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Abstract

Minimax optimization refers to a class of optimization problems with some vari-
ables to minimize and other variables to maximize. Biased stochastic gradient
methods have shown practical success in solving minimax problems to either im-
prove robustness, enhance communication efficiency, or decrease computational
costs. These successes motivate a lot of theoretical works to study the convergence
of biased stochastic gradient methods, while their generalization analysis remains
untouched. In this paper, we present the first framework to study the stability and
generalization of biased stochastic gradient methods for minimax problems. We
establish a connection between stability and generalization for minimax problems
by relaxing the existing bounded gradient assumption to a bounded second moment
condition. We then introduce a generalized Lipschitz-type condition on bias and
gradient estimators, and derive a general stability bound to clarify the connection
among bias, gradient estimators, and stability. We apply our general analysis to
Zeroth-order and Clipped stochastic gradient descent ascent (SGDA), and derive
stability bounds that match those of SGDA under appropriate smoothing/clipping
parameters. We combine stability and convergence analyses together, and derive
optimal excess risk bounds of order 1/+/n, where n is the sample size.

1 Introduction

Many machine learning problems can be formulated as minimax optimization problems, where
the decision variables are categorized into a group of variables to minimize and another group
of variables to maximize. Typical problems include adversarial training with minimization over
model parameters and maximization over perturbations [37]], and GANs with minimization over
generators and maximization over discriminator’s ability to distinguish fake from real data [21].
Beyond adversarial scenarios, minimax problems also appear in robust optimization [[12], and AUC
maximization [55]].

A popular class of optimization methods to solve minimax problems is the gradient-based method. A
representative method is the gradient descent ascent (GDA), where we conduct a gradient descent
over primal variables and a gradient ascent over dual variables. To further relieve the computational
cost of the full gradient, stochastic gradient methods have been proposed by approximating the
true gradient with gradient estimates based on random sampling [42], leading to various efficient
stochastic methods such as SGDA [38]], Variance-Reduced SGDA [42], Optimistic Gradient Descent
Ascent (OGDA) [13]], and Stochastic Recursive gradiEnt Descent Ascent (SREDA) [36]]. Oftentimes,
these methods build unbiased gradient estimators whose conditional expectations recover the true
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gradient. This unbiasedness simplifies both the convergence analysis [32} [33} 136l 138, [54] and
generalization analysis L8} 30,58H60]. However, in practical applications, people often build biased
gradient estimators to either improve robustness, enhance communication efficiency, or decrease
computational costs. These biased gradient estimators lead to the development of biased stochastic
gradient methods for minimax problems. Below we present two representative examples:
Zeroth-order SGDA is a computationally efficient method for applications where explicit gradients
are computationally infeasible, expensive, or impossible to compute. This is the case when generating
adversarial examples with black-box neural networks to test the adversarial robustness [11]], and when
solving automated machine learning tasks where the gradients w.r.t pipeline configuration parameters
is infeasible to compute [52].

Clipped-SGDA is effective for deep learning tasks in recent years since training deep learning
models often encounters problems with heavy-tailed noises. Due to the adaptivity in preventing
the algorithm from using arbitrarily large gradients [50], it has found very successful applications
in natural language processing tasks, like GPT models [9]. Additionally, gradient clipping helps
preserve privacy in differentially private machine learning [[1].

Due to the broad applications of biased stochastic gradient methods, efforts devoted to their theo-
retical analysis have gradually increased. Early work focused on stochastic gradient methods for
minimization problems, e.g., the convergence analysis from the optimization perspective [[16} [24]]
and the generalization analysis from the learning perspective [41]]. Recently, some studies have
extended these discussions on minimization problems to minimax problems, e.g., the convergence
of Zeroth-order SGDA [6} 53] and Clipped-SGDA [22]]. However, these discussions focus on the
behavior of these biased methods on training examples, ignoring an important problem in machine
learning—generalization. This gap motivates our core question:

Can we develop a general framework to study the generalization of biased stochastic gradient methods
for minimax problems?

In this paper, we answer the above question by developing a general generalization analysis of biased
stochastic gradient methods for convex-concave and smooth minimax problems by leveraging the
algorithmic stability concept. Our contributions are summarized as follows.

e We develop a quantitative connection between stability and generalization for minimax problems.
We also introduce generalized Lipschitz-type conditions on the bias and gradient estimators, based
on which we develop rather general stability bounds of biased stochastic gradient methods for
minimax problems, showing how the bias, gradient estimators and step size affect the generalization
performance.

o We show the generalized Lipschitz-type conditions hold for both Zeroth-order SGDA and Clipped-
SGDA. Then, we derive the first stability and generalization bounds for Zeroth-order SGDA and
Clipped-SGDA, both of which match bounds of SGDA under mild conditions on the smooth-
ing/clipping parameter.

e Our stability analysis relaxes the bounded gradient assumption [30] to a bounded second moment
condition. Furthermore, for both Zeroth-order SGDA and Clipped-SGDA, we combine the stability
and convergence analysis to give optimal excess risk bounds of order O(1/y/n), where n is the
sample size.

2 Related Work

Stability and Generalization. Algorithmic stability measures how robust an algorithm is to small
perturbations in training data. Bousquet and Elisseeff [7] introduced the concept of uniform stability,
which is widely used to develop high-probability generalization bounds [8 [19]. Additionally,
uniform stability was weakened to study generalization bounds in expectation, including the on-
average stability [47]. Another pivotal advance came from Hardt et al. [23], which pioneered the
stability analysis of SGD. This work motivates many stability analyses of stochastic optimization
algorithms [4} 26} 29, |31} 51, |59]. Some work studied the stability and generalization of biased
stochastic gradient methods such as zeroth-order SGD and clipped-SGD [34} 41} 156].

For minimax problems, Zhang et al. [58] used argument stability to study generalization of empirical
saddle points for strongly-convex-strongly-concave problems. Farnia and Ozdaglar [18] used uniform
stability to study generalization of several minimax optimization algorithms such as GDA, GDmax,



and proximal point method. Lei et al. [30] gave high-probability bounds of SGDA for convex-concave
problems. Zhang et al. [S9] introduced uniform primal (argument) stability to study the generalization
behavior of SGDA for nonconvex-concave problems.

Biased Stochastic Gradient Methods for Minimax Problems. Now we turn to analyses of biased
stochastic gradient methods for minimax problems. First, biased stochastic gradient methods for
minimization have been well studied. The works [3} 14} 16, 24| 49]] developed a general framework
to study biased stochastic gradient methods for minimization problems, which covers many popular
methods such as Zeroth-order SGD, distributed optimization with biased compression operators, and
SGD with delayed gradients. Second, (unbiased) stochastic gradient methods for minimax problems
have also been well studied. For example, the convergence analysis of SGDA and its variants has been
widely studied for convex-concave [38]], strongly-convex-strongly-concave [42], nonconvex-strongly-
concave [32, 136], nonconvex-concave [54] and nonconvex-nonconcave problems [33} 54]. These
convergence analyses were extended to minimax gradient methods with biased gradient estimates,
including Zeroth-order SGDA [6, 53] and Clipped-SGDA [22]. To our knowledge, there are no
existing generalization analyses of these biased gradient methods for minimax problems.

