ezlwuxzt—l [Q (D‘I’(w*’wt))] .

Therefore, by taking expectations over zi,...,2;—1 and denoting a sequence

{A:}e by
At = Ezlguwztfl [D\I’(w*th)] ;

we have

A1 < Ay — %Q (4;) + bn?, Vit > 1. (4.12)

To prove limy_,o, A; =0, we let 0 < v < 1 be an arbitrarily chosen number.

The convexity of Q : [0,00) = R tells us that for u > v, there holds

Qy) =0 ((1 - %) 0+ lu) <(1- g)a 0) + L) = %Q(u)

u

which yields

Qu) > ﬂu, Yu > . (4.13)
Y

Since lim; o0 7 = 0, we know that there exists some integer ¢, > t; such that

[ Qy) Q)
< —L YVt > t.. 4.14
ntmln{ 4b 7471)’ Yo - by ( )

We claim that

sup{t € N: A; <~} = 0. (4.15)
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367

368

369

370

If (4.15) is not true, we can find some t; >t such that

Ar>ry, >t

Combining this with (4.13)), (4.14) and (4.12) tells us that for t > ¢/,

Q Qv Q Q
Ay < Ap—mpe 2(:;/)At+b772 < Ai— 2(7) NeAy+——= ) Ay = At—ﬂmz‘h <A—-

4y 4ry -
which implies by iteration
0 ¢
At+1 SAtfy_¥ Z?’]k—)—OO (ast—)oo).
k=t!,
This is a contradiction, which verifies our claim (4.15)).

By 1) there exists some positive integer t;’ > t, such that Atg < 7. We

now show by induction that

Ay <~ + bt//gﬁ}t( 177@, vt >t (4.16)

The case t = t/] is true (where we denote maxyy <e<er—1 n7 = 0) since A <.
Supposes the statement (4.16]) holds for ¢ = k > ¢. Note that ¢7 > ¢, and

~v < 1. To prove the statement for ¢ = k 4 1, we discuss in two cases. If Ay <,
we see directly from (4.12) that

A < by < b
k1 <y b <+ t,;g%gkw

If Ax > v, we apply (4.13)), (4.14) and (4.12) again and find

Q(v) 2 Q(v)
< — < N < <
A1 < Ag — o Ap +bnj; < A — 1y Ap <Ap <+ bt,,g}% 1775,

where we have used the induction hypothesis in the last inequality. This verifies

the statement (4.16)) for ¢ = k + 1 and completes the induction procedure.
Applying (4.14)), (4.16) and noting ¢ > ¢, we know that

A < (L+b)y, vVt
Since « is an arbitrary number on (0, 1), this proves

lim A, = lim E,, ., , [Dg(w",w)] =0.

t—o0 t—o0
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We now prove ([2.6) under condition ([2.5)) and the choice n; = ﬁ of the
step size sequence. Eq. (2.5) implies that (2.2]) holds with Q(u) = opu. The

estimate (4.12) then becomes

2 16b
A1 < Ay — A Vit > t.
e S AT t+(t+1)20%, =t
Multiplying both sides by (¢t + 1) gives
16b
tt+1)Ag1 < (- DtA + —, Vit > ty.
OF
Applying this relation iteratively, we obtain
16b(T —t
(T —1)TAp < (t; — 1)t Ay, + (721) VT > ty,
OF

from which we see

(tl - 1)t1]EZ1 ----- Zty—1 [D‘I’ (U)*, wtl)] 16

E. .. .o .D , , VT > ty.
Lyeees T 1[ \Il(w U/T)] (T _ l)T TU% 1
This yields (2.6). The proof is complete. O

Remark 3. Equation gives convergence rates for E,, . ., ,[Dg(w*, wr)]
under an assumption on the strong convexity of F' measured by the Bregman
distance. It should be noticed that Dg(w*,wr) provides different geometric
distance measures between w* and wr for different mirror maps. For example,
if ¥ = U, then Equation together with the (p — 1)-strong convexity of
W, wrt. || ||, implies the rate E, . .., [|lwr — w*||2] = O(1/T) for the || - ||,
convergence. The case p = 2 corresponds to the Euclidean distance while the
case 1 < p < 2 corresponds to a distance in a Banach space. Furthermore, if w*
is sparse and admits small ||w*||1, then we can choose p to be close to 1 to make
sure wp also attains a small f;-norm: E,, .. [llwrllh] < Euap o [lwr —
w*||1] + ||w*|]1. In this case, wr also enjoys some sparsity.

Let us clarify the role of the mirror map in the case when around w*
is not imposed for the pair (¥, F'). Take wy = 0 and 1y < oy /(2L) for all t € N
(in this case t; for can be taken as 1). Since the derivation of does
not depend on (2.2), we use the convexity of F' and VF(w*) = 0 in ([.9) to
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384

385

386

387

388

389

390

derive

e [F(w*) — F(wy)] +1Ez[||Vw[f(W*»Z)]II3M?

