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Abstract

We study the convergence of the online composite mirror descent algorithm which in-
volves a mirror map to reflect the geometry of the data and a convex objective function
consisting of a loss and a regularizer possibly inducing sparsity. Our error analysis
provides convergence rates in terms of properties of the strongly convex differentiable
mirror map and the objective function. For a class of objective functions with Holder
continuous gradients, the convergence rates of the excess (regularized) risk under poly-
nomially decaying step sizes have the order O(T_% log T') after T iterates. Our results
improve the existing error analysis for the online composite mirror descent algorithm by
avoiding averaging and removing boundedness assumptions, and sharpen the existing
convergence rates of the last iterate for online gradient descent without any bounded-

ness assumptions. Our methodology mainly depends on a novel error decomposition



in terms of an excess Bregman distance, refined analysis of self-bounding properties of

the objective function, and the resulted one-step progress bounds.

1 Introduction

Gradient descent is a classical powerful method for optimization and numerical
computation. To approximate a minimizer of a convex function f on the Euclidean
space R?, it defines a sequence {w; };cy of points iteratively by w1 = w; — 1. f'(wy),
where f’(w;) is a subgradient of f at w; and 7 is a step size. Gradient descent is even
more powerful in the era of big data and has been extended along different directions in
various ways. Mirror descent is such an extension by relaxing the Hilbert space struc-
ture (Nemirovsky & Yudin, 1983; Beck & Teboulle, 2003) and allowing a Banach space
norm on R? such as the ¢,-norm with 1 < p < 2, where f’(w;) is used for performing
the gradient descent in the dual of the primal space (R, || - ||,,)-

As a first-order optimization procedure, mirror descent provides an efficient way to
solve large-scale optimization problems in a Banach space (W, || - ||) by introducing
a sequence of primal-dual variables {(w;,v;)}°; in the primal-dual space to replace
the sequence {w;} in the gradient descent algorithm, and it is induced by a mirror map
U W — R. We assume U to be differentiable with gradient V¥ (w) lying in the dual
space (W*, || - ||+) for every w € W, so V¥ : W — W* is a map from the primal space
W to the dual space WW* and is used to express the relationship v; = VW (w;) for the
primal-dual pair (w,, v;). We also assume that U is strongly convex with respect to || - ||

meaning that
Da(w, @) := W(w) = W(@) = (w =, VU(@)) = 2w —a|%, Vu,d €W,

where (w—w, VW (w)) is the dual element V¥ (w) € WW* acting on the element w—w €
W. We call Dy (w, w) the Bregman distance between w and @. Then the mirror descent

algorithm applied to min,ep f(w) with a convex function f, an initial point w; € D



and a convex set D C W produces a sequence {w, }?°, of points iteratively as

V\I/(wt%) 1= VU (we) = mef'(wy),
(1.1)

Wiy = arg mingep Dy (w, wt+%), teN,
where {1, }:2, is a sequence of step sizes. The strong convexity of ¥ implies the in-
vertibility of the map VW : W — W* making the point w, 1€ W and the Bregman
distance Dy (w,w) well defined. An important property of the mirror descent algo-
rithm rests on its flexibility in choosing a mirror map to capture the geometry of the
problem at hand, which is appealing to solve problems of high dimensions. Below we
provide a class of specific mirror maps to illustrate their influence on the behavior of

the algorithm.

Example 1. Let 1 < p <2and (W, || - ||) = (R4, || - ||,,) with the £,-norm || - || = || - ||,
defined by |wl|, = >3, ]w(z)|p]% for w = (w(i))%, € W. Then its dual space is
(R, || - H#) Take the p-norm divergence U, (z) = ||z|2 as the mirror map. This
mirror map, as shown in (Ball et al., 1994), is (p — 1)-strongly convex over WV with
respect to the norm | - ||,. Take D = JV. When p = 2, the primal and dual spaces
coincide and the mirror descent reduces to the gradient descent. When a minimizer
w* = argming,ey f(w) of a convex function f is sparse, the mirror descent method

with the mirror map V¥, and the specific choice of p = 1 + @ yields a convergence

bound with a logarithmic dependence on d as proved in (Duchi et al., 2010).

In many machine learning problems, the objective function f often takes a compos-
ite form: f(w) = ¢(w) + r(w) with a data fitting convex (loss) function ¢(w) and a
regularization term r(w), which arises naturally in regularization schemes. For these
composite optimization problems, the mirror descent directly applied to f, involving
subgradients of r, would destroy some desirable effects suggested by the regularizer
r (Duchi & Singer, 2009), such as the /;-norm for promoting sparsity. Instead, a vari-
ant of mirror descent called the composite mirror descent was introduced in (Lions &
Mercier, 1979; Duchi et al., 2010). At the ¢-th iteration, composite mirror descent up-

dates w;, 1 by approximating f with, instead of its first-order approximation at w; used
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in the mirror descent scheme, the first-order approximation of ¢(w) at w; plus r(w)
Wiy = arg menpl ne(w — wy, £'(wy)) + per(w) + Dy (w,w), ¢ € N. (1.2)

When the term r(w) vanishes, the above composite mirror descent method coincides
with the mirror descent method (1.1), which can be seen from a reformulation of
(1.2) in terms of two steps similar to (1.1) (Duchi et al., 2010). Another motivation
to keep r(w) intact in (1.2) is that the first-order approximation of r(w) would slow
down the convergence rate since 7(w) can be non-smooth while ¢(w) can be smooth.
If we take the specific mirror map ¥ = Wy and W = D = R?, the composite
mirror descent recovers the proximal gradient method or forward-backward splitting
w1 = Prox,,, (w, — n'(w;)) dated back to (Lions & Mercier, 1979; Duchi & Singer,
2009), where Prox, (w) = arg ming[r(w) + 3|lw — wl|3] is the proximal operator. A
typical choice of /(w) in machine learning is ¢(w) = %Zthl &(y, (w, x1)), where
{(xs,y;)}_, is a training sample and ¢(y, (w, z}) is a loss function used to measure the
performance of the linear model z — (w, =) on the example (x,y). When the sample
size T is large, composite mirror descent in online and stochastic settings is studied in
Duchi et al. (2010), where the fixed objective function f(w) = ¢(w) + r(w) is replaced
by a sequence f;(w) = {;(w)+r(w) with £;(w) being either an instantaneous loss in the
online setting or a stochastic estimate of the objective function in the stochastic setting.

In this paper, we study the online composite mirror descent algorithm with the aim
of error analysis. Throughout the paper, the primal space is YW = R? with the norm || ||,
the dual space is W* = R¢ with the dual norm || - ||, and (w, ) denotes the action of
the dual element x € W* onw € W. Take D = W to be R%. We assume a sequence of
examples (z4,v;),t € N, to be independently drawn from a Borel probability measure
p defined over X x ) C W* x R. We assume that ¢ : R x R — R is convex in

the second argument, and r : VW — Rar is convex. Then the online composite mirror

descent updates the sequence {w; };en With wy; = 0 by

Wey1 = Arg glelg 77t<w — Wy, ¢/—(yt> <wt7 $t>)$t> + 77t7’(w) + D‘I’(wa wt)» teN, (1.3)



where ¢’ (y,-) denotes the left-side derivative of ¢ with respect to the second argu-
ment. This strategy of processing each observation per iteration enjoys a great com-
putation advantage when compared to the composite mirror descent (1.2) where the
involved computation of ¢'(w) is often prohibitively expensive when faced with large
amounts of data (e.g., for {(w) = 1 ST oy, (w, ), evaluating one single gradient
requires going through the whole data set), which is becoming ubiquitous in the era
of big data (Bach & Moulines, 2013). Below we list some examples covered in the

framework of online composite mirror descent (1.3).