3 Problem Formulation

Let P be a probability measure defined on a sample space Z. For minimax learning, we aim to learn
two parameters w € W and v € V), where W and V are parameter spaces in R%. The performance of
a pair (w, v) on an example z can be quantified by f(w, v;z), where f : W x V x Z — Ris aloss
function. We aim to find the best model (w*, v*) by solving the minimax optimization problem:
Inin max F(w,v):=E,.p[f(w,v; 2)], 3.1)
where E, [-] means the expectation with respect to (w.r.t.) z. In practice, we do not know PP but instead
have access to a dataset S = {z1, ..., 2, } independently drawn from P. Then, we approximate F’
by an empirical risk Fg(w,v) := + 37" | f(w,v;z;). We apply a (randomized) algorithm A to the
dataset S and get a model A(S) := (Aw(S5), Av(S)) € W x V as an approximate solution of the
problem (3.T). While an algorithm A often finds a model A(.S) with a good performance on training,
it may not generalize well to a test dataset due to the limited number of training examples. This leads
to an important concept called the generalization gap as the difference between testing and training.

Since minimax problems involve both minimization and maximization, there are several performance
measures to quantify the behavior of A(.S), including the strong primal-dual risk, weak primal-dual
risk, and primal risk [30L 58]. We focus on the weak primal-dual risk, which is widely used in the
literature [5 (18|30 58]]. Let E[-] denote the expectation w.r.t. both the algorithm A and dataset S.
Denote by Br = {w € R? : ||w||2 < R} aball of radius R.

Definition 1 (Weak Primal-Dual Risk). Let w, v be two random variables, which can be the output
model for applying the algorithm A on the dataset S. The weak Primal-Dual (PD) population risk of
amodel (w,v) is defined as

AY(w,v) = 5{12\)} Ew |[F(w,v")] — wl'Ig/v Ey[F(w',v)],

which is a deterministic quantity that depends only on the distributions of w and v (we abuse the
notation A" (w, v) to indicate the dependency on the distribution of w, v rather than the models).
A standard approach to estimate population risk is to decompose it into a generalization gap and an
optimization error 30, 61]

AY(w,v) = (A%(w,v) — Ag(w,v)) + A5 (W, V),
where we refer to

AY(w,v) = sup E[Fs(w,v')] — inf E[Fs(w',v)]
v/ EV w'ew
as the weak PD optimization error of the model (w,v), and refer to AY(w,v) — A¥(w, V) as
the weak PD generalization gap. The generalization gap quantifies the difference between training
and testing for the output model, while the optimization error measures the training suboptimality



of the output model as compared to the best model. We will use algorithmic stability to study the
generalization gap and use optimization theory to study the optimization error.

We now introduce some definitions and assumptions. Denote by || - ||2 the Euclidean norm, and (-, -)
the dot product in R9.

Definition 2. A function g : W — R is said to be convex if for all w,w’ € W, g(w) > g (w') +
(w—w', Vg (w’)), where V is the gradient operator. We say ¢ is concave if —g is convex.
Definition 3 (Convexity-concavity). Let g : W x V — R. We say g is convex-concave if for any
v € V, the map w — g(w, v) is convex and for any w € W, the map v — g(w, v) is concave.

Our analysis relies on an L-smoothness assumption and a bounded second moment assumption. A
related assumption is the bounded gradient (also called the Lipschitzness) assumption, meaning that
IVwf(w,v;2)]l2 < Gand ||Vy f(w,v;2)]l2 < Gforall z € Z,w € W, v € V. This assumption
was widely used in the generalization analysis of minimax optimization problems [5} 18} 130} 59]. We
relax this assumption to a bounded second moment assumption.
Assumption 1. Let L > 0. For any z, we assume the function (w,v) — f(w,v;2) is L-smooth,
i.e., the following inequality holds for all w,w' € W,v,v/ € Vand z € Z
Vwf(w,v;2z) = Vo f(W,V;2) w—w’
Vof(w,viz) =V f(W',v'iz2) )|, = v=v' ]|,
Assumption 2. For any w € W, v € V, we impose the following bounded second moment condition
E[[IVef(Aw(S), Vi 20) 3] S G% a4, Enlll Ve f(w, Av(S); ) 3] < G% 4,
where 7 follows the uniform distribution over [n], Gg 4 > 0 is a constant depending on the dataset
S and algorithm A, and E[GQS,A] < 00.

<L

4 Stability & Generalization of Biased SGDA

4.1 Connecting Stability and Generalization

Algorithmic stability is a fundamental concept for studying the generalization gap. We say two
datasets are neighboring datasets if they differ by a single example.

Definition 4. Let S = {z1,...,2,},5 = {z],..., 2}, } be drawn independently from IP. For any
i € [n], define S — {#1,...,2i—1, %}, Zi+1,- - ., zn } as the neighboring dataset by replacing the
i-th element of S with z.

Our first result is a connection between generalization gap and algorithmic stability. We use the
argument stability [30] to quantify the sensitivity of an algorithm w.r.t. the perturbation of the dataset.

Definition 5 (Algorithmic Stability). Let S and S(*) be defined in Deﬁnition Let A be a randomized
algorithm and € > 0. We say A is e-argument-stable in expectation if

ot ] (3B ]«

Theorem 1. Let A be a randomized algorithm and € > 0. If A is e-argument-stable in expectation
and Assumptions|I| 2| hold, then the weak PD generalization error of (Aw(S), Av(S)) satisfies

AV (Aw(S), Av(S)) =AY (Aw(S), Av(S)) < Le? /2 + | /2E[GF y]e.

Remark 1. To our best knowledge, all existing generalization analyses of minimax problems impose
a G-Lipschitzness assumption (3} [18} (30, 59], which is also used in convergence analyses of biased-
SGDA. By using this assumption, the work [30]] showed that

AY(Aw(S), Av(9)) — AG(Aw(S5), Av(S)) < Ge. .0
In comparison, we relax this bounded gradient assumption to the bounded second moment assumption
(Assumption[2). Instead, we also impose a smoothness assumption to achieve this relaxation from the
Lipschitzness assumption to the bounded second moment assumption. This additional assumption is
not restrictive since stability analysis often imposes a smoothness assumption to get effective stability
bounds [23]]. We are mostly interested in the case with ¢ < lﬂ Then, the bound in Theorem is

dominated by the second term O(, /E[G% 4]¢), which is of the same order as in Eq. (#.T).

n

3We say A < B if there exists a universal constant C' > 0 such that A < BC. We denote A < Bif A < Band B < A.