E.,[Dy(w*, wes1)] =Dy (w*, wy) < 2
oy

Taking a summation from ¢ =1 to T', we derive

E.......eq [Dw (0", wr )] — Dy (w*,wy) Znt — F(w,)]

ﬁwa0uzwaz£m;

oy

According to the convexity of F', it further follows that

= T T
Zt:1 Mt ow thl Mt
where wr = % is a weighted average of the first T iterates. If we consider
t=1"It
the mirror map ¥ = ¥, and n; = 77115_% with 71 = og/(2L), then from wy =0
we get
w* |2 2Bz [V f (w*, 2)]||2] Sy 1
F('lZ)T) _ F(U)*) S H - ||p . Uit Z[H [ (UJ )]Hl ] Zt:l
my it 2 ow Yt
(Ml E2lI9ulster 2] s
(b= VT VT ’
where we have used the (p — 1)-strong convexity of ¥, w.r.t. ||-|/,. If we choose

p=1+ @, then it follows from ||V, [f(w*, 2)]|ls = |V lf (0", 2)]|l1+10gd <
e[|V [f(w*, Z)]||o that

i} o Al lFlogd +Ez [[[ V[ f(w*, Z)]||3.] log T
Flor) — F(w*) = o( = ) (4.17)
As a comparison, if we choose p = 2, the expression takes the form
_ o o B+ EZ [Vl f(w*, 2)]||3] log T
F(wr) — F(w*) = o( Vs ) (4.18)

The bound in would be significantly smaller than that in in the case
when w* is sparse and ||V, [f(w*, 2)]||2 is close to Vd|| Vs [f(w*, 2)][| (meaning
Vwlf(w*, 2)] is dense). In this case, the bound enjoys a logarithmic
dependency on the dimension [I1], while the bound enjoys a square-root
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dependency. It should be noticed that the discussion in [I1] requires a nontrivial
assumption ||V [f(w*,2)]||« < G with a constant G > 0, which is removed in

this remark.

Remark 4. Some of our results can be extended to projected OMD applied
to non-differentiable objective functions. For any convex function ¢ : R — R,
we use ¢'(w) to denote a subgradient of g at w satisfying g(w) > g(w) + (W —
w, ¢’ (w)) for all w. We assume that there exist A and B > 0 such that

If (w,2)]|? < Af(w,2) + B, YweW,z¢€ 2. (4.19)

This assumption was considered in the literature [35], and is satisfied by many
(nondifferentiable) regularized loss functions wisely used in the machine learning
community, including hinge loss and all strongly smooth loss functions. Let
W C W and e < oy /A. We consider the following projected OMD where a
mirror descent step is followed by a Bregman projection at each iteration:
VU(w 1) = VU (w) = nef'(we, 20),
wi1 = argming g Dy (w, wH%).
We can replace w1 with w, 1 in (3.1) to get (by definition one can show
F'(w;) =: Ez[f'(wy, Z)] is a subgradient of F at wy)
E.,[Dy(w*,w,y1)] = Dy (w”, we) = ne{w” — wy, F'(wy)) + Bz, [Dy (we, wy 1))

= (" = wy, F'(wy) + Ex, [Du- (VE(w, ), VE(wy))]
2

< mlw® —wi, F(w) + 5B [If (w22, (4:20)
oy

where the second identity is due to (3.3) and the last inequality is due to the
Ugl—strong smoothness of ¥*. By the first-order condition in the definition w;41

above, we derive
(W* = wig1, V¥ (we1) = VU (wy 1)) 20,
from which and (3.2)) we derive
Dy (w*,wis1) — Dy (0™ wyy 1) =

— Dy(wigr, wyy 1) = (0" — wipr, VU(wig1) = V¥(wy 1)) <0
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Plugging the above inequality back into (4.20) and using (4.19), we derive

E.,[Dy(w*, wes1)] =Dy (w", wy) < 77t<W*—wt7F/(wt)>+% [AE., [f (wy, 2¢)]+B].
(4.21)

According to the definition of subgradient, we know
B [f(we, 20)] = F(wy) = F(w") + F(w") < (wy — w”, F'(wy)) + F(w”).
This together with (4.21)) gives

]Ezt [D‘P(w*7wt+1)] - D‘I’(w*th)

* A PAF(w*) + B
< o = Pw)) (1 - i) + AT L0
ow 204
A ([AF(w*) + B]
< i ! — F'(w* _mAa g L AL (w™) + 5]
< ne(w” —we, Fl(wy) — F'(w )>(1 20w)+ 7 7

where in the last step we have used (w* —wy, —F’(w*)) > 0 due to the first-order
condition in the definition of w*. If we impose an assumption similar to (2.2)) as
(w* —w, F'(w*) — F'(w)) > Q(Dg(w*,w)) for all w € W and use n; < oy /A,

then we derive
E.,[Da(w" win)] < Da(w,we) = 3O (Do (w",wy)) + ',

where V' = %. The above inequality takes the same form as ,
from which we can derive exactly the same sufficient condition for the con-
vergence and upper bounds on convergence rates. Our analysis may not be
used to get necessary conditions or lower bounds for either projected OMD or
non-differentiable objective functions. Indeed, the derivation of is based
on an identity on the one-step progress which may not hold for the projected

algorithm, and the L p-strong smoothness of F' which does not hold for non-

differentiable loss functions.
5. Convergence in the Case of Zero Variance and Almost Sure Con-
vergence

In this section we prove Theorem [3| for the convergence in the case of zero

variance and Theorem [4 for the almost sure convergence.
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Proof of Theorem[3 Necessity. For any w,w € W, we know
Dp(w,w) = F(w) — F(0) — (w — 0, VF(w))

= E. | f(w,2) - f(#,2) ~ (w— &, Vf(@,2)]

IElw—al?) _ Ljw - a?
— 2 2 )

where the inequality follows from the L-strong smoothness of f(-, z) for almost
every z € Z. Hence F is L-strongly smooth w.r.t. || -|. Notice that we
do not require the increment condition nor the variance condition in the
derivation of . Indeed, we only use the L pg-strong smoothness of F' and
og-strong convexity of ¥ there. Therefore, holds, from which we derive