Example 2. If we take ¥ = W, and 7(w) = 0 in (1.3), the online composite mirror

descent recovers the online gradient descent learning with the linear kernel

Wiq1 = Wt — 77t¢,—(yt, <wt= $t>)$t-

For the least squares loss ¢(y,a) = 3(y — a)?, it further translates to the Kaczmarz

algorithm.

Example 3. If we take W = W,, the online composite mirror descent (1.3) recovers the

online proximal gradient descent algorithm

Wii1 = Proxy,, (wy — 0 (ys, (we, x)) ).

Example 4. If we take ¥ = ¥,,,1 < p < 2 and r(w) = A||w||;, the online com-

posite mirror descent recovers the stochastic mirror descent algorithm made sparse

(SMIDAS) proposed in (Shalev-Shwartz & Tewari, 2011)

V\ij(wwr%) = V‘ij(wt)_ﬁt¢/_ (Ye, (e, )T, VU, (wig1) = Prox;, zj|-| (V\ij(wwr%))'

Actually (Duchi et al., 2010), the iterate w;,; defined above is equivalent to w;,; =
arg minyep Dy, (w, w,, 1 )+n:A||w]| 1. Different realizations of online composite mirror
descent with the sparsity-inducing regularizer r(w) = \||w||; have also been proposed
and theoretically studied in (Langford et al., 2009) and (Shalev-Shwartz & Tewari,
2011).



Our error analysis is carried out in terms of the generalization error (risk) of the

linear function x — (w, x) associated with the vector w € W defined by

£ (w) = ¢y, (w, z))dp.
XxY

We estimate the excess risk E[E¢(wr)] — E?(w*) for the last iterate wz produced by

(1.3), where w* € W is a vector attaining the minimal risk

* : ¢
w argggyx\ljc‘f (w).

The algorithm and our analysis include three main ingredients: the loss function ¢,
the regularizer r, and the mirror map W. Our results are stated in terms of properties
of the loss functions ¢ and the regularizer r in addition to the strong convexity of the
differentiable mirror map ¥ and the boundedness of the probability measure p. To
illustrate our ideas, we state learning rates, to be proved in Section 4, for the case when

r(w) = AM|wl||; is the (scaled) 1-norm.

Assumption 1. We assume that the input data are uniformly bounded in the sense R :=

sup,c v || < o0 and |lo 1= sup,cy ¢(y,0) < 00, | == sup,cy [¢(y,0)] < oo.
The involved properties of ¢ is measured by the Holder continuity of ¢/’ .

Assumption 2. We assume that the loss function ¢ is convex in the second argument
and its (sub)gradient is ¢g-Holder continuous for some 0 < ¢ < 1, meaning that there

exists a constant L, > 0 such that
¢_(y,a) — ¢_(y,a)| < Lyla—al’,  Va,aeR,ye. (1.4)

Example 5. In the two extreme cases ¢ = 0 and ¢ = 1, convex loss functions satisfying
the condition (1.4) include the hinge loss ¢(y, a) = max(0,1 — ya) with Y = {1, —1}
for classification with ¢ = 0, the least square loss ¢(y, a) = 3(y — a)? and the logistic
function ¢(y,a) = log(1 + exp(—ya)) with ¢ = 1. The intermediate case include §-
norm hinge loss ¢(y,a) = max(0,1 — ya)? for classification (Chen et al., 2004) and
the g-th power absolute distance loss ¢(y,a) = |y — a|? for regression (Steinwart &

Christmann, 2008) with ¢ € (1,2] and ¢ = ¢ — 1.
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Denote 1 the vector in R? with all components being 1. A norm €2 on R? is said to be

monotonic if Q(z) < Q(F) whenever z, 7 € R? satisfy |x(:)| < |Z(:)| fori =1,...,d.

Theorem 1. Assume that the mirror map V is differentiable and o-strongly convex
for some o > 0 and the norm || - ||, is monotonic. Suppose that Assumption 1 and
Assumption 2 hold. Consider the regularizer r(w) = M|w||y with 0 < X\ < X\q for some
Ao > 0. If the step size is 0y = nlt‘% with

47'o min ((R|¢ly) 2, (RLy) 2, (A|1],)72), ifq =0,
0<m< (1.5)

__2
4 %o min (R-2L, ™, (A1].)72). f0<q<1,

then we have

E[£¢(wr) — £ (w*)] < T2 log(eT) + [|w* |1 A,

where c is a constant independent of T or )\, and the expectation E is taken with respect

to the sample {(It, ?Jt)}thl-

2 Main Results

This section presents our main results on error analysis of the online composite mir-
ror descent algorithm (1.3) given in terms of the following properties of the regularizer

r: W — R{ in addition to those of the loss function ¢.

Assumption 3. We assume that the convex regularizer r : W — Ry satisfies 7(0) = 0
and its (sub)gradient r’ is p-Holder continuous for some 0 < p < 1, meaning that there

exists a constant L,, > 0 such that
|7 (w) — 7' (@)[l« < Ly|lw — @[,  Yw #w e W. (2.1)

Example 6. The (scaled) regularizer )\Hng with A > 0and 1 < p < 2 satisfies the

condition (2.1) with p = p—1 and norm ||-|| = ||-||5 (see Lemma C.3 in Appendix C). In
particular, the classical ¢;-regularizer with p = 1 satisfies (2.1) withp =0, || - || = || - |1
and L, = 2\.



Now we can state our main results, to be proved in Section 4, on convergence rates
of the excess regularized risk E[£?7 (wr) — EP7(w?)] for the last iterate of (1.3), where
E?"(w) denotes the regularized risk of the linear function associated to w with the

minimizer w, defined by

£ (w) = ¢(y, (w,x))dp + r(w), w; = arg min E*"(w).
XxY weWw

Theorem 2. Assume that the mirror map V : VYW — R is differentiable and o-strongly
convex for some o > 0. Suppose that Assumptions 1, 2, 3 hold with 0 < p,q < 1.

Consider the step size n, = it~ with ﬁi’;—% <6<1land

471 min (R*QL;ﬁ, L;p?), ifqg>0,
m < L 2.2)
4~ o min (R™2[max(|¢]y, Ly)] ™% Ly ™), ifq¢=0.

Then we have
E[£%7 (wr) — €27 (w))] < cmax (T~ log(eT), "), 2.3)

where c is a constant depending onn,, E%" (w}), Dy (w},0),07, Ly, Ly, p, q,0, R, |¢lo, |Bl5

(explicitly given in the proof). Specifically, if 0 = % we get
B[ (wr) — E¥(w!)] = O(T 2 log T). (2.4)
The existing research work on the online (stochastic) composite mirror descent al-
gorithm (1.3) gives bounds on the regularized regret defined by

R(T,w) =Y [6(ye, (we, x0)) + r(we) = Sys, (w, 1)) = r(w)]

t=1

or the closely related excess regularized risk for the average of the iterates wy :=
% Zle w;y (Cesa-Bianchi et al., 2004; Duchi et al., 2010; Langford et al., 2009; Shalev-
Shwartz & Tewari, 2011; Duchi & Singer, 2009; Srebro et al., 2011). However, as
shown in (Rosasco et al., 2014; Shamir & Zhang, 2013; Rakhlin et al., 2012), averag-
ing can have a detrimental effect in the sense that it can slow down the convergence
rates when the objective function is strongly convex, or destroy the sparsity of the so-

lution which is often crucial for proper interpretations in many applications. Instead of
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studying regret bounds or the associated convergence rates for the average of iterates,
we consider here the more challenging problem of the convergence of the last iterate,
which would imply the convergence of the averaging scheme and would not destroy the
sparsity. Our main results show that the excess regularized risk enjoys the convergence
rate O(T 3 log T') with the step size 7, = nlt_%, matching (up to a logarithmic factor)
the minimax rates of order O(T _%) for stochastic approximation in the non-strongly
convex case (Agarwal et al., 2012). These results are established for a general class of
objective functions with Holder continuous (sub)gradients including Lipschitz objective
functions and smooth objective functions.