4.2 Biased-SGDA: Convex-Concave Case

We are interested in a general class of SGDA with biased gradient estimates g(wy, vy; 2;,) for
convex-concave minimax optimization problems (i.e., E[g(w¢, v¢; z;, ) |[We, Vi, S| may not be equal
to VFg(wy, vi)), where g : W x V x R4 — R?4 {(w,,v;)}; is a model sequence and i, is drawn
from the uniform distribution over [n] := {1,...,n}, forany t € [T']. We consider a generalized bias,
where the bias is measured w.r.t. surrogate loss functions f1, fo : W x V x Z +— R. The intuition is
that while g(wy, v¢; 2;,) may be a biased estimator of V Fs(wy¢, vy), it can be an unbiased estimator

ofVFS(wt,vt) (Vw FLS(wt,vt) Vo Fy S(W,g,Vt)) where we define ﬁLs,ﬁls as follows
Fjs(w,v) :=52fj(w,v;zi>, j=12 42)

A closely related construction can be found in the work [56], where they use the surrogate loss to
analyze the stability of biased SGD for minimization problems. We extend this idea to the minimax
setting through two surrogate losses f1(w,v; z) and fo(w, v; z), where f; and f> can be different.
As we will show later, this flexibility works well for Zeroth-order SGDA to get O bias, where the
smoothing parameters can be different in the primal and dual variables.
Definition 6 (Biased-SGDA). Let w; = 0 € W and vi = 0 € V be the initial point. Let
Proj,,,(-) and Projy,(-) denote the projection onto W and V, respectively. Let {n;}; be a positive
stepsize sequence. At each iteration, we randomly draw ¢; from the uniform distribution over
[n] :={1,2,...,n} and update

{Wt+1 = Projw(wt — eGw (Wi, Vi3 2i,))s (4.3)

Vi1 = Projv(vt + ﬁtgv(Wu Vi, Zit)),

where g(wt; Vi Z’L'f,) = (gw (wta Vi Ziy )7 9v (wtv Vi3 Ziy ))T isa (biased) estimator of Vﬁs (Wta Vt) =
(VWFl,S(Wt) Vt)» vvFQ,S(Wh Vt))T-
(@)

Define z; " = z;, if i; # i and z(i) = 2/ if iy = i. We apply the same algorithm to S(*) and update

wi(fizl = PrOJW( (7) - MtGw ( o ng)’ f:)))) (4 4)
) _p (i ) (1) ( MO ‘
Vif1 = rOJv(Vt +mege (Wi’ vy s Zi, )

Then, we define the bias b, = (by,w, byv) as follows

{bt =E,; [ (Wt,Vt,Z“) vﬁs(whvt)

) - 4.5
bz(tz) :E [g(wg’t) vVEZ)a Z(z))] 7VFS(7> (W§Z)3V£l))v ( )

where E; :=E[ - ‘wt,ng) vt,vgj) 5,85 € [n]].

Our main result is a general stability bound of Biased-SGDA for convex-concave problems. To this
aim, we impose some generalized Lipschitz-type assumptions as shown in Egs. (4.6), and (@.3).
Eq. @.6) and Eq. (.7) control the change rate of the gradient estimate and bias versus the change of
the arguments, respectively. Eq. (4.8) controls the change rate of the surrogate function’s gradient. As
we will show, these generalized Lipschitz-type assumptions hold for various Biased-SGDA methods.

Theorem 2. Assume for all z, the map (w,v) — fj(w, v; z) is convex-concave, j = 1,2. Let A be
Biased-SGDA (#3)) with t iterations. Assume there exist A, A >0, B, B > 0 and G > 0 such that

n 2 n i 2
E l Z gw(WE )7V§z)a 1(1)) gw(Wt,Vusz) <E A Z Wi — W]E ) 4B 4.6)
n i=1 gv(wtvvtvzlt) gV( (@ vt ; Z(:)) 2 Vi— (1 2
n - (i) T n .
B[ DS ()| | < | 230 Wt @7
i\ bty —bev /], ni
E lzn: wfl(Wt,Vt,Zz) Vw f1 Wt 7Vt ;%) 4.8)
n V., f ( (1) (). v, .
i=1 2(Wy vy i 2;) — f2 Wi, Vi 2;) 9

If 9y = n with An? + 2A277 < 1/T, then A is (277\/ BT +4 \F B+ % T) -argument-stable in

expectation.



Remark 2. A notable property of Theorem [2]is that it applies to a rather general biased gradient
descent ascent method, with the bias defined w.r.t. a surrogate function. Note that we do not need
to compute the surrogate function in the implementation of the algorithm. To study the stability of
any specific algorithm, one just needs to verify the generalized Lipschitzness condition, and plug the
corresponding A, B, A, B, G into Theoremto immediately get the stability bounds. The assumption
An? + 24 < 7 holds if we choose a sufficiently small stepsize < 1/v/ AT and A < 1/T, which,
as we will see, is the case for SGDA, Zeroth-order SGDA, and Clipped-SGDA. It is clear that the
stability bound involves both B and B. The factor in front of v/B is v/T, while the factor in front of
VBis 1T. Therefore, the bias has larger impacts (as compared to gradient estimates) on the stability.
To get meaningful stability bounds, we require small B and B, which is the case for Zeroth-order
SGDA and Clipped-SGDA. In particular, as we will show, we can set B = 0 for zeroth-order SGDA
by developing an appropriate surrogate function.

S Applications

This section shows the effectiveness of our general stability bound in Section[d.2]by applying it to
SGDA, Zeroth-order SGDA, and Clipped-SGDA. Before presenting our stability bounds of these
specific algorithms, we consider another bounded second moment assumption, which is stronger than
Assumption [2 (see by substituting w = Aw(S), v = Ay (S)). Assumption [3]is still weaker than
the Lipschitzness assumption: for f(w; z) = zw with z ~ A(0, 1), one may take G% = 1 3" | 22
with E[G%] = 1, while ||V f]| is unbounded.

Assumption 3. Let r follow from the uniform distribution over [n]. Suppose for any w € W, v € V,
there exists a data-dependent constant Gs such that (E[G%] < o)

max {E, (| VS (w, Vi 2)IBL B [V f(w, vi 2) 3]} <G2.

_ T T _ T T
Define wp = Zt:l(ntwt)/ thl Ne, VI = Zt:1(77tvt)/ Zt:l Mt

Table 1: Excess risk bounds of Zeroth-order SGDA and Clipped-SGDA for convex-concave and
smooth problems. For brevity, we assume 7, = 7 and indicate the dependency on n, L, G, R. For

2
Zeroth-order SGDA, we take K = d and a sufficiently small 1, i.e., p = (42 + p2)z < f\[/%s]. We

take 71,72 < L2 GT? for Clipped-SGDA under Assumptionwith Gs < G for some G > 0.

Algorithm Reference Step size Iteration number | Excess risk bound
Zeroth-order SGDA | Remark|7| | n =< 1/(LV/T) T=n MJL{W
Clipped-SGDA | Remark[9) | 5 =< 1/(Lv/T) T=n LLepn

5.1 SGDA

We first consider SGDA with no bias, and our aim is to verify the effectiveness of our general result
by recovering the existing results on the classical SGDA in Lei et al. [30]. For SGDA, w41, V41
are produced by Eq. @.3) with

{gw(wt7vt§zit) = Vw/f(we,vi;2,), 5.1)

Gv (Wi, Vs 2i,) = Vo f(Wy, v 25,).

It is clear g(wy, v; 2;, ) is an unbiased estimate of V Fg(wy, v;) and then we have b; = 0 by setting
h=Ffh=F

Theorem 3 (Stability of SGDA). Assume Vz,(w,v) — f(w,v;2) is convex-concave . Let As-

sumption hold. If L*n? < 7, then SGDA is 47”%;@77(@ + 2T'/+/n)-argument-stable in

expectation.