E217~--,Zt [D‘I’(U)*’wt-i-l)] > (1 - 2L0’;177t)E217---,2z71[D‘I/(w*7wt)]' (51)

We now need the assumption 0 < 7, < (2_7_% with £ > 0 on the step

log QJFT" and apply the elementary

size sequence. Denote the constant a = QJFT"

inequality (see e.g., [20])

2
1—xz> —a Voi<z< .
x > exp(—ax), z < pp

We know from (5.1) that
Ez17~--72t [D‘I’ (w*’ wt+1)] 2 exp ( - QdLailﬁt)Ezl,wzkl [D‘I’(w*v wt)]

Applying this inequality iteratively for t = 1,...,T then gives
T
E.... .0 Do(w, wriq)] > H exp ( - QdLo,ilnt)Dq;(w*, wy)

t=1
T
= exp {—2aLag,1 Znt} Dy (w*, wy).
t=1
From the assumption w* # w;, we have Dy (w*,w1) > 0. The convergence
limy oo Bz 2y o [Do(w*, wy)] = 0 then implies >, 7, = oo.
Sufficiency. Here we use the estimate (4.12)) derived in the proof of Proposi-
tion But in our case of zero variance, b = ;LEz[[|V,[f(w*, Z2)]|2] = 0. So
(4.12)) takes the form (note that we can choose ¢; =1 in deriving (4.9))

Apr < Ay — %Q (A), VteN. (5.2)

30



422

423

424

425

426

427

428

429

430

431

This implies that for any 0 < v < 1, there must exist some integer t~ € N such
that A <, since otherwise A; > v for every ¢t € N, which by and ( .
leads to a contradiction:

t
1) 4, < A, - 29) < A, —@ D e = o0 (as t = 00).

k=1,

A <Ay —

But (5.2)) also tells us that the sequence {A;}ien of nonnegative numbers is

decreasing. Hence Afw <~ for every t > t~,y. This proves the limit

lim E,, . ., , [De(w*,w)] = tlgrolo Ay =0.

t—o00

We now turn to prove (2.7) under the special choice of the constant step
size sequence 7y = n;. It follows from (5.1]) that Ariq > (1 — 2L0\I_,1n1)TA1.
Furthermore, assumption (2.5) means that (2.2) holds with Q(u) = opu. So

(5.2) translates to

A1 < (1 =27 mor) A,
from which we find Ar,; < (1 — 27 0r)T Ay by iteration. This verifies ([2.7)

and completes the proof of Theorem O

The proof of Theorem [ for the almost sure convergence is based on the

following Doob’s forward convergence theorem (see, e.g., [I0] on page 195).

Lemma 14. Let {Xt}teN be sequences of nonnegative random variables and let
{Fi}ten be a sequence of random variable sets with Fy C Fiy1 for every t € N.
Suppose that B[ X,,1|Fi] < X; almost surely for every t € N. Then the sequence

{Xt} converges to a nonnegative random variable X almost surely.

Proof of Theorem[f] We follow the proof of Proposition and apply (4.9).
Since (w* — wy, VF(w*) — VF(w;)) > 0, (4.9) implies

B [Dy(w', we)] < Dyl ) + LB, IVl 2], vz h
(5.3)
The condition >3 77 < oo enables us to define a stochastic process {X;}; by

X, = Dy (w* wt)Jr—EZ[HV (w*, 2)]1? ZW
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By , we know that Ezt[f(tﬂ] < X, for t > t;. Also, X; > 0. So the
stochastic process {X;}¢>¢, is a supermartingale. Then by the supermartin-
gale convergence theorem, Lemma we know that the sequence {Xt}tztl
converges to a non-negative random variable X almost surely. According to

Fatou’s Lemma and the limit lim; o, E[Dy (w*, w;)] = 0 proved by Proposition

[[3] we get
i’ — . * < . . * — .
E[X] E[tligloD\p(w ,wt)] < hglong[D\p(w ,we)] =0
But X is a non-negative random variable, so we have X = 0 almost surely.
It follows that {Dg(w*, wt)}ieny converges to 0 almost surely. The proof of
Theorem [4] is complete. O

6. Proving Explicit Results

In this section we prove the propositions stated in subsection [2.2] on some
properties of special mirror maps, and Theorems [I| and [8] on necessary and

sufficient conditions for the convergence, as well as tight convergence rates.

Proof of Proposition[5. If ¥ is Ly-strongly smooth, then the condition in Lemma
is satisfied with g = ¥, L = Ly and o = 1. So by Lemma [I2] there holds

[V (w) — V(@) ||? < Ly (w —w, VI (w) — VI(D)), Yw, 1w € W.

By the Schwarz inequality (w — @, V¥ (w) — V¥(0)) < ||w — @||[|VP(w) —
VU (w)||«, this implies

IVE(w) — VE(@) |« < Lyllw—d|, Yw,ibeW. (6.1)

So the function VW is Lipschitz, and hence is continuous everywhere.

Setting @ = 0 in (6.1) also yields
V¥ (W)l < VIO« + Lyllw]] < ([VEO)[|« + Ly) A+ [lwl),  YweW.