Furthermore, our analysis does not need any boundedness assumption on |[wy||
or E[||¢’ (yz, (ws, x¢))x¢]|?] as imposed in the literature (Duchi et al., 2010; Shamir
& Zhang, 2013). For example, stochastic projected gradient descent is studied in
(Shamir & Zhang, 2013) for non-smooth optimization which gives the convergence
rate O(T‘% log T") for the last iterate. But their discussion requires the assumption
of the existence of a constant G such that ||’ (v, (wy, x4))ze]]a < G forall t € N
and sup,, sep ||[w — Wl < G for points on the projected domain D, which only
holds when D is compact and thereby their algorithm requires an additional projec-
tion onto D per iteration. More recently, convergence of the last iterate for stochastic
proximal gradient algorithms with ¥ = W, is studied in (Rosasco et al., 2014) pre-
senting a non-asymptotic bound in expectation in the strongly convex case and the
almost sure convergence in the general case, but their discussion still needs the as-
sumption of the existence of a sequence {«;}n and a constant S > 0 satisfying
E[||€,(we) — €' (we) ||?] < B2(1+ay ||l (wy)]|?) forall ¢ € N, where £,(w) = ¢ (ys, (w, z4))
and £(w) = E[¢(y, (w, z))].

In deriving the almost optimal convergence rates, we also get the following conver-

gence rate for E[||VE?" (wr)||+], to be proved in Appendix C.

Corollary 3. Under the conditions of Theorem 2 with 0 < p,q < 1, with the step size



e = mt"7 satisfying (2.2), we have
E[|VEY (wr)|.] = O((T™2 log T)™"F¥ratr))

To demonstrate our main results stated in Theorem 2, we present explicit learning
rates for some special cases in the following subsections. It would be interesting to
extend our results to non-convex loss functions including those from the minimum error

entropy principle (Hu et al., 2015).

2.1 Online gradient descent learning

The first special case corresponds to ¥ = W, and r(w) = 0. In this case, the online
composite mirror descent algorithm (1.3) recovers the unregularized online gradient
descent algorithms for regression and classification by selecting concrete loss functions
such as the g-norm hinge loss ¢(y, a) = max (0, 1 —ya)?, the logistic function ¢(y, a) =
log(1 + exp(—ya)) and the g-th power absolute distance loss ¢(y, a) = |y — a9.

Convergence for the last iterate has been extensively studied for the online gradi-
ent descent algorithm in reproducing kernel Hilbert spaces in (Smale & Yao, 2006;
Ying & Zhou, 2006; Smale & Zhou, 2009; Tarres & Yao, 2014; Ying & Zhou, 2016)
where the regularizer is approximated by its first-order approximation when updating
{w;}. The unregularized least squares online gradient descent algorithm in reproduc-
ing kernel Hilbert spaces is studied in (Ying & Pontil, 2008) and convergence rates
of order O(T —2 log T') are derived. For a class of loss functions with ¢-Holder con-
tinuous gradients with 0 < ¢ < 1, the unregularized online gradient descent learning
with r(w) = 0, ¥ = W, is considered in (Ying & Zhou, 2015) which establishes the

convergence rate
E[g(b(wT) . g(b(w*)] S O(T—min(2*1q9,1—9))

with the step size 7; = n;t~?, which would be O(T_q%) by taking # = 2/(q + 2). This
convergence rate can at most attain O(T*%) when the loss function is smooth. Theorem

2 immediately implies the following convergence rate O(7~2 log T) of the excess risk
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E[E?(wr)] — £%(w*) for unregularized online gradient descent algorithms. It is a great
improvement and thereby solves the open question whether the rate O (T —3 ) without the
boundedness assumption can be improved for the unregularized online gradient descent

algorithm applied to general loss functions (Ying & Zhou, 2015).

Corollary 4. Consider the mirror map V = Vs and r(w) = 0. Suppose Assumptions 1
and 2 hold. Take || - || = || - || and o = 1. For the step size 1, = mit™2 satisfying (2.2)
with L, = 0, we have E[£?(wr) — E2(w*)] = O(T~2 log T).

2.2 Online learning with sparsity-inducing regularizer

The second special case is given by ¥ = U; with 1 < p < 2 and r(w) = A||w]};.
In this case, the online composite mirror descent algorithm (1.3) recovers the SMIDAS
proposed in (Shalev-Shwartz & Tewari, 2011), whose convergence follows as a direct
corollary of Theorem 2 by noting the identity Dy (w},0) = 3|w}||% and the (p — 1)-

strong convexity of W; w.r.t. || - ||5. Note that the dual norm of || - ||5is || - || _z_.
-1

Corollary 5. Consider the mirror map V; with 1 < p < 2 and r(w) = M|w||; with
A > 0. Suppose Assumptions 1 and 2 hold. Take || - || = || - || and 0 = p — 1. Then for

the step size 1, = nlt_% satisfying (1.5), we have
B[ (wr) — E¥(w!)] = O(T 2 1og T). (2.5)
Remark 1. Consider the case 0 < ¢ < 1. If we choose ¥ = ¥, r(w) = A||wl; and
m = ¢/(p = 1)min{[sup 2] s ] A }

with ¢’ depending only on L, and |¢|;, the constant ¢ hidden in the big O notation in

(2.5) takes the form

e = e[(p — 1) mase {sup 2 VLI M 3 4+ €47 wi)]. - @6)

P
5

1

where ¢ is a constant depending only on ¢, L, |¢|o and |¢|;,. For the choice p = 1+ Togd’

the constant ¢ defined by (2.6) satisfies (note that ||z||1110ga < €|z || for z € W)
e < ac? [max {sup [o[2 V12 } 0 |2 o d + £ ()]
TEX logd
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For the choice p = 2, the constant ¢ in (2.6) translates to
c= E[max { Sup 13, X[ 1113} [wy ][5 + €27 (wy) |-
X

Therefore, for learning problems where the features are dense (i.e.,

x||2 closed to

d2||z||») and w? is very spare (i.e., ||w?||; closed to |Jw?||2), the online composite mir-

ror descent with W = W, T would enjoy a faster convergence rate compared to that
og

for U = Wy, especially in high dimensional problems (Duchi et al., 2010).

2.3 Online smoothed linearized Bregman iteration

The last special case corresponds to the least squares loss ¢(y,a) = (y — a)?,
r(w) = 0, and the mirror map V., with a parameter ¢ > 0, defined by ¥ (w) =
AMe(w) + 3|lwl|3, where J, is a componentwise regularizer for robustness smoothing

the 1-norm given by

2 .
d £, if [¢] <,

i=1 |{| — 5, otherwise.

In this case, with w; = v; = 0, the online composite mirror descent algorithm (1.3) can

be reformulated as

Vt4+1 = U — 77t(<wt7$t> - yt)wt = V‘I’s(wt+1)7

. 1
Wi = arg min nt<w — wy, ((wy, 24) — yt)xt> + A (w) + §||wH§ — <w — wt,vt>

: 1 . 1
= argmin AJ(w) + §||w||§ = (W, o) = argmin AJ(w) + S flw — Ut+1!§-)
2.7

This is the online version of the linearized Bregman iteration (Cai et al., 2009) modified
by smoothing the 1-norm in a e-neighborhood of the origin: the online version of the
original linearized Bregman iteration proposed in (Yin et al., 2008) corresponds to € = 0
with v, € OV (wey1) and J(w) = ||w|;. The convergence of the iterates (2.7) is

established in the following direct corollary of Theorem 2.
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Corollary 6. Let ¢(y,a) = %(y — a)Q, r(w) =0, =1-

0, W = W,_withe >0
and o = 1. Under Assumption 1, with the step size 1, = nlt_% satisfying (2.2) with

L,=1,L, =0, we have E[E¢(wr) — E¢(w*)] = O(T 2 logT).