Remark 3. Under a G-Lipschitzness assumption (i.e., Hwa(w vi2)|l2 < G, ||Vyf(w,v;2)|2 <

G for all 2), Lei et al. [30] shows that SGDA is y/8e(1 + £)G exp (3 L*n*T) ”f -argument-stable

in expectation. In comparison, we relax the Lipschitzness assumpt10n in Lei et al. [30] to the bounded
second moment assumption (Assumption ' If n < T and L?n? < 1/T, both our stability bound
and the existing bound [30] are of order /T '/n (ignoring the dependency on Gg, ). Then, under a
milder assumption, our general analysis for biased stochastic gradient methods recovers the existing
stability bounds developed explicitly for SGDA.

5.2 Zeroth-order SGDA

We now consider Zeroth-order SGDA [6l 53], which is a computationally efficient method for
applications where explicit gradient is computationally infeasible, expensive, or impossible to
compute. For example, this is the case for generating adversarial examples with black-box deep neural
networks to test the adversarial robustness [[11], and also for solving automated machine learning
tasks where the gradients w.r.t pipeline configuration parameters are infeasible to compute [52]. The
basic idea is to approximate the first-order gradients based only on function values.

In particular, for Zeroth-order SGDA, w1, vi41 are produced by Eq. @3) with (uy 4, uz 4 ~
Unif (S%1) denotes the uniform distribution over the unit sphere in R%)

T K =1 211 /d Ui,t.ls (5.2)
(W Vit 2 ) _ 1 K f(Wt7Vt,+,u2112,t.li,Zit)—f(Wth—ltzuz,t.l;Zit)u :
Gv\Wt, V5 2iy ) = | 2a=1 2p2/d 2,t,0

{g (Wt Vi 2 ) 1 K f(wetpiun e,ve;2i, )= f(We—paua ¢1,ve524,)
wW b ad 2

where p1, 1o € R are smoothing parameters determining the step size in approximating the gradient
of f. For simplicity, we omit the dependency on uy ;; and ug; in the notation of gy (Wy, v¢; 2;,)
and gy (W¢, v¢; 2, ). We also denote p1 = (u? + p2)'/? and assume d > 2. The following lemma
justifies the effectiveness of the surrogate function. The first statement show that the surrogate
functions preserve the smoothness, convexity-concavity, and bounded second moment condition
(Assumption [3). While gy (w,v;z) and g, (w,v;z) are biased estimates of Vy Fs(w,v) and
V. Fs(w, V), the second statement shows that they are unbiased gradient estimates of the surrogate
functions. Then, the bias defined in Eq. (4.5)) is 0. This shows the benefit of surrogate functions in
the stability analyses. Proofs are given in Section[B.3.2]

Lemma 4. Consider the surrogate functions
fl(WaV;Z) :Eu[f(W+M1U,V§ Z)]7 fQ(W7V;z) :]Eu [f(W,V—‘r/,LQu;Z)], (53)

where u ~ Unif (IEB:i) with Unif (B?) denoting the uniform distribution over the unit ball in R?, and
we omit i1, 2 in f1, fo for brevity.

* Assume for any z, (w,v) — f(w,V; z) is convex-concave, smooth, and satisfies Assump-
tion|3| Then for any z, (w,v) — fi1(w,v;z) and (w,v) — fo(w,V;z) are convex-
concave, smooth, and satisfy Assumption 3]

» Let g be defined in Eq. (5.2). Then, for any w € W,v € V, Ey[gw(w,v;2)] =
vwfl (Wa \2 Z) and Eu[Qv(“’v AL Z)} = vvf2(wa \2 Z)

To apply Theorem we will also show that Eq. (4.6) and Eq. (4.8) hold with appropriate A, B and G,
which are constructed in Lemma 2T and Lemma|[I8] proved in Section[B.3.2] We then apply Lemma
[21]and Lemma T§]to Theorem [2]to derive the stability bounds for Zeroth-order SGDA.

Theorem 5 (Stability of Zeroth-order SGDA). Assume for all z, the map (w,v) — f(w,v;z)

is convex-concave. Let Assumptions hold. If L*(1 + 4—1?)772 < % A, Zeroth-order SGDA is
e-argument-stable in expectation with

E[G3] [ 5]
€< ( (1 + )) VT + T.
NG KL n Eea—
Remark 4 (Comparison with SGDA). If we choose K < d, then the conditions in Theorem 5| hold
with the standard choice 7 < 1/(L+/T). The stability bound of Zeroth-order SGDA is of the same
order as the stability bound for SGDA in Theorem E] in this case, which is also verified in our
experiments (Section [A).



Remark 5 (Parameter choices). The works [34, 41] study Zeroth-order SGD with a fast-decaying
step size 1; < 1/t and require the smoothing parameter p < 1/(dn). More recently, [56] improves
their results with a milder condition 1y < 1/+/T, but still requires 2 < 1/(dy/n). In comparison, we
conduct the first stability analysis for Zeroth-order SGDA under the same mild condition np < 1/ VT,
and do not need any requirement for 1. We give the detailed comparison in Table [2]

Table 2: Stability Analysis for Zeroth-order Methods, G denotes the bounded gradient assumption
and G g denotes the bounded second moment assumption (Assumption [3)), L denotes the smootheness
assumption (Liu et al. [34]], Nikolakakis et al. [41], Zeng and Lei [56]] consider Zeroth-order SGD).
We ignore all the factors independent of d, K, n, T, n.

Analysis n ©w Assumption Bounds
Stability in [41]  O(3)  O(575-) LG o(%)
Stability in [34]  O(3) O(%) LG o)
Suwbility in [56] O(-)  O(51=) L ((“V‘i/m”f + L)

Our stability O(%) No requirement L,Gg ((1+\/d/K>n\f ")

We now bound optimization errors for Zeroth-order SGDA with W =V = Bp.

Lemma 6 (Optimization of Zeroth-order SGDA). Assume for all z, the function (w,v) — f(w,Vv; z)
is convex-concave. Let Assumption[3|hold. If we choose the gradient estimator in Eq. (3.2)), then

_ R? d
E[VSEHER Fs(Wr,v) - inf Fs(w,97)] S pr ol (1+ 2)E[GE]n + py/E[GZ].

Remark 6 (Comparison). Our optimization error recovers the results in existing works on the
convergence analysis of Zeroth-order methods [6, [17, |39} 148]]. Furthermore, we show that when

K = d, an optimization error of order 1/+/T is achievable under dimension-independent choices of
n <1/VT,u < 1/V/T, while the existing works require dimension-dependent parameters 1), 1.

We now combine Theorem [5|and Lemmal(6]to derive excess risk bounds for projected Zeroth-order
SGDA on Bg.