This establishes the incremental conditional (2.1 at infinity with C'g = ||V (0)]].+
Lyg.
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If F is op-strongly convex, by the identity (2.3]), we have
<U)—1IJ, VF(’U))—VF(’J» = DF(IU,QI))—FDF(QI),U}) > O-F”w_w”Q: V’U),’LT] EW.
But Dy (@, w) < £ [|w — @[2. So we have

20‘F

(w — 1w, VF(w) — VF (@) > op||lw —w|* > L—Dq,(ﬁ),ﬂ)% Yw,w € W.
o

Hence (2.2)) is satisfied for a linear convex function Q(u) = %{’—;u This proves
Proposition [5 O

For proving Proposition [6], we need the following inequalities which follow

easily from the elementary inequalities
la? —b°| <|a—b]?, (a+b)’ <a’+b’ <2P(a+b)?,  Va,b>0,8¢€(0,1].
Lemma 15. Let 0 < 8 < 1. Then we have

|sgn(a)|a|® — sgn(b)[b)?| < 22~P|a — b|?, Va,b € R, (6.2)

_ _ 8 - -
N@lf = lwly] < 1@y, = lwly|” <& —wl),  Yw,@eW, (6.3)

where we denote the sign of a € R by sgn(a) =1 ifa >0, =1 ifa <0, and 0 if
a=0.

Proof of Proposition[f. Let p* = p%l > 2 be the dual number of p satisfying
]% + p% = 1. Then the dual norm || - ||« is exactly the p*-norm || - ||,-, and the

gradient of ¥, at w € W equals
VI, (w) = [[w|; P, (6.4)

where w € W* is the vector depending on w given by

i = (sen(w(i) w7,

It follows that VW, is continuous everywhere, and by calculating the norm

Huﬁ - directly that

VTN 2—p+L
IV, () = [lwl3 7P |@]],. = llwllp ~ ™ = [[wllp.

p*
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This proves the identity (2.8)) and the incremental condition (2.1 with Cy, = 1.
To bound the Bregman distance Dy, (@, w), we apply the identity (2.3) and
find that for any w,w € W,

Dy, (®,w) < Dy, (@0, w)+ Dy, (w, @) < |[@—w|,||V¥, (@) -V, (w) .- (6.5)
We use the expression (6.4) and write V¥, (0) — V¥, (w) as
VW, ()= Vy(w) = |32 |wl| P = @l 277 (b — o) +([all = w|277) @

Applying (6.2) to the j-th components of w—wand f=p—1¢€ (0,1), we have

[sgn(@(5)) ()P~ = sgn(w())|w(G)P] < 2277 @) —w(HPF,  j=1...d

So for the first term, we have
1/p”

d
<322 () —w()”
p* =1

‘uz)fﬁ)

o Z o
=227P |l —wllp” =277 |l@ —wl; (6.6)
For the second term, we apply (6.3) with 8 =2 — p and find

[ (IB]277 = [[w]|277)

~ — A ~ — -1
S = wlFP ], = 0 —wlp el

P
Applying (6.3) with 8 =p — 1 yields
p—1 ~p—1 ~ p—1
lwll, ™ <ol + [lo —wl,” .

Hence

(21577 = llwl377) @

~ —1 ~ — ~
pe S @I 1D — w577 + [l — w]l,.

Combining this with gives

[V, (@) -V, (w)

S N\2=D ||~ —1 =1~ . .
pe < Cllalp) P llo —wlp ™ +Hlwlly ™ |d—wlF P+ d—wl,.
Putting this bound into (6.5)), we obtain
~ ~ 2— ~ ~ —1 ~ — ~
Dy, (%, w) < 2||w[l,)" " [lo = wlp + @]y & — wl;™ + [l - wll.
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Since 1 < 3 —p < 2, we have

~ 2— ~ —1 ~ ~
(@l > + ™ +1) o - wl, when i — wll, > 1,

D\II (UN}’fw) < ~ 2— ~p—1 ~ min{p,3—p} ~
(@l@l,)* 7 + ol ™ +1) 10— w7, when [|& = wll, < 1.

P

Then our desired estimate (2.9)) for Dy (0, w) follows.
-1
Let w € W and denote the constant C |, , = ((2||121Hp)27p + ||U~1H271 + 1) .

We know from ([2.9))
||’lD — szz, + ||’LE — w”;nin{p’?’_p} > C‘lﬂ,“p,pD\I}p (111, ’LU). (6.7)

When Dy, (0, w) > 1, we have Q, (Dy,(@0,w)) = Dy, (0, w) + % -1<
Dy, (0, w) and see from (6.7)) that either

- . L N min{p,3— Cli|l,, .
lo—wl2 > 1= fo—wl? = 3 (o= wll? + @ — w|ei=r) > A2elo, (Dy, (@, w)
or ||w — w||2 < 1 which implies

~ i — C w - C I
||w — w||;)n1n{p,3 P} 2 l 2”;7,}7 D\Iip (w,UI) 2 I 2”:07]3

by our assumption Dy, (w0, w) > 1, and thereby

I = w]? = [ — w32 | — w2 minte-s)

2—min{p,3—p}

C O C @D min{p,3—p}
2{ I 2|p’qu,p(zD,w)}( I 2|p,p>

Hence

- . [ Clay,, Claf,p\ ™" -
= wl} > min { ez, (Sler) Yo (Dy, 0.0).