It would be interesting to extend the above result to the convergence of the original

online linearized Bregman iteration without smoothing.

3 Ideas and Novelty in the Analysis

This section outlines the ideas and novelty in the proof of our main results. Our
first novel point is a one-step progress bound established in (3.1) below to be proved in
the next section, showing that the excess regularized risk 7, E[E?" (w;) — £ (w)] can
be controlled by the excess Bregman distance E[Dy (w, w;) — Dy (w, wy11)] plus the
regularized risk E[£¢" (w;)]. A notable property of the one-step progress bound (3.1) is
that it involves the regularized risk E[£9" (w;)], rather than the dual norm of gradients
encountered during the iterations, whose “boundedness” is established in (3.2). This
“boundedness” of E[£9"(w;)] allows us to avoid assumptions on the boundedness of
gradients imposed in the literature (Shamir & Zhang, 2013; Duchi et al., 2010), and

demonstrates the novelty of our analysis.

Lemma 7. Under Assumptions 1, 2, 3, the sequence {w, };°, generated by (1.3) satisfies

ME[EY (wy)—EP" (w)] < E[Dy(w, wy)— Dy (w, wepr)|+n7 [ B[EP" (wy)|+e2], Yw € W,
(3.1)

where c; and cy are two constants independent of t or w (explicitly given in the proof).

If we take the step size n, = it =% satisfying (2.2) with % < 0 < 1, then for any

T € N we have

cslog(eT), if&:%ﬁfw)y
E[£?" (wr)] < T+ max(p,q) o)

cs, otherwise,

where c3 is a constant independent of T (explicitly given in the proof).
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Our second novel point is to derive error bounds and convergence rates for the last
iterate from the one-step progress measured by Bregman distance in Lemma 8. It re-
fines the recent error decomposition method for gradient descent schemes in (Lin et al.,
2015b,a; Shamir & Zhang, 2013) reformulating nrE[E%" (wr) — £ (w?)] as a sum-
mation of the weighted average errors and moving weighted average errors (see (B.1)),

and is proved in Appendix B.

Lemma 8. Let {n,} be a non-increasing sequence and let { A }icn be a sequence such

that
nE[EY (wy) — E9"(w)] < E[Dy(w, w;) — Dy (w,wi1)] + A;, Yw €W, (3.3)

then we have

nrE[EY (wr) — EP7 (w*)] < ! D\I, ) + Z _t

(3.4)

Our last novel point is to get the “boundedness” of E[£%7(w;)] stated in (3.2) by
applying Lemma 8 to the following one-step progress bound in terms of the excess
Bregman distance and the dual norms of gradients, which can be controlled in terms
of step sizes (Lemma 13). Lemma 9 improves Lemma 1 in (Duchi et al., 2010) in our
situation. Unlike Lemma 1 in (Duchi et al., 2010) involving —o(y;, (wy, 7)) — r(wii1)
in the associated one-step progress bound, (3.6) in Lemma 9 involves —¢(y;, (wy, z;)) —
r(w;) instead, which matches the form of (3.3) in Lemma 8 and is thereby crucial for
applying Lemma 8 to get (3.2). As a comparison, Lemma 1 in (Duchi et al., 2010) could
not yield a one-step progress bound of the form (3.3). The proof of Lemma 9 is given

in the Appendix A.

Lemma 9. For any w € W, the sequence {w;};°, generated by (1.3) satisfies

B[P (wy) — £77(w)] < E[Dw(w, we) — Dy (w, we))+

o B[l (w3 + 102 (ye, (we, ze))zeZ], (3.5)
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and

Dy(w,wi41) — Dy(w, wy) < ne[d(ye, (w, 20)) 4+ r(w) — ¢y, (wy, 2)) — r(w)]

+ o Il (we) I3 4 162 (e, (we, @e))ae[2]. - (3.6)

Remark 2. It should be emphasized that, a single application of Lemma 8 with the one-

step progress bound given in (3.5) can only yield the convergence rate O(T OO logT)

X . _ max(p,q)+1 X .
with the step size 7, = mt~ ==@2+2. For the specific case r(w) = 0 and ¢ = 1, this

convergence rate translates to O(T -3 log T'), matching the rate O(T _é) established in
(Ying & Zhou, 2015) within a logarithmic factor. The way we achieve the improve-
ment from O(T~3) to O(T~z log T') rests on the following key observation due to a
self-bounding property (see Lemmas 10, 11 below): although the iterates w; can only
be shown to lie in a ball with the asymptotically diverging radius O([> }_, 775]%) (see
Lemma 13 below), the expected norm of the associated gradient is always bounded

since it is dominated by the regularized risk.

4 Proving Main Results

This section presents the proof of Theorem 2, which yields the conclusion of Theo-
rem 1. Our proof consists of two parts. The first part applies Lemma 8 and the one-step
progress bound (3.5) to establish a crude bound on the regularized risk (3.2), based on
which the second part applies Lemma 8 and the one-step progress bound (3.1) to derive
the convergence rate (2.3) for the last iterate of the online composite mirror descent.

We first provide some technical lemmas and inequalities used throughout the proof.
It is clear that loss functions satisfying Assumption 2 always enjoy the following growth

behavior

|62 (y, a)| <10~ (y, 0)[+Lglal < &(1+]al?), & :=max(|¢fo, Ly), Va € R,y €Y.
4.1)

Also, the regularizer r(w) satisfying Assumption 3 meets the following growth condi-
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tion

I (W)l = [l (w) = Olls < Lyp[lw = O = Ly[lw]”, VweW,  (4.2)
where we have used the fact 0 € 0r(0) followed from the convexity of r and 0 €
arg min,eyy 7(w). For ¢ € (0, 1], denote ¢, = 2L§% and 7, = 4(1 —¢)tif g < 1 and
7, = 4if ¢ = 1. Denote p V ¢ = max(p, q) and 6* =20 — (1 —0)(p V q).

The following two lemmas establish the self-bounding property for functions with
Holder continuous gradients (Srebro et al., 2010; Ying & Zhou, 2015), meaning that the
gradients can be controlled by the function values. This self-bounding property allows
us to transfer the one-step progress bound (3.5) in terms of gradients to the one-step
progress bound (3.1) in terms of the regularized risk, and is essential for us to avoid
the boundedness assumptions imposed in the literature (Shamir & Zhang, 2013; Duchi
et al., 2010). Lemma 10 can be found in (Ying & Zhou, 2015), while Lemma 11 will

be proved as a consequence of Lemma C.2 in Appendix C.

Lemma 10. If the non-negative loss function ¢(y, a) satisfies (1.4) with q € (0, 1], then

1
forc, =2Lg"" we have

6 (y,0)| < cyd(y,a) ™, Vy,a€R. (4.3)

Lemma 11. If the gradient of the non-negative regularizer r(w) satisfies (2.1) with

p € (0,1], then for c,, = 2L} we have
I (@)l < epr(w) ™5, VweW. (44)

Lemma 12. For any A € (0, 2|, we have the following inequalities

L2220 A<,
T T t
Yorcne ) [ ow e, pon 69
t=1 t=2 Jt-1
\ﬁ, ifA>1,
and
T2y T Mog(eT), if A <1,
< (4.6)
— T —t e
t=1 A=D1 ifA>1.
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To apply Lemmas 8 and 9, we need to estimate the growth behavior of ||r/(w,)]|«
and [|¢" (y, (wy, 1)) 2¢]|«. This is achieved in the following lemma by showing that
{w; }1en always lie inside a ball, under the Bregman divergence, with a controllable

radius. The proof of Lemma 13 is given in Appendix D.