Theorem 7 (Excess risk of Zeroth-order SGDA). Let assumptions and definitions in Theorem [I]
Theorem[B and Lemmal6l hold. Assume

1 nl'" 1
LS e 5.4
vn ST (5.4
For R > 0, let AB(w,v) := supy.cp, E[F(w,V)] — infwep, E[F(W,v)]. Then,

__EG/L  E[GY . R E[GY
w,R < S S S
A (W, vr) S n + = nT + — T + Lo

+ puy/E[GE]. (5.5)

Remark 7 (Minimax-optimal excess risk). With our choice of 1 S 7= Eq (3.3) implies

. _E[G)/L  E[G3] R [G2]
w,R < S
AW, V) S N R T

By choosing 1 < 1/(L+/T) with a sufficiently small universal constant and 7" < n, this further yields
E[G%]/L + LR?
vn '

That is, our analysis gives an excess risk bound of order 1/+/n, which has the minimax-optimal
dependence on the sample size n. To our knowledge, this gives the first optimal risk bounds for
Zeroth-order SGDA. It is clear that Eq. (5.4) holds under our choices of 77 and 7". Moreover, if we take
K = d, then our parameter choice shows L?(1 + %)n2 < % which is consistent with the condition
L2(1+ 34)n? < L required in Theorem

Aw’R(WT, VT) S;



Table 3: Excess Risk Analysis for Zeroth-order Methods, GG denotes the bounded second moment
assumption, and L denotes the smootheness assumption (Zeng and Lei [56] consider Zeroth-order
SGD).

Analysis n 7 Assumption Bounds
Excessriskin [36] O %d O(ﬁ) L O(n=1/2)
Our excess risk bound O \I/%/d O(\%) L,Ggs O(n=1/?)

5.3 Clipped-SGDA

Gradient clipping is known to alleviate the problem of exploding gradients in recurrent neural
networks. Clipped-SGDA [22] applies the clipping operator clip(v, 7) := v min(1, 7/||v||2) with
the clipping parameter 7 to the gradient estimator. Specifically, for Clipped-SGDA, W41, Vi1 are
produced by Eq. @.3) with

{gw(Wth; 2i,) = clip(Vw f (Wi, vi; 24, ), 1), 5.6)

gv (Wt7 Vi3 ZH) = Clip(vvf(wf,a Vi, Zit )a T2)5
where 71, 70 > 0 are clipping parameters.

By clipping gradients, Clipped-SGDA improves the robustness and has found successful applications,
e.g., training GPT models [9] and differentially private algorithms [[1]]. To apply our general results to
Clipped-SGDA, we verify Eq. (4.6) and Eq. in Lemma [25]and Lemma [30] proved in Section
We always assume f; = fo = f, by which we can easily show that Eq. (@.8) holds with
G = 2,/2E[G%]. We then apply Lemma 25|and Lemma [30| to Theorem [2| and get the stability
bounds for Clipped-SGDA.

Theorem 8 (Stability of Clippeed-SGDA). Assume for all z, the function (w,v) — f(w,v;z)

is convex-concave. Let Assumptions hold with Gg < G for some G > 0. For n,71,T2

satisfying L*n? + 4\/§LG2(%2 + T%)n < &, Clipped-SGDA is e-argument-stable in expectation
1 2

= 7>
with e < GnT/n+ GnvVT//n.

Remark 8. If we choose 7,75 > GT'3 and 1) < 1/(L+/T), then the conditions in Theoremhold.
It is clear that the stability bound of Clipped-SGDA is of the same order as the stability bound for
SGDA in Theorem 3] which is also verified in our experiments (Section [A)).

We now control optimization errors for Clipped-SGDA. Analogous to Lemma[] we consider projected
Clipped-SGDA on Bpg.

Lemma 9 (Optimization error for Clipped-SGDA). Assume for all z, the map (w,v) — f(w,v; z)
is convex-concave. Let Assumptions|I} 3| hold with Gs < G for some G > 0. Assume G < 1 and
G < 1o. If we choose gradient estimator in Eq. (5.6), then

+ G+ G2+ BT

R2
E Fs(wr,v)— inf Fg(w,vr)] < —
[ sup Fo(wr,v) = inf Fsw.vn)] S 7

We now combine Theorem [§]and LemmaJ|to get the following risk bounds for projected Clipped-
SGDA on Bp. Recall A"+ as defined in Theorem

Theorem 10. Let assumptions and definitions in Theorem[l| Theorem|[8|and Lemmal[9 hold. Then,

LG2PT? LG0T  GnT VT — R?
I LG GT | GPIVT LR e e r T

Aw,R — S <
(Wr,vr) 5 n? n n NG nT

Remark 9 (Minimax optimal excess risk). Setting 71, 7o < L3GT? similarly to Clipped-SGD [40]),
Theorem [I0]implies

LG2PT?  LGPpPT  GnT  GPqWT | R? G2
PR LGWT G GOVT R e G

Aw,R — - <
(Wr,vr) 5 n? n n vn nT L




By choosing 77 < 1/(L\/T) and T < n, this further yields
AV (Wp,vr) S (G?/L+ RAL+ G?/L?)/y/n.

That is, our analysis gives excess risk rates of order 1/y/n. This shows our generalization analysis

of general biased gradient methods implies optimal excess risk bounds for Clipped-SGDA. With

our choices of 71, 73,7, it is clear that L?n® + LG? (2 + = )n < 1/T, which is consistent with
1 2

condition L?n? + 4\/§LG2(% + %;)77 < 7 in Theorem

6 Future work

There are some interesting problems for further study. First, it is interesting to apply our framework
to other biased minimax optimization methods such as decentralized SGDA [61]]. Second, as we
only consider the convex-concave problem, it is interesting to extend our analysis to strongly-convex-
strongly-concave [42], nonconvex-strongly-concave [32,136] and [32} 36} 43]] nonconvex-concave
problems [54]]. Furthermore, we can extend our work to minimax problems with neural networks,
which satisfy the p-weak-convexity-weak-concavity assumption [30], with the parameter p decaying
as the order of 1/1/m (m is the network width) [44]].

Impact Statements

This paper presents work whose goal is to advance the field of machine learning. There are many
potential societal consequences of our work, none of which we feel must be specifically highlighted
here.
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A Experiments

In this section, we report experimental results to verify our theoretical findings. Our code is available
here. Our experimental setup follows the work [30]. Specifically, we consider the Area Under ROC
Curve (AUC) maximization problem, which can be formulated as a minimax problem [55]]:

i E b, a;
(o) ass G E L 0.0 2)

where f(w,a,b,0;2) = (h(w;z) — 0)Tyey)/p + (h(wia) — by 1)/(1 — p) + 2(1 —
a)h(w;2)(Ijy=—_17/(1—p) —Iy=1)/p) — &, h(w; z) denotes a scoring function, p = P[y = 1], and
H[,] is the indicator function. We use three datasets from Chang and Lin [10]: svmguide3, sonar, and
DNA. For each training dataset .S, we build a neighboring dataset S’ by changing its last example. We
then apply SGDA, Zeroth-order SGDA, and Clipped SGDA to both S and S’ to get model sequences
{(w¢,v¢)} and {(w}, v})}. We then evaluate the stability and generalization error of these algorithms
along the training process by the Euclidean distance A, = (||w; — w}||2 + ||v; — v}||2)2 and Test
AUC (AUC on the test dataset).