When Dy, (@, w) < 1, we have Q, (Dy, (@, w)) = = (Dy, (@, w))T”. Again,
from (6.7)), we have either

- - in{p.3—p} < Cllilly, -
@ —wlp < 1= [Jd — w]F»F3rh > %D%(w,w)
. 2 Clial,e ™" N
= @ —w|; =7 —5 ) % (Dw, (0, w))
or [lw — w||? > 1 which implies

C D - T, C D||p, -
@ = wll? = 2L Dy, (,w) > 2L, (Dy, (0, w))
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by our assumption Dy, (@, w) < 1. Therefore,

Cia Cia i -
& — w|]2 > min {Tp I 2|\p,p77p ( [ 2|p,p) }Qp (Da, (@) .

Combining the above two cases and noting 7, > 1, we see (2.10]) holds.
The last statement follows immediately from the identity ([2.3)), the definition
of op-strong convexity, and (2.10). The proof is complete. O

Proof of Theorem[1 Denote sup,cy |||« = R > 0. The Hessian matrix of
f2) =3 (o) — y)? for every z is V2 [f(w,z)] = 2z, from which we know

that f(-,z) and F are R2-strongly smooth. Moreover, we have
VF(w)=Ez[XX Tw— XY] =Cxw —Ez[XY].

So we know from the positive definiteness of the covariance matrix Cx that the

only minimizer w* is w* = w,. For any w,w € W, there holds

De(w,d) = 2Bz [((w, X) ~ (@, X) + (@, X) - ¥)’]

where A, > 0 is the smallest eigenvalue of the positive definite covariance
matrix Cx. But the norms || - ||z and || - || on R? are equivalent. So there exist
two positive numbers b; < by such that by ||w||? < ||w||2 < byl|w||? for w € RY.

It follows that
)\mznb ~ ~
Dp(w,®) > Tlllw — @l Yw,@ e W.

This verifies the Ay,;,b1-strong convexity of F. So by Propositions [5] and [6] the
conditions of Theorems and [ are satisfied. Moreover,

Ez [IVwlf (w, 2] = Ez [|(Y = (w, X)) X[|.] = Ez [[Y = (w, X)[ [ X]].].
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So the assumption infy,ew Ez [||Vw([f(w, Z2)]||«] > 0 in Theorem 2] is the same
as the assumption inf,eyw Ez [[Y — (w, X)|[|X].] > 0 in Theorem [I} and from
Theoremwe know that if we replace ||[w, —w:||* by Dy (w,, wt), our statement

% in the case of an

(a) holds true and the constant o can be taken as o =
Ly-strongly smooth mirror map W. To get the statement for the norm square
[|w, — wy]|?, we notice first from the strong convexity of ¥ that % |lw, —w||* <
Dy (w,, wy).

When V is strongly smooth satisfying Dy (w,, w;) < £ [lw, —w||?, we know

that our statement (a) holds true. When ¥ = ¥, for some 1 < p < 2, we use
(2.10) with @ = w, and Jensen’s inequality to get from the convexity of

Ezl,--wztfl [pr - wt”Q] > B;)QP (Ezlauwzt—l [D‘I’p (w/ﬂwt)]) )

where B, is a constant depending on p, [|w,||, and a constant c, such that
cpllw|lp < ||wl| holds for every w € W. Combining this relation with the explicit
formula for Q,, we know that limy oo E., ., ,[lw, — wy||?] = 0 implies
lim; oo By 2oy [Dw, (W, wy)] = 0. Hence our statement (a) also holds true
for U =W,

Note that the assumption Ez [||V[f(w*, Z)]]l«] = 0 in our statement (b) of
Theorem [3|is the same as the the assumption Ez [|Y — (w,, X)| || X|l«] = 0 in
Theorem [I} So our statement (b) can be proved from Theorem [3| by the same
argument for dealing with the norm square |[w, — w||? from Dy (w,, w;) as we
did for our statement (a).

Our statement (c) follows from Theorem {4 and the strong convexity of W.

The proof of Theorem [I]is complete. O

Proof of Theorem[8 Recall that for the regularizer r given by r(w) = \|lwl|3,
there holds D,.(w,w) = M@ — wl||2 for w,w € W. So we know that F is
2\-strongly convex for every z € Z.

For the Bregman distance induced by the loss function

Dd)((',ac},y) (UN),U)) = ¢(<u~)7$>7y) - ¢(<U),.’E>, y) - <'LD - w, ¢,(<w7x>a y)$>,
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we apply the mean value theorem to find

¢((w, x),y) — ¢((w, x),y) = ¢' (&, y) (@, x) — (w,z)) = (@ — w,¢'(§, y)z),
where ¢ is a number between (w,x) and (w,x). We can write

E=(1-0)(w,z) + 0{w,z) = (1 — )W+ Ow, x)
for some 0 € (0,1). It follows that
Dy (o) (W0, w) = (@ — w, (¢ ({(1 = O)i0 + Ow, ), y) — ¢ ((w, 2),y)) x)

and

D((-ya) ) (0, w) < [ — wll]|z]| [¢'({((1 = 0)d + Ow, z), y) — ¢'({w, z), y)] -
Then we apply the Lipschitz condition and obtain
Ditayan (i) < —wlllls (1 = 8 + 0w, ) — (w, )] < [[i—w]2]26.
If we denote sup ¢y ||z||« = R > 0, then we have

Dyg((. ) (0, w) < LRP[|0 — wlf®,  Vao,w e W.