Lemma 13. Suppose that Assumptions 1, 2 and 3 hold. If the step sizes satisfy (2.2),
then the sequence {w;}:°, generated by (1.3) satisfies

t—1

Dy(0,we) < Cpg i (4.7)

and

-1

7 (w12 + 162 (g, (we, @) 2 < caomax ( Z Pve) (4.8)
k=1

where c,, , and c, are constants given by

g = 0lo+1—p)A+p) ' +(1-q)(1+q) 7",

cg = o! [2R252 + 262R2q+2 [2¢5,4071]7 + Lzzi [QvaqU_l]p] :

We are now in a position to prove Lemma 7. The proof of (3.1) requires the one-
step progress bound (3.5) and the self-bounding property established in Lemmas 10, 11,
while the proof of (3.2) requires to apply Lemma 8 with the one-step progress bound

(3.5) coupled with the bounds on the gradients established in Lemma 13.

Proof of Lemma 7. We first use the self-bounding property established in Lemmas 10,
11 to control o= n7[[|r" (we) I3 + (197 (ye, (wr, 1)) [Z].
For the case 0 < ¢ < 1, by & q“ > 1 and (4.3) the term o102 ||’ (v, (wy, ¢))xy||?

can be controlled as

q+1

o |0 (ye, (wr, @)z ||2 < o P RO (e, (wy, 20)) [P < 0 i 2D (e, (wy, @) ) 71
%

2,2 [D(ye, (wy, 24))a+T] 20 1
<o R pEs) T
2q 1—¢q

< 0’17733263(61 + 1)_1 [261¢(yt> (we, ) +1 = C]},
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where we have used the Young’s inequality

S bS 1 1
abéa—+7, Ya,b,s, s > 0with — + - = 1. (4.9)
s 5 s 5
The above inequality holds obviously when ¢ = 1. Moreover, according to (4.1) we

have

o 2R (ys, (wy, 7)) < 0_1nfR2463, ifg=0.

For the case 0 < p < 1, by 12ipp > 1 and (4.4) the term o~ 'n? ||’ (w;)||? can be

controlled similarly by

2p _14p

- - 2 1o lr(w) )

o |l (w2 < o7 i (w) T < o i) | i — + 13
2p 1—p

<o 'nic(1+p) " 2pr(w) + 1 - p.

The above inequality holds obviously when p = 1. From (4.2) we also have that
o~ gl (wy) |2 < o~ tf Ly if p = 0.

Putting the above discussions together, we derive the following inequality

ot [ (we) 12 + 167 (e, (we, 24)) 2|7
< njo [R2(2q) (g + 1) (e, (we, ) + 2pcs (1 + p) ' (wy)]
+o ' [RE1-q)(1+q) + (1 -p(L+p)

+4(1—q)R*c + (1 —p)L7].

Plugging the above inequality into (3.5) yields the following one-step progress bound

for the online composite mirror descent
WE[EY (wy)—EP" (w)] < E[Dy(w, wy)— Dy (w, wegr )47 [ BE?" (wy)+¢2], Vw e W,
where the constants c¢; and ¢, are given explicitly as

o1 = o~ max(R*¢(2q)(q +1) 7", 2pes (1 +p) ),
=0 [R(1—q)(1+q) ' +c1—p)(1+p) ' +4(1 —qRc + (1 —p)L2].
This proves the first desired estimate (3.1).
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We turn to the second desired estimate (3.2). Plugging (4.8) into (3.5) immediately

yields that
t—1
T T v
MEE® (1) = €97 (w)] < B[Da (w0, w) = Dy (w, wepr)] + e max {1, [ S m] ™},
k=1

which implies (3.3) with A, = c4n? max{ [>iim k} } Therefore, we can apply

Lemma 8 to obtain

ot gt {1 [0 )"

1
E[E2" (wr) — €77 (w])] < 75— Dw(w;, 0) + cay !

nr P T—1
+ c4mp max {1, [Z nk}pvq}. (4.10)
k=1

According to Lemma 12, the definition of 6* and the step size 1, = m;t~? with (p Vv

q)(1 +pVq) ' <6< 1wehave

o max (1 [ k}pvq ol — 7 max (1, [ (1 — )~ rag(-0eva)
Uiy T ¢ "I T—1t
t=1 t=1
T-1 t )(pVq)—26
<ming (1V[m(1 1)

?qu

t—ﬂ*

=g (V[ =071 }  =—

-
I

) 79T~ log(eT), if* <1,
<m(1Vm(1—0)~1P)
8(6* — 1)"1T°1, if g > 1.

Furthermore, it follows from (4.5) that
N max {1, [szl 77k:] p\/q} < mT % max {1, [m (1 — 9)—1]quT(1—0)(qu)}
k=1
< m(LV (1 —0) )T
Plugging the above two bounds into (4.10), we see
E[E™ (wr) — €27 (w;)] < 0y ' T Dy (wy, 0) + cam (1 V [ (1 — 0) ') 177"

79T~ log(eT), iff < ;L’xg,

+ e (1V (1 —6)71PY9)

8(0* — 1)~ if g > L

24pVvq’
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where we observe that 0* < 1if and only if § < [1+ (pV ¢)][2+ (pV ¢ } . Note that
0 < 6* can be equivalently written as § > (p V q) (1 +pV q) !

When 6 = (pV q)(1+pV q)~1, we have T~ log(eT) = log(eT).

When (pV ¢)(1+pVg) ™t <0< (1+pVqg(2+pVg ' thend —6* <0 and

the elementary inequality
_ 1
max {ZB Tlogx} <—, Vr>0 (4.11)
>0 €T
imply that

T log(eT) = (eT)"" log(eT)e? =% < e (0" — ) 1e” 0
=[(1+pVq)h—pVq LTVl < [(1 L pv g)) —p Vgt
When 6 > (1+pV¢q)(2+pVq)~', T is bounded by 1.

Combining the above three cases together, we know that

B[ (wr) — £7(w})] < 0y D, 0)+

(

[1 + 79 log(eT)], if = 24

1+pvq’

C4771(1 \Vi [nl(l _ 9) ]qu) X [1 + 8(9* _ 1)71]7 if > 1+pVg

24pVvq’

\ [1 + 79 [(1+pV g0 —pV q]_l], otherwise.

The above inequality verifies the desired estimate (3.2) with the constant c3 given by

¢z = EP"(w)) + my ' Dy(w}, 0) + cs,

where
(
. v
[1+ 7p:], if 6 = 20,
v . _
¢ = cam (1V [ (1=0)71PY9) > S (1 + 8(6* — 1)1, if > e,
|1+ 7 [(1+pVa)l—pVg], otherwise.
The proof of Lemma 7 is complete. ]

We are in a position to prove our main results.
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Proof of Theorem 2. We prove our conclusion in two cases according to different values
of 6.
If0 > (pVq)(l+pVq) ! then (3.2) implies E[E?" (w;)] < c3. This together with

(3.1) yields

NE[EP (wy) — EP"(w)] < E[Dy(w,w;) — Dy(w,wi1)] + (cic3 + e2)n?, Yw € W.
4.12)

Then, we apply Lemma 8 with A; = (c1c3 + ¢o)n? and (4.6) to obtain

T-1

Bl (wr) 97 ()] < (D)™ Daluf0) + (s + et 3 7 4

3 + (c1c3 + c2)nr

T1t29

= ' T Dy (w},0) + (cics + co)m T Z

—¢ —+ (0103 -+ Cg)?hTﬁe

ot ) 0T log(eT), if 6 < 3,
< 77; T~ D\p(’w:, 0) + (0103 -+ CQ)T]lTi + (0103 + CQ)Th
8(20 — 1)7'T0, if g > L.

If0=(pVqg)(l+pVq)?, then (3.2) implies
E[E9" (w,)] < cslog(eT), VYt <T.