For each method applied to each data, we use 1, = 11/v/T with 7 € {0.01,0.03,0.05}, repeat the
experiments 25 times to ensure reliability, and show results with mean and standard deviation. We
choose 111 = ps = 0.0001, K = d (21 for svmguide3, 60 for sonar and 180 for DNA) defined in
Eq. (5.2) for Zeroth-order SGDA, and 71 = 72 = 0.5(svmguide3),0.1(sonar,DNA) defined in
Eq. (5.6) for Clipped-SGDA. We use the number of passes to denote the iteration number divided
by the training sample size. As shown in Figure[I] A; of SGDA, Zeroth-order SGDA, and Clipped-
SGDA increase along the training process and appear to be comparable (note that A; of Zeroth-order
SGDA is slightly larger due to the scalar d in the definition of gradient estimators of Zeroth-order
SGDA in Eq. (5.2)), which verifies our theoretical findings in Theorem [5]and Theorem[§] As shown
in Figure 2] the generalization errors of SGDA, Zeroth-order SGDA, and Clipped-SGDA also appear
to be comparable, which verifies our theoretical findings in Theorem [7]and Theorem [10]

- sGbA
—§— Clipped SGDA

Zeroth-order SGDA 10

T 1

2 3
Number of Passes

svmguide3, n = 0.01

4

Euclidean Distance

Enclidean Distance

--§- SGDA --§-- SGDA --§-- SGDA
—f— Clipped SGDA o —— Clippec X —4— Clipped SGDA
Zeroth-order SGDA Ze Zeroth-order SGDA

i

3 3 i 2 3 2 3
Number of Passes Number of Passes Number of Passes

sonar, nn = 0.01 sonar, 1 = 0.03 sonar, 77 = 0.05

Euclidean Distance
Euclidean Distance

dna, 7 = 0.01 dna, 7 = 0.03 dna, n = 0.05

Figure 1: A; versus the number of passes for different datasets (svmguide3, sonar, DNA) and
n € {0.01,0.03,0.05}.
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0.01 01 ] 3 001
Number of Passes

Test AUC

1 3 5 [ i 2 3 01 T 3
Number of Passes Number of Passes Number of Pass

sonar, = 0.01 sonar, nn = 0.03 sonar, 17 = 0.05

-$-- SGDA 075 -§-- sGba " --§-- SGDA
0701 7 —§— Clipped SGDA —4— Clipped SGDA 0 —— Clipped SGDA
0 Zeroth-order SGDA 070 Zeroth-order SGDA Zerotl-order SGDA
65 070
001 01 001 01 i3 001 o i
Number of Passes Number of Passes Number of Passes
dna,n = 0.01 dna, n = 0.03 dna, n = 0.05

Figure 2: Test AUC versus # of passes for different datasets (svmguide3, sonar, dna) and n €
{0.01,0.03,0.05}.

We also consider the stability of biased stochastic gradient methods for a nonconvex-nonconcave
problem: GAN [21]] on the MNIST [27]], CIFAR-10 [25], and CelebA [335]] datasets. We conduct
the experiments with one NVIDIA GeForce RTX 3090 24GB GPU. We use 7; = 0.0002, choose
w1 = po = 0.0001, K =< d for Zeroth-order SGDA, and clipping parameter 7, = 75 = 1 in Eq. (5.6)
for Clipped-SGDA. As shown in Figure3] A; of SGDA, Zeroth-order SGDA, and Clipped-SGDA
increase along the training process and also appear to be comparable. Interestingly, the stability of
Clipped-SGDA outperforms that of SGDA in this case.

We further study the parameter sensitivity to the smoothing parameter y and clipping threshold 7.
Figure ] shows that the stability of Zeroth-order SGDA is independent of the choice of i, and that the

VE[GE]

generalization error of it matches that of SGDA when ¢ S 7 T verifying our theoretical findings
in Remark 5| and Remark [7] Figure [5]shows that the stability and generalization error of Clipped

SGDA match that of SGDA when 71,79 2 GT' T and n<1/ VT, verifying our theoretical findings
in Remark [§]and Remark
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Figure 3: A, versus # of passes. Left: generator, right: discriminator. n = 0.0002, K = 300,
H1 = U2 = 0.0001,7’1 = To = 1.

B Proof

B.1 Proof on Connecting Stability and Generalization

In this section, we present the proof of our results on connecting stability and generalization.

Proof of Theorem[I} Let S = {z1,...,2z,} and 8" = {z{,..., 2/, } be two datasets drawn from the
same distribution. For any i € [n], define S®) = {z1,..., 2,1, 2}, Zi+1, - - . , 2n }. For any function
g, G, we have the basic inequalities

sup g(w) — sup G(w) < sup (g(w) - G(w))

_ _ (B.1)
inf g(w) —inf G(w) < sup (9(w) - G(w)).
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Figure 4: Parameter sensitivity of Zeroth-order SGDA w.r.t. the smoothing parameter ;2 on
svmguide3: (a) A, versus # of passes; (b) Test AUC versus # of passes. 7 = 0.01.
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Figure 5: Parameter sensitivity of Clipped-SGDA w.r.t. the clipping threshold 7 on svmguide3: (a)
A, versus # of passes; (b) Test AUC versus # of passes. n = 0.01.

It follows from (B:I)) that
A (Aw(S), Av(S)) = A5 (Aw(S), Av(S)) < EI%Q)E[F(AW(S)N/) — Fs(Aw(S),v')]
+ S/lg)/vE[Fs(w’,Av(S)) — F(w',Ay(S))]. (B.2)

According to the symmetry between z; and z; we know

E[F(Aw(S), V') = Fs(Aw(S), V)] = % Y E[F(Aw(SY), V)] — E[Fs(Aw(S), V)]
i=1

Y E[f(Aw(5D), V5 2) — f(Aw(8),V52)]

where the second identity holds since z; is not used to train Ay, (S()). In a similar way, we can prove

1O ;
E[Fs(w', Ay(8)) = F(w', Av(S)] = = > [F(W', Av(SV); ) — f(W', Av(S); 20)].
i=1
As a combination of the above three inequalities we get

A" (Aw(8), A(S)) - AE(Aw(S), Av(S)) < sup [ S B[F(Aw(SD). Vs 2)~ F(Aw(S), Vs )]

v n
ey i=1
n

+ sup PZIE[f(w/,AV(S(i));zi)ff(w/,Av(S);zi)H. (B.3)

’
w'ew i—1
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According to Assumption [T} we know

Aw(SD), v ) - f(Aw<S>aV’;Zi>§<(AW(S$3)—_V'W(S)>’@?J{fﬁigi’ﬁfg> >+
|

According to Schwartz’s inequality we know for any v > 0,

(Aw(SD) = Auw(8), Vaod (Aw(),V':20)) < [[Aw(S) = Aw ()], [Tw S (Aw(8), V'3 20,
< 14w (5D) = A + 5 Tw s (An (). V)

2

- <AW(S(Z))_AW(S)»vwf(Aw(S)7VI7Zz)>+§”Aw(S(2))_AW(S)H .