Therefore, f(,z) is 2(¢,R?* + X)-strongly smooth for every z € Z, and the
statements on the strong smoothness of F follows. Our desired statement on
the convergence follows from Theorems and [4] as we have done in the proof
of Theorem [I] The proof of Theorem [§is complete. O

7. Simulations

In this section, we present some numerical simulations to validate our theo-
retical results. We use the AIR toolbox [I5] to create a CT-measurement matrix
A € R™? and an N x N sparse image represented by a vector w! € R? with
d = N2. Our objective is to recover the image w’ based on a sequence of noisy

measurements { (¢, y:)}ten. In our experiment, we consider the measurement
T

A
vector ; = HA::H'z and y; = (wT, x¢)+ ¢, where A;, is the i;-th row of A with the
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index i; randomly drawn from the uniform distribution over {1,...,n} and s;
is a Gaussian random variable with mean 0 and standard deviation o|(w, z)|.
We set N =128 and n = 92160.

We apply the following online version of a modified linearized Bregman it-
eration [7] to recover the image w' from noisy measurements {(x¢,y;)}sen

Vtp1 = Ut — 77t(<wtaxt> - Z/t)ﬂft, (7.1)

wip1 = T e(veg1),

where Ty . : R? — R? is defined component-wisely in terms of the function

Ty, :R — R given by

e if [v] < A+,

Txe(v) =
sgn(v)(Jv| = A), otherwise.

Here we set w; = v; = 0 € R%. This is a specific instantiation of the OMD
with f(w,z) = 1 ((w,z) — y)2 and U = ¥(©N defined [21] in Section We
choose A = 1 and, as suggested in [7], € = 10~® here. We consider several
step size sequences of the form 7, = (1 + tamin(CX))_e with 8 > 0, where
omin(Cx) is the smallest positive eigenvalue of the covariance matrix Cx. We
repeat the experiments 8 times and report the average of experimental results
in this section.

We first consider the noisy case with ¢ > 0, which, as suggested in Remark
corresponds to the case with positive variances. We plot in panel (a) of
Figure [2] the relative error err,.(w;) := 100|jw; — w||a/|lwT |2 versus the number
of iterations for polynomially decaying step sizes with exponents 6 € {0, %, 1}.
The blue line is a plot for 8 = 0, which verifies the divergence of the algorithm
since the step sizes do not satisfy the necessary condition lim;_,., 7 = 0 for
the convergence of . The red and black lines are the plots for 6§ = % and
0 = 1, respectively. It is clear that both of these step size sequences satisfy the
sufficient condition for the convergence of the algorithm, which explains
the convergence of in the setting with positive variances. It can also be
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Figure 2: Relative error of algorithm with different step sizes. Panel (a) shows the
relative error in the case with positive variances for the polynomially decaying step sizes with
0 = 0 (blue line), 6 = % (red line) and 6 = 1 (black line). Panel (b) shows the relative error
in the case with zero variance for the polynomially decaying step sizes with 6§ = 0 (blue line),

0 = 2 (red line) and 6 = 1 (black line).

seen that a faster convergence rate is achieved by setting § = 1 as compared to
6 = 1/2, which verifies Theorem |2 on tight convergence rates with 6 = 1.

We now consider the noiseless case with o = 0, which, as clarified in Remark
corresponds to the case with zero variance. In panel (b) of Figure [2| we
report the relative error as a function of the number of iterations for the step
size sequences with 8 = 0 (blue line), # = 2 (red line) and # = 1 (black line).
The step size sequence with § = 2 does not satisfy the necessary condition
>io, m = oo for the convergence, which is well consistent with the divergence
behavior of the algorithm as shown in panel (b). Both the step size sequences
with @ = 1 and 6 = 0 satisfy the sufficient condition Y_,~, 7 = oo, implying
the convergence behavior of the algorithm . It is also clear that with
6 = 0 achieves a faster convergence rate than that with § = 1, which is also
consistent with the linear convergence rate established in corresponding to
0=0.
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Appendix

This appendix provides the proofs of the co-coercivity of gradients stated
in Lemma [12] and Proposition |7] together with a remark on variances involving
stochastic gradients.

To prove Lemma we need the following lemma on the Fenchel-conjugate

of some norm power functions which is of independent interest.

Lemma 16. Let k > 1. The Fenchel-conjugate of f = %H || is given by
£(0) = =2 o] 7.

Proof. According to Young’s inequality ab < %a“ + "Tflaﬁ, we have for v €
W*

1 1
fr(w) = sup [(w,v) — ;Ilwl\”] < sup [[Jw]|[lofl« — = [lwl]|"]
weW K

weW
1 k—1 =1
< sup [~ flwll + ol = < )]
wew LK K
Kk—1 P
e [
KR

Since W = W** for v € W*, there exists some w € W = W** such that
) )

a1
(w,v) = ||v||« and ||w|| = 1. Taking the vector ||v||£ " w in the definition of f*
gives
_1 1 K 1 1 K k—1 K
* > :71 _ K :71 — f—l —— :71 — ;—1 .
£ () 2 (lloll™ w, v)=—[lw]*[lv] [l lolle=—lv] — Il
Combining the above two inequalities yields the stated result. O
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Proof of Lemma[I3 We use some ideas from [34]. Fix a w € W. Define h :
W = R by h(®) = g(w) — (w, Vg(w)). It is clear that h satisfies the condition
Dy (w,w) = Dg(w,w) < i||1D — ||, Vo, e W.

1+ o
Since h is convex and Vh(w) = 0, we know that h attains its minimum at w.