Analyzing analogously to the case § > (pV q)(1 +pV q)~! yields

r—1 , 99

E[£%" (wr)—€%" (wy)] <y 'T" Dy (w}, 0) + (caeslog(eT) + ca)m [T7 ) | —
t=1

< T Dy (w?, 0) + (creslog(eT) + c)m [TQQT’Q log(eT') + T’e]
<y T Dy (w?, 0) + (cres + ¢2)m [TQGT’G log?(eT) +T7° log(eT)]

<" TP ' Dy (w?, 0) + (cres + co)m [Amape” 2072 + €107,

where we have used the fact that 20 = 2(pVq)(1+pVgq)~' < 1 followed frompVvq < 1,

and the last step uses the following inequalities due to (4.11)

T %1og?(eT) = [(eT)_g log(eT)]?e? < 472072, T %log(eT) < e’ '07.
The following inequality follows for any 7' € N
E[EP" (wr)] < ¢ := EV"(wr)4+ny " Dy (w], 0)+ (cres+co)mi [Amape? 207+ 107,
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Analyzing analogously to the case § > (pV ¢)(1+ pV ¢)~! by applying Lemma 8 and
(3.1) with E[£%"(wr)] bounded above and noting § < 1 yields

E[E9 (wr)—EP" (w?)] < n TP Dy (w?, 0)+(crcg+co) T 0+ (crce+co)mmagT % log(eT).
Combining the above discussions in two different cases together, we get

0y T Dy (w;,0) + ¢ T7°[1 + mog log(eT)],  if 6 < 1,

E[E% (wr)—E*" (wy)] <
[0y Dy (w},0) + 8¢7(20 — 1) T + T, if 6 > 1,

(4.13)
where c7 is the constant defined by
o (6166 + 02)7]1, if @ = 1?;?/(1,
(c1c3 + c2)mi, otherwise.
This verifies the desired error bound (2.3) with the constant
ny ' Dy (w?,0) + c7(1 + Tap), ifg < 3,
CcC =
ny ' Dy (w?,0) + 8¢7(20 — 1)~ 4 ¢7, otherwise.
The proof of Theorem 2 is complete. ]
Proof of Theorem 1. According to the definition of w; we have
E2(wy) + Mwilly < E%(w*) + Allw*||s. (4.14)
For any w € W, the monotonic property of || - ||, implies ||7'(w)|]. < A||1||« and

therefore r(w) = A||w||; satisfies (2.1) with p = 0 and L, = 2)||1]|.. It then follows
from Theorem 2 and (4.14) that

E[E%(wr) + Awr|l1] < E2(w?) + A|w? | + T2 log(eT) s
< EP(w*) + A|w*||; + T2 log(eT),

where ¢ is a constant depending on 7y, £9" (w?), Dy (w},0),07%, q, Ly, R, |dlo, |9]5- Eq.
(4.14), together with the inequality £¢(w*) < £?(w?) due to the definition of w*, im-

plies [|wy||; < [lw*|: and then Dy(w;,0) < supy,,<juw+|, Pv(w,0). Furthermore,
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(4.14) and the assumption A < \g imply
E(wy) < E%(w") + AJw'[ly < £%(w") + Aoflw 1.

That is, both Dy (w?,0) and £?(w}) can be upper bounded by constants independent
of A or T'. Therefore, the constant c in (4.15) is independent of 7" or A\. The proof of

Theorem 1 is complete. [
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Appendix

In this appendix, we prove our claimed technical lemmas.

A Proof of Lemma 9

Denote by A; the o-algebra generated by (1, y1), ..., (vi_1,y:—1) and E; := E[X | A]

the conditional expectation given A;.

Proof of Lemma 9. The first-order optimality condition for the minimization problem

(1.3) implies the existence of an r’(w;;1) € Or(w,1) such that
md (ye, (wy, 2) )2 + ner’ (wis1) + VU (wip1) — VP (wy) = 0.
Combining this with

Dy (u,v) + Dy(v,w) — Dy (u, w) = (u — v, V¥(w) — V¥(v))
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yields

Dy(w, wi41) = Dy(w,wy) = Dy(w, wei1) + Dy (werr, we) — Dy(w, wy) — Dy (wesr, we)
= (w — w1, VY (wy) — VU (wiy1)) — Dy (wig, wy)
= (W — W, M- (Yo, (Wr, ) e + 07" (We1)) — Dy (Wi, we)
= new — we, @ (Ye, (we, T))xe) + Newe — Wi, O (Y, (we, 1)) )

+ m(w — W41, T/(wt+1)> - D\I/(wt+1, wt).

This together with the convexity of ¢ and r, and the o-strong convexity of W gives

Dy(w, wiy1) — D (w,we) < ne[d(ys, (w, 24)) — (y, (wy, 71))]
+ el (w) = r(wi)] + mlwe = win, 6 (ye, (wi, 2))a) — 27 o llwiy — we|?
< e [D(ys, (w0, w1)) — S(ys, (we, w0))] A 1e[r(w) — 7(wy)]
+elr(we) = r(wee)] + millwr = w197 (e, (wr, we)al|« = 27 o fJwin —we|.

(A.1)

The convexity of r yields

Melr(we) = r(we)] < me(we — e, v (we)) < mellwe — wea[[|r” (we) .

This together with the elementary inequality ab < % + % gives

Ut[T(wt) - T(wt+1)] + 77t||wt - wt+1||||q5’_(yt, (wt, $t>)$t||* - 2_10||wt+1 - wt||2
< meflwe — we | [ (W)l + |07 (e, (we, ) x| — 27 o flwigr — we)?

9 2 ntQ / / 2 -1 2
< §Hwt+1 —wg|* + %[HT (we) [« + |67 (e, (we, ) 24][] — 27 o l|win — wi|

< ol (o I3+ 1167 (v, (wr, ) [3].

Plugging this estimate into (A.1) gives
Dy (w,wiy1) — Dy(w,wy) < [cb(yt, (w, ) +r(w) = (ye, (we, 7)) — r(wt)]

+ o 7l (w12 + 107 (e, (we, ) )7
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This establishes (3.6). Reformulation followed with conditional expectation with A;

(note that w; is measurable w.r.t 4;) on both sides yields

n[EP" (wy) — EY"(w)] < Ey[ Dy (w,w;) — Dy (w, wyir)]+

1773]Et[||7"’(wt)||3 + ||¢/—(yt7 (wy, iUt))ZEtH»ZF]

Then (3.5) follows by taking expectations on the remaining random variables. The

proof of Lemma 9 is complete. [

B Proof of Lemma 8

We use our ideas from (Lin & Zhou, 2015; Lin et al., 2015b,a) to prove Lemma 8.

Proof of Lemma 8. We proceed with the proof in four steps.
Step 1: Error decomposition. The following identity (Shamir & Zhang, 2013; Lin
et al., 2015b) holds for any sequence {s;}ien

IIMH
?T‘

_"_ —_
—_
S—

»

|

(V)

3
)

Applying this to s; = pE[EPT (w;) — E7(w?)] yields

nrE[EP (wr) — E97 (w))] = % i M E[EP (w;) — E97 (w))]+
T—1 1 T -
T, (WEIE*" (wn) = €27 (w))] = e 4BIE®" (wr ) = E°7 (w)]),
from which we derive
nrE[EP (wr) — E97 (w ZmE [E77 (wy) — 47 (wy)]+
T-1 1 T
3 WEED t:TZkH (ntE[€¢’T(Wt)_gd)’r(wT—k)]+(77t_77T—k:)E[g¢7r(wT—k)_g(ﬁ’r(w:)])'

The definition of w; implies E[E%" (wp_1)] > E[E%"(w})], which, coupled with the

fact that {7, },cy is non-increasing, guarantees the non-positivity of the last term in the
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above inequality and thereby implies

ME[E (wr) — €97 (w})] < 7 S MEIE (wy) — £7(wy)

N

-1 T

n m ST mEIEY (w) — €97 (wry)]. (B.1)

1 t=T—-k+1

e
Il

The first and second term in the right-hand side of the above inequality are called the

weighted average errors and moving weighted average errors, respectively.