2

Therefore,
ELf(Aw(S9), ' 2) — F(A(S), v 2] < ZETR[[[4w(5) ~ Au(S)|]2)
+ %E[||wa(Aw(S),v’;zi)||;].
Similarly, we have
E[F(w', Au(59); 2) — f(w', Au(S):20)]] < ZE VR[] Av(S) ~ Av(S)]}]
fE[vaﬂw’,Av(Sxzz->||§}-

Combining the above two inequalities with Eq. (B23), we have

A"(Aw(S9), Av(8)) = BF(Aw(S), Av( L”Z [H (f{j 3 ,’31”553) ]
+5- s E[ Zvaf (). vz)]f3] + % s B[S §||va<W”Av<S>;Zi>“5]

Using the fact that (Assumption [2)

S P (Aw(). 9 202 = B [ F(Aw(8). V5 S3] < G
=1

1 n
= Vs AVS)s 2 s = BV S (W Au(S): S ) < G
=1

we further get

w w L + iy Au(S)Y ], EIGE ]
A7 (A(S), A(8))~ A (Au(S). Au(8) < [H( vl e
V( ) 2 Y
Since A is e-argument-stable in expectation, we know
L E[G%

A(Aw(8), Av(8)) — AE(Aw(S), Au(S)) < Z2Le + | j““] .
If we choose v = | /2E[G% 4]/¢, then

A (Aw(8), Av(S)) = DG (Aw(S), Av(8)) < Le* /2 + | /2E[GE 4]e.
This completes the proof. O
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B.2 Proofs on General Stability Bounds

In this section, we present the proof for our general stability bounds of Biased-SGDA under the
convex-concave case.

To prove Theorem 2] we require the following standard lemma [45]], which shows the monotonicity
of the gradient map for convex-concave functions.

Lemma 11 ([45]). Let f be a convex-concave function. Then
w—w wa(wv V) - vwf(wlv V/)
< <v v ) : (vvﬂw',v') - vvf<w,v>) > =0 B4

Proof of Theorem[2] Let S = {z1,...,2,} and SO = {2z, zi1,2 %41, ., Zn ). Let

{w;,v;} and {wgi), vgi)} be the sequence produced by @#3) w.r.t. S and S, respectively. Note
that the projection step is nonexpansive, according to Eq. (4.3), Eq. @.4), we know

Wit1 — Wf(/‘21 Wi — ng) gw(WE )7Vt ; z(:)) - gw(thvu Zi,)
Vi = vih vi=vi' :

(1) (1))
— 2 Wi — ng) gw(Wh Vi Zu) 9w (WE )7 ng)v Zz(:)) . (B.5)
Vi — vgz) ’ gV(W(z) VE )7 fz)) v (Wt7 Vi; th)

gV(th Vi Z’Lt) gV(Wf 7vt ; zt
Recall the definition of the bias as in Eq. (@.3). Taking a conditional expectation implies
2
Wil — Wt+1
Vitl — Vt+1 9
2 2
Wi — W,gz)
V¢ — VEZ) 9

+ By
— 2 Wt_wzgi) VarFLs(We, ve) + b = Vi Fy g0 (w,vi?) = b, . (B.6)
v — v VF2S()(W1(5)7vt))+bEv Vv Fy,s(We, ve) = bey

2
w () VwFi s(Wi,vi) = Vo F v(w(i) v(i))
7277 t — (z) , w~17S t;(g @ 1,3(2 t VYt
Vi — Vv VB, sy (W, vi) = Vi By g(wy, vi)
Z () wfl(Wt,VtaZ]) W.fl(wt 7Vt)7zj)
Jﬁgz Vt—vt Vf (Wg)’Vg),Zj)— vfz(Wt,Vt,Z])
_ 2l Wi — Wil) vwfl(wfavtaZZ) Wfl(wt » Vi )722) )
n Vt—VEZ) , va (Wf 7V1S7l7 z) - VfQ(Wt7vt7ZZ)

Noting that fl, fg are convex w.r.t. w and concave w.r.t v, it then follows from Lemma and
Schwartz’s inequality that

—2n Wy — () \% ﬁlS(Wt,Vt) \ FlSU)(WE)vVg))
Vt*VE) \Y F2 s<>(W§Z)7V§1)) \Y F2 5 (Wi, vi)

2 2 2

+°
2

2

IN

‘ (gw (ng)v vgl)a 1(:)) 9w (Wta Vi; Ziy ))

gv(wtvvtvzlt) QV(WE)’VE)’ z(:))

2ﬂ Wi _ng) Wfl(wt7vt7z1) Wfl(wt 7V£ )722)
< () () (B.7)
n Vi =V, vf2(wt Vi 5 2) = Vy fQ(Wtthazz) 9
Using Schwarz’s inequality, we also know
( ) _ (@) _w® _p®
“a{ (T (z) S ) ) <z (T R B8
Vi — bt,v — bt,v Vi — Vy 9 bt,v — bt,v 9
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Plugging Eq. (B7) and Eq. (B-8) into Eq. (B:6), we know

ORV(E
E Wit1 — Wypg
t (1)
Vit — Vt+1 9
) 2
Wi — ng) 2 Iw (W§2)7 Vgl)v 21(2)) gw(wt7 Vi3 Zzt)
< ) +n7E; ‘ (1), ()
Vi — Vy 9 Iv(Wi,Vi;2i,) — QV(Wt y Vi 3%, ) 9
+ 2ﬁ Wi — W:E K vwfl(wtavta ZZ) V f (wz(fz)avzgz)v z)
[\ ve = v LI\ Ve lawi? v 20) = Vo fa(wi,visz) ) |,
+ 277 Wi — W]EZ) bt W bgz‘)’v
vy — ng) ) b(l) biv )

Taking an average of i € [n], and using the fact that Y- | a;b; < (31, a?)? 3 >, b2)z, we get

112

. 2
Lo || (wisn —wity
AEDY (V NG
i=1 t+1 t+1 2
. 2 2
RS Wt_ng) 1 ¢ gw(W£)7V£), Z()) Iw (Wi, Vi 2i,)
<-> Ch | R D : () (. ()
i—1 V¢ Vt i=1 gv(Wt,Vt»Zzt) gv (Wt ’Vt ’ Zt) 2

(vwﬁ(wt,vt; %) = Varfi(wi v 2

2
1
Wi — ng) A% l zn:
Vi — ngl) 2 n i=1 Vy 2(W§Z)’ Vzgl); Zz) - va2(wt7 Vi; Zz)
@\ |7\ 2 n @\ |12\ 2
Wi — Wt_ l Z bt7W — bt,w
V¢ — Vgl) 9 n =1 bg?‘), — bt,v 9
X 1 W, — ng) 27\ 2
== E 3 , VtelT].
t n Z v, — Vj(tl) , [ }

i=1
Taking the expectation to the above inequality and using the inequality E[X Y] < (E[X?2])2 (E[Y2])?
we have

2

2]

2>;
2

Introduce

1 n
2

i=1

A?+1 <A} +7°E

(gw(wg )7V£ )a 1(1)) Iw (thvtazlt)>
9v

(W, vi; 21,) — gv(wy vy 2

. 2 1
21 ~ 1< ~ U F (@ @ 2
25 (B Ly | (Tehlvvis) - Vo fi (Wi v 2)
" i3 vf2(Wt Vi 5z) =V fZ(Wt,Vt,Zz) )
. 2 1
_ 1< by _b(l) 2
+ 2 A E|— E W t,w .
b ( " =1 (bgf\)/ - bt,v 9