So for w € W, we have

L
— i -\ < . ~ -~ - TR |
h(w) iy h(w) < min, [h(w) + (W —w, Vh(w)) + TTa | — | ]

= h(w) — L max {(117 —w, L~'Vh(d)) — LH@ B IDHCH_I}

wWEW 1+«
1
— h(@) - L [-L*ww L —a“]
() max (w, (w)) 1+a”w”

According to the definition of Fenchel-conjugate and Lemma [I6] with x = a4+ 1,

we know
-1 SN STy Lo a1 .
mae [ (i, L7 Vh(@)) = o @] = ({5 - 174) (27! Vh(@)
@ -1 N
:1+a||L Vh(w)|,* .

Combining the above discussions yields

1
L«

1t+a
o [Vh(@)|, >, Voew.

h(w) < h(w) —

The above inequality can be equivalently written as

1

L v«
1+«

14+«
a

IVg(w) = Vg(w)ll«

9(@) = g(w) + (@ — w, Vg(w)) +

Switching w and @ also shows

() 2 9(@) + (w — &, V(@) + T [Vg(w) = Vg(@)|.5"

Summing up the above two inequalities gives the stated inequality (4.5) and
completes the proof. O

Now we turn to the proof of Proposition [7]

Proof of Proposition[7]. Recall the dual number p* = p% > 2 of p given in the
proof of Proposition@satisfying % + p% = 1. Take the norm || - || = || - ||,
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554 Suppose to the contrary that ¥, is L-strong smooth for some L > 0. Then
55, we know from the inequality (6.1) derived in the proof of Proposition |5 that
IV, (w) — VO (@) < Liw -, Yw,d e W. (7.2)
Let a > 1 and define two vectors w, w € R? as
(a+1l,a—1,...;,a+1,a—1), if d is even,
(a+1l,a—1,...;a+1,a—1,a), ifdisodd,
and
_ (a—1,a+1,...,a—1,a+ 1), if d is even,
w =
(a—1l,a+1,...;,a—1,a+1,a), ifdis odd.

By the elementary inequality (@ 4+ 1)? + (@ — 1)? > 2a?, we find

: 1 . .
wll, = @], = [4(a+1)P + $(a—1)P]" > d¥a, if d is even,
p= p=
d—

(22 (a+1)P + %L (a — 1)P + a?]” > dva, ifdis odd.

Combining this with the expression of V¥, given in (6.4)) yields

IV, (w) = V@) = [w] 277 ()P~ = [2() ) .
> [lw]|2P[(a + )Pt — (a — 1)P~Y(d — 1) 7"

>(d—1)ra®P[(a+1)P"" = (a— 1)P71).

But
~ 2d4/p, if d is even,
lw — || = o
2(d — 1)MP < 2d"/? if d is odd.
It follows that
~ 1 (d—1\7 2— -1 -1 ~
VO (w) = V@) 2 5 { —5— ) aFlla+ 1) = (a = 1) lw — .

Since d > 2, we have % > % Therefore we apply the inequality |i to obtain
1
Ljjw =l = Za* P[(a+1)""" = (a = 1)’ [lw — .

s This is a contradiction to the limit lim, 00 a>7P[(a + 1)P~! — (a — 1)P71] = o0.

ss7. 50 U), is not strongly smooth. The proof of Proposition |Z| is complete. O
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At the end, we give the following remark on the conditions on the variances.

Proposition 17. If F is Fréchet differentiable, then the following two state-

ments hold.

(a) If there exists a w* € W with Ez[||Vu[f(w*, Z)]|ls] = 0, then we have
Ez[|IVu[f(w*, Z)] = VF(w*)|?] = 0.

(b) Ifinfuew Ez[|[Vu(f(w, 2)]l|s] > 0, then we have Ez[||Vu[f (w*, Z)]-VF (w*)|] >

0 for any minimizer w* of F.

Proof. For the statement (a), the condition Ez[||V,[f(w*, Z2)]||«] = 0 amounts
to saying that V,,[f(w*, Z)] = 0 holds almost surely, from which it follows that
VF(w*) =0 and therefore Ez[||V,[f(w*, Z)] — VF(w*)||?] = 0.

The statement (b) follows from the optimality condition VF(w*) = 0 and
the Schwarz inequality Ez[||V.,[f(w*, 2)]||.] < {EZ[HVw[f(w*,Z)]||i]}1/2. O

References

[1] A. Agarwal, P. L. Bartlett, P. Ravikumar, M. J. Wainwright, Information-
theoretic lower bounds on the oracle complexity of stochastic convex optimization,
IEEE Transactions on Information Theory 5 (2012) 3235-3249.

[2] K. Ball, E. A. Carlen, E. H. Lieb, Sharp uniform convexity and smoothness
inequalities for trace norms, Inventiones Mathematicae 115 (1994) 463-482.

[3] A. Beck, M. Teboulle, Mirror descent and nonlinear projected subgradient meth-
ods for convex optimization, Operations Research Letters 31 (2003) 167-175.

[4] J. M. Borwein, A. S. Lewis, Convex Analysis and Nonlinear Optimization: Theory
and Examples, Springer Science & Business Media, 2010.

[5] L. Bottou, On-line learning in neural networks, Cambridge University Press, New
York, NY, USA, 1998, pp. 9-42.

[6] L. Bottou, F. E. Curtis, J. Nocedal, Optimization methods for large-scale machine
learning, arXiv:1606.04838 (2016).

[7] J.-F. Cai, S. Osher, Z. Shen, Linearized Bregman iterations for compressed sens-

ing, Mathematics of Computation 78 (2009) 1515-1536.