Step 2: Controlling Weighted Average Errors. Applying the assumption (3.3) with
w = w, implies

T T

T
1 1 1
T ;mE[gW(wt) - 5¢’T(w:)] < T ;E[Dm(w:a wy) — Dy (wy, wig1)] + T ;At
1 1 &
= TE[D\I/(UJ?JLUD — Dy(w}, wry1)] + T ;At

1 1 &
< =D 0 — A,
_T ‘P(wra )+thl t

Step 3: Controlling Moving Weighted Average Errors. Applying (3.3) with w =

wp_yr yields

-1 T
— E[EP" (wy) — E9 (wr_

2R A, ) e )
-1 T

SN LS e ) — €97 ()
o b+ 1)
-1 T T

< —_ Z ]E[D\I/(U)Tfkth) _D\I/<wak>wt+1>] + Z Ay
= bk +1) [t:T—k t=T—k ]
T-1

T
1
< [ _
= 2 R 1) [E[Dq/(wT—k,wT—k) Dy (wp—_g, wr41)] +t:ZT:k At]
1

1
< D2t

t=T-k

Step 4: Combining the above results. Plugging the error bounds in the above two
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steps into (B.1) yields

T T-1 T
1 1 1
E[£%" — &9 (w?)] < =Dy (w?,0) + — A — A
mEIE (or) — €7 ()] < DWW 0) 4 5 DAY g D A
t=1 k=1 t=T—k
T-1
1 Ay
= —Dyg(w*,0 A
where the last inequality uses the following identity
T T-1

TTM?

1 1
k(k+1) - Z ZAt+ZAt Z ) +ATZI<:(I<:+1)
t=1 k=T—t k=1
1 T
EA N N
th ! ; t(
T—-1

A
:ZT—tt+

t=1

The proof of Lemma 8 is complete. ]

C Proving Self-bounding Properties

The following lemma is an extension of Proposition 1 in (Ying & Zhou, 2015),

which considers the case o = f3.

Lemma C.1. Let ¢ : R — R be a differentiable function. Suppose that there exist

constants 0 < a < 8 < 1 and L > 0 such that

¢/ (s) — ¢/ (8)| < Lmax(|s — 3|*,|s — 5°), Vs,5€R. (C.1)
Then, for any s € R we have
(C.2)

Proof. Let s € R be any real number. It suffices to consider the case ¢'(s) # 0. We
proceed with the discussion by considering two cases according to the value of ¢'(s).
If |¢/(s)] < 2L, we take r = s — (271 L7!|¢/(s)])m Gy Then [r — s| < 1.

According to the mean-value theorem, there exists £ between s and r such that ¢(r) =
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o(s) + ¢'(&)(r — s). Therefore, by (C.1) and the condition 0 < o < f3,

r) = (s) + ¢'(s)(r — s) + (&' (§) — & (5))(r — 5)
s)+¢/(s)(r — s) + Llr — s| max(|¢ — [, 1€ — s|”)

)
$)+ ¢ (s)(r — s) + Llr — s|max(|r — 5|, [r — /")

_a+1 a+1

(5) — (271 LY 3¢/ (s)[a L 4+ L2701 |¢/(s)|

a+1

¢

6

6

= 6(s) + ¢/(s)(r — 5) + Llr — s|**!
¢

$(s) — 27" L7a|¢/(s)|o .

Hence
¢/ ()] < 2L+ g(s) 5T

If |¢/(s)| > 2L, we take r = s — (2-'L~Y¢/(s)])7 Sk Then |r —s| > 1.

Analyzing analogously to the first case we get

0 < 6(s) + ¢'(5)(r — 5) + Lmax(jr — s|**L, | — 5|7+
= 6(s) + ¢ (s)(r — 5) + Llr — 5|+
6(s) — ¢/ ()P @ILTYF + LY ¢/ (s)) T
= o(s) =27 F L7F|g/(s) P

Hence,

¢/(s)] < 2077 6(s5) 7.
Combining the above discussion together yields the inequality (C.2). [
Lemma C.2 with the case « = § = 1 was considered in (Srebro et al., 2010).

Lemma C.2. Let v : W — Ry be differentiable. Suppose that there exists constants
0<a<p<1landL > 0 such that
|7 (w) = ' (@)]|. < Lmax([|w =@, |lw—@|%), Vw,deW. (C3)
Then we have
o 1 B

|7 (w)||« < QmaX(LaHr(w)il, Leeir(w)e+),  Yw € W.
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Proof. Fixw € W. For any w such that |[w—w|| < 1 we define a function f; : R — R/

by

and by (C.3)

fo(t) = o] = [{w — @, 7" (@ + t(w — @) — 7' (0 + {(w — w)))]
< (@ + t(w — @) — 7' (w0 + tH(w — w))||,[w — ]|
< Lmax ([Jw —@[|*|t = 1| [lw — @[|°|t = 1|7 |w — @
< Lmax(|t — 1|, |t — 7|%).

where in the last inequality we have used the inequality ||w — w|| < 1. So the function

fo satisfies the condition (C.1) and thereby Lemma C.1 can be applied here to obtain

()] < 2max (L& fo(t)a51, L fo(1)71), VEER,

w

from which it immediately follows that

(W)= sup (w—w,r'(w) = sap f5(1)
=t o w-—l<1
< 2max (L f (1), L J, (1)757)

The proof of Lemma C.2 is complete. [l

Proof of Corollary 3. Define amap g : W — R by g(w) = £9"(w) — E"(w}). The

definition of w implies g(w) > 0. For any w,w € W, we have

g(w) — g(w) = Elg(y, (w, z)) — ¢y, (@, z))] + r(w) — r(w),
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from which it follows that

IVg(w) = Vg(w)ll = [|E[¢'(y, (w, 2))z — ¢'(y, (@, 2))a] +r'(w) — ' (@),
<E[[|¢'(y, (w, z))x = & (y, (@, 2))z||,] + ' (w) — ' (@)l
=E[l¢'(y, (w, z)) — ¢'(y, (@, 2))ll|z]l] + Ir'(w) — ' (@)]..

Applying (1.4), (2.1) yields
IVg(w) = Vg(w)|| < LeE[[(w — w, ) |*[[x][.] + Ly[lw — @|[”
< LyE[lJw — w1 *|= (|2 + Ly |w — @][”
< Lmax(“w - pr? Hw - w“q)7

where L := L, + L,E[||z||2™]. So the condition (C.3) is satisfied and we can apply

Lemma C.2 to get
IVg(w)]l. < 2max (L# g(w)7T, LT g(w)a1),  vw € W.

Setting w = wy and taking expectations on both sides we find

1 P 1 q

E[|VEX (wr)ll.] = E[|Vg(wr)|] < 2max (L7 Elg(wr)#7], L#TElg(wr)7])

_P_ 1 L

1 1
< 2max (L7 [E[g(wr)]] 7**, Le# [E[g(wr)]] 1),
where we have used the Jensen inequality. Applying (2.4) of Theorem 2 gives
Elg(wr)] = E[€%" (wr) — £ (w})] = O(T 2 log T)

and thereby
E[|VEY (wr)|.] = O((T™2 log T)™" 71 at7))

The proof of Corollary 3 is complete. [

The following lemma provides a class of regularizers satisfying the condition (2.1).
For a € R, denote by sgn(a) the sign of a, i.e., sgn(a) = 1 if a > 0, sgn(a) = —1if
a < 0and sgn(a) = 0ifa = 0.
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Lemma C.3. The function ry(w) = ||w[|? with 1 < q < 2 defined on VV satisfies
lrg(w) = rg(@) g~ < 2qllw —@[§~",  Vw,w e W,
where q* = ﬁ is the conjugate exponent of q.