44



587

588

589

590

591

592

593

594

595

596

597

598

599

600

601

602

603

604

605

606

607

608

609

610

611

612

613

614

615

616

617

618

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

22]

D.-R. Chen, Q. Wu, Y. Ying, D.-X. Zhou, Support vector machine soft margin
classifiers: error analysis, Journal of Machine Learning Research 5 (2004) 1143—
1175.

X. Chen, A. M. Powell, Almost sure convergence of the Kaczmarz algorithm with
random measurements, Journal of Fourier Analysis and Applications 18 (2012)
1195-1214.

J. L. Doob, Measure Theory, Graduate Texts in Mathematics, volume 143,
Springer, 1994.

J. C. Duchi, S. Shalev-Shwartz, Y. Singer, A. Tewari, Composite objective mirror
descent, in: Annual Conference on Learning Theory, Citeseer, 2010, pp. 14—26.
Z.-C. Guo, S.-B. Lin, D.-X. Zhou, Learning theory of distributed spectral algo-
rithms, Inverse Problems 33 (2017) 074009.

Z.-C. Guo, D. H. Xiang, X. Guo, D. X. Zhou, Thresholded spectral algorithms
for sparse approximations, Analysis and Applications 15 (2017) 433-455.

Z.-C. Guo, Y. Ying, D.-X. Zhou, Online regularized learning with pairwise loss
functions, Advances in Computational Mathematics 43 (2017) 127-150.

P. C. Hansen, M. Saxild-Hansen, Air toolsa matlab package of algebraic iterative
reconstruction methods, Journal of Computational and Applied Mathematics 236
(2012) 2167-2178.

T. Hu, J. Fan, Q. Wu, D.-X. Zhou, Regularization schemes for minimum error
entropy principle, Analysis and Applications 13 (2015) 437-455.

P. J. Huber, Robust estimation of a location parameter, The Annals of Mathe-
matical Statistics 35 (1964) 73-101.

S. M. Kakade, S. Shalev-Shwartz, A. Tewari, Regularization techniques for learn-
ing with matrices, Journal of Machine Learning Research 13 (2012) 1865-1890.
S. Lacoste-Julien, M. Schmidt, F. Bach, A simpler approach to obtaining an
o(1/t) convergence rate for the projected stochastic subgradient method, arXiv
preprint arXiv:1212.2002 (2012).

Y. Lei, D.-X. Zhou, Analysis of singular value thresholding algorithm for matrix
completion, Preprint (2016).

Y. Lei, D.-X. Zhou, Analysis of online composite mirror descent algorithm, Neural
Computation 29 (2017) 825-860.

J. Lin, D.-X. Zhou, Learning theory of randomized Kaczmarz algorithm, Journal

45



619

620

621

622

623

624

625

626

627

628

629

630

631

632

633

634

635

636

637

638

639

640

641

642

643

644

645

646

647

648

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

31]

[32]

[33]

[34]

[35]

of Machine Learning Research 16 (2015) 3341-3365.

S.-B. Lin, X. Guo, D.-X. Zhou, Distributed learning with regularized least
squares, Journal of Machine Learning Research 18 (2017) 3202-3232.

A. Nedic, D. P. Bertsekas, Incremental subgradient methods for nondifferentiable
optimization, STAM Journal on Optimization 12 (2001) 109-138.

A. Nemirovski, A. Juditsky, G. Lan, A. Shapiro, Robust stochastic approximation
approach to stochastic programming, SIAM Journal on Optimization 19 (2009)
1574-1609.

A. Rakhlin, O. Shamir, K. Sridharan, Making gradient descent optimal for
strongly convex stochastic optimization, in: Proceedings of the 29th Interna-
tional Conference on Machine Learning, 2012, pp. 449-456

H. Robbins, S. Monro, A stochastic approximation method, The Annals of
Mathematical Statistics (1951) 400-407.

S. Smale, Y. Yao, Online learning algorithms, Foundations of Computational
Mathematics 6 (2006) 145-170.

T. Strohmer, R. Vershynin, A randomized Kaczmarz algorithm with exponential
convergence, Journal of Fourier Analysis and Applications 15 (2009) 262-278.
Q. Wu, Y. Ying, D.-X. Zhou, Multi-kernel regularized classifiers, Journal of
Complexity 23 (2007) 108-134.

Y. Yao, On complexity issues of online learning algorithms, IEEE Transactions
on Information Theory 56 (2010) 6470-6481.

Y. Ying, M. Pontil, Online gradient descent learning algorithms, Foundations of
Computational Mathematics 8 (2008) 561-596.

Y. Ying, D.-X. Zhou, Online regularized classification algorithms, IEEE Trans-
actions on Information Theory 52 (2006) 4775-4788.

Y. Ying, D.-X. Zhou, Unregularized online learning algorithms with general loss
functions, Applied and Computational Harmonic Analysis 42 (2017) 224-244.
T. Zhang, Solving large scale linear prediction problems using stochastic gradient
descent algorithms, in: International Conference on Machine Learning, 2004, pp.

919-926.

46



	Introduction
	Main Results
	Statements of general results
	Results with strongly smooth mirror maps and p-norm divergence
	Explicit results with special loss functions for learning
	Comparison and discussion

	A Key Identity and Idea of Analysis
	Convergence in the Case of Positive Variances
	Necessary condition for convergence
	Sufficient condition for convergence

	Convergence in the Case of Zero Variance and Almost Sure Convergence
	Proving Explicit Results
	Simulations