Proof. If ¢ = 1, then for any w € W the associated subgradient | (w) would satisfy

|} (w)|lo < 1, from which we immediately derive

Iy (w) = 7} (@) [|oe < 2] — @5

d

If ¢ > 1, then the gradient of r, at w can be calculated by Vr,(w) = ¢ (sgn(w(i))|w() |q*1)i:1,

from which we have

|Vry(w) — Virg(0)|l = Z !sgn Ol 1 sen(@(3))| @) 1‘(1 }L*
d
< q[z 2|w(i) — w(i)|(q—1)q*} *
— q[ZQIw(z') — u?(z)mqi* — q2"%1Hw _ wHZﬂ?

where we use the following inequality stated in (Lei et al., 2015)
Isgn(a)|a|® — sgn(b)[b]*| < 2|a —b]*, Va,be R, a e (0,1].

The proof of Lemma C.3 is complete. 0

D Proof of Lemma 13

Proof of Lemma 13. We first prove (4.7). Applying (3.6) of Lemma 9 with w = 0

shows

Dy (0, wi41) — Dy (0,w;) < e [(ye, (0, 1)) = Dy, (wr, 1)) +7(0) = 7(wy)]
+ o [ (wo) 12+ Nlel2197 (v, (we, 20))]?]
< e [D(ye, (0, 2)) — Dy, (wy, 4)) — 7 (wy)]

+o [H"’/(wt>||z + B¢ (ye, (wy, $t>)|2] (D.1)
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We now tackle the terms —1,¢(y;, (wy, 24))+0 "2 R2|¢" (v, (wy, 24))|? and —n,r (wy)+

o In2||r' (wy)||?, separately. We perform the deduction in three steps.

Step 1. We first bound —n;¢(y;, (wy, 7)) + o2 R?| @' (yy, (wy, z¢))|* according

to different values of q.

If ¢ = 1, applying Lemma 10 shows that

— (e, (Wi, 20)) + 0 R (e, (wy, 24))
< =y, (we, ) + U_ITIER%z (Y, (we, 24))
= _nt¢(yt7 <wt7 ‘Z.t>) |:1 - UﬁlntRZCg} S O’

where in the last step we have used (2.2).

If 0 < ¢ < 1, applying Lemma 10 and Young’s inequality (4.9) implies

- nt¢(yta <wt7 $t>) + 0__177152R2’¢,—(yt7 <wt7 xt>)|2

< =1, (we, ) + U_IUERZCE (Y, (wy, $t>)qTq1

1+g

< = (Y, (we, 24)) + 01+ @)~ 2q0(ye, (wr, 1)) + (1 — q) [0~ Ry H]
1+q
1—

= —m(1 = 2¢(1 + ) p(ws, (we, 2)) + (1 — @) (1 4 q) o' R*cny)

Since 2¢(1 + ¢)~' < 1, this is bounded by
1#

m(l—q)(1+q) o 'R e <m[(1— @)1+ ¢) 7',

_1
where in the last step we have used (2.2) and ¢, = 204,

If ¢ = 0, then from (4.1) we have

—m (Y, (Wi, 20)) + 0 RS (g, (wi, ) |* < o7 ' R*4c <,

where the last inequality follows from the assumption 7, < o(2R¢,) 2.

Combining the above discussions together we have that for any ¢ € [0, 1]
= d(Yr, (Wi, w0)) + 0~ B2 (ye, (we, )P < (1= @) (1 + @) (D.2)

Step 2. We now bound —7;7(w;) + o~ 'n?||r’(w;)||? in three cases according to the

value of p.
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If p =1, from Lemma 11 and the assumption (2.2) we have

[

—ner(we) + o~ I (we) 5 < —ner(we) + 0 e (w)

= —nr(w)[l — o~ ntc ] <0.

If 0 < p < 1,Lemma 11 and Young’s inequality imply

2p

—mr(we)+o e (w17 < m—r(wy) + U_lntcir(wt)m]
< | = r(w) + (L4 p) 7 2pr(w) + (1= p)lo mied) 5]
< mr(wy)[~1 4 2p(1+ p) 7] + (1+p) (1= p)lo "] Fomy

< (L=p)(L+p) 'n,

where in the last step we have used (2.2).

If p = 0, the assumption n; < oL,; 2 implies
—mr(we) + o gl (w7 < —mer(we) + o gLy < e
According to the above deductions we derive for any p € [0, 1]
—mer(we) + o~ [ (we)l[F < (1= p)(L+p) " e (D.3)
Step 3. Plugging (D.2) and (D.3) back into (D.1) we get
Dy (0, wes1) = Do (0,w) < me[$(ye, 0,20)) + (L =p)(1+p) "' + (1= q)(1+q) 7]

Taking a summation from ¢ = 1 to 7" yields (4.7) as

T
D\I/(O,UJT_H Z D\I; 0 th) D\I](O wt)] + D\II(O 0)

<D nllé+ =P+ + 0=+ ]

We then prove (4.8). The o-strong convexity of W, coupled with the inequality
Dy (0,w;) < ¢pq 31y Tk given by (4.7), implies

t—1

o
Slhwel® < Da(0,w) < Y
k=1
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from which we have

t—1 i—1

q p
[|we |2 < [2cp7qa_1 an] : [Jwe || < [QCp,qa_l an} (D.4)

k=1 k=1

and by (4.1)

167 (e, (we, we))aelly < llaellZeg[1 + [wr, 2)|9)* < 2R2E[1 + [Jw||* R

t—1 q (D.5)
< 2R263 [1 + [2(:197(10_1 Z nk} RQQ].
k=1
Also, it follows from the growth condition (4.2) and (D.4) that
R
I ()2 < L2l < L2050 ] (D.6)
k=1
Combining (D.5) and (D.6) together yields
I (w13 + 167 (e, we, 2))aell
=1 =1
< QRQEE + 262}22‘”2 [QCp,qa_l}q [ Z ﬁk] + Lf, [QCMJ_I}:D [ Z Uk]
k=1 k=1
[ S
§c4amax{1,[2nk] }
k=1
This proves (4.8) and completes the proof of Lemma 13. [l

E Proof of Lemma 12

The inequality (4.5) is obvious. The inequality (4.6) is a slight modification of
Lemma 2.6 in (Lin et al., 2015a).

Proof of Lemma 12. We only prove (4.6) here. We split the sum in two parts as follows

(we denote by |a] the largest integer not larger than a)

L Y L3 Y o1 15 =
= <2T7PN A4 (27 T—t)"
Tt L g ST @) Y (@)
t=1 t=1 t:L%J+1 t=1 t:L%J‘i’l
15 K
<277y A4 (277) Z < T~ Zﬂ ) log(eT).
t=1 =1



If A < 1, we have

LZ)
2771y 7+ (20 log(eT) < 2771 (1 = A)7H(27'T)' ™ + (277") M og(eT)
t=1

< ATAM1 = N7+ 22T M log(eT)
<2T Mog(eT)[1+ (1 —A)7']

< 2M(1 = A) T M og(eT).

If A =1, we have

1Z)
271 7+ (27" log(eT)) < 27" log(eT) + 2T log(eT) = 4T~ log(eT).
t=1

If1 < A <2, we have
1Z)
271 17+ (2T ) log(eT) < 2T 'A(A = 1)7" + (2T ")* log(eT)
t=1

= 2T 'AN\ = 1)t + 22N T () " log(eT)
2T AN =) P22 2T A - 1)

<8\ -1,

where we have used (4.11) in the second inequality.

The above bounds together can be written as (4.6). This proves Lemma 12. [
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