Using conditions as in Eq. (.6), Eq. and Eq. (4.8), this further yields

. - G-
A2, < (14 AP +242p)A2 +29(VB + Z)Ai+ 7B,

Applying this inequality recursively and using the fact that A; = 0 imply that

t+1<77232 1+ An? +243p)"" k+2nz \F+ )AR(1+ An? + 243 )t~

+2nz \F+ )AR(L + An? + 243 )t
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Since the above inequality applies for any ¢ € [T, if we introduce A = max;<r A, we further get

_ 1+ A2 + 245" —1 G (1+ A2 +248n) " —1
A? < ZB( - +2n(V B+ A.
= An? 42437 VB ) An? + 242y

Note the right-hand side of the above inequality is an increasing function of An? + 2/1%77. By taking
n such that An? + 242y < 7 in the above inequality and using (1 4+ 1/7)7 < e, we get

A% < 2’BT +4n(VB + %)TA.
Solving the above quadratic inequality of A implies that (if 2 < ax + b for some a,b > 0, then
2% < a? +2b)
A% < 4BPT + 16(VB + 2 )2 272,
The stated bound follows directly. O

B.3 Proofs on Applications

In this section, we present stability bounds for the specific Biased-SGDA algorithms for the convex-
concave case. We first present a lemma that is often applied in our proof. This lemma shows the

condition Eq. (@38) holds with G = 2/2E[GZ] when we choose f, = f = .

Lemma 12. Under Assumption[3] we know

E li wa(wgi),vii),zz)— wf(Wt,Vt,zZ)
" i=1 vv‘f(wt’vt;zl) v f(Wt 7V§1)7 z)

2
< 8E[GZ].

2

Proof. By the inequality that (a + b)? < 2a? + 2b2, we know

2
wt aVE)a ;) v f(wtvvtazi)
V fwt,vt,zl) V. f(wt ,ng,zl)

2
_Hv th 7vt 5 L) \Y% f(Wth,ZZ ||2+va.f Wt,Vt,ZZ) Vf(wt 7vt 3 %4 ||2
< 2|V f Wi w523 + [V (i vis 20) [, + [ Vv F (e ves ) [ + [V w52 )-

Taking the expectation of the above inequality, then taking an average of i € [n], we get (r follows
the uniform distribution over [n])

2

2]

1 Vauf (w1 w1 7) = Voo (w1, v1124)
E[nz ( t oVt t; Vi )
S4]E{71L;|\wa(wt7vt;zi)”§] +4E[;Z F(wWeve )| }

i=1 va(Wt,Vt, Zz) vvf(vvt 7V1E )7 Zz)
= AE[||Vwf (W, vi; 20) 3] +4E[|[Vy f(we, vi; 23] < SE[GE],

where we have used the identity

B[V f(w”, v 23 =B Ve f(We, vis 20) |2 BV f (Wi v s 2D 1B = B[V f (W, vi; 2i)|[2]
in the first step, and Assumption [3]in the last step. O
B.3.1 SGDA

In this subsection, we give the proofs for SGDA. We first prove Lemma [I3]to show that Eq. {.6),
Eq. (4.7) hold for SGDA.
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Lemma 13. Assume for all z, the function (w,v) — f(w,v; z) is convex-concave. Let Assumption

I Ihold If we choose the gradient estimator in Eq. 51) and f, = fo = f, then Eq. @), Eq. @)
hold with A = 12, B = £S5 4 = B =0,

Proof of Lemma[T3) Since b, = b\ = 0, it is clear that Eq. holds with A = 0,B = 0.
Furthermore, we have

2

2]

vwf(wii)avgi)azj) Wf(wt7vt7zj)
va(Wt,Vt;Zj) Vv f(wt 7V§ )7 )

]

) (B.9)

O

(gW(W£Z)7V£l)a 1(:)) (Wt7Vta Zi,))
i)

gv(Wth,Z”)*g ( t( t ft))

]

Vwf(wi) vi?i2l) =V, e, i )
vf(Wt,Vt,Zz) v f(wt ,Vg),Z;)

w; — w
Vt_vu

where we have used the fact that i, follows the uniform distribution over [n] for the first step,
Assumption I 1] and Lemmau 12| for the last step. This shows Eq. (#.6) holds with A = L? B =
8E[G3] O

n

1 n
<L2Elnz

n
i=1

] | SE[GY]

We then plug these estimates into Theorem [2]to immediately get Theorem 3] We omit the details for
brevity.

B.3.2 Zeroth-order SGDA

In this subsection, we give the proofs for Zeroth-order SGDA. Lemma [I3]is a simple variant of
Lemma 1 in [41]. We give the proof for completeness.

Lemma 14. Let u € R? from Unif (S*1), then E[uu"] = 114, where 1, denotes the d-dimensional
identity matrix.

Proof. By definition, the uniform distribution on the unit sphere is rotationally invariant. That is, for
any orthogonal matrix R € R?, the random vectors Ru and u have the same distribution.

Define A = E[uu'] . We first show that A = cI, for some constant ¢ € R.

For any orthogonal matrix R, using linearity of expectation and rotational invariance,

RAR" =RE[uu']R" = E[Ru(Ru)'| =E[uu'] = A.

This implies that A commutes with all orthogonal matrices. Since any matrix that commutes with all
orthogonal matrices must be a scalar multiple of the identity, we conclude that A = cI; for some
constant c.

Now we determine c. Since

tr(A) = tr (Ef[uu']) =E[tr(uu’)] =E[u'u] =E[|ul3] =1, and tr(A) = tr(cly) = cd,
we know ¢ = é. The result follows directly. O

Lemma 15. Letw; € R4l € {1,2..., K} be drawn independently from Unif (S%~1). For every
random vector v € R% independent of all w;,1 € {1,2..., K}, it is true that

1 2 1 /K K(K-1) K+d-
|7 ot il = 2 (T + =) MIE - =gV
where Ey[-] denotes the conditional expectation w.rt. uy, . .., uk.
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Proof. For any fixed v € R%, we have

> (v, u ulH - = [Z]E v, ) 2]+l;E[<v,ul><ul,um><v,um>} . (B.10)

For the first term in Eq. (B.10), we have

7>

1

E[({(v,w))’] = v E[wu/ v = SIvI3,

where we use the fact that E[uju/"] = 21, from Lemma
For the second term in Eq. (B.10), due o the independency of u; and u,,,, we know

Bl (v, ) () )] = L, whu) B, wn)u] = (39)7 - (5v) = VIR,

d d
where we use the fact thatE[((v u)u)] = v for any u from Unif (S?~1). We plug the above two
identities back into Eq. (B.10), and derive
X 21 1 /K K(K-1) K+d—1
_ 2 _
| Xotveww|} = 75 (G + =)V = ez v

=1

The proof is completed. O

The following lemma is a direct application of Lemma|[I5] which is useful for our main results.

Lemma 16. Let uy,uy € R? be drawn independently from Unif (S¥=1). For every random vector
v1 € R? independent of all u; and vy € RY independent of all us, it is true that

2
Eu viul u; _ l V1
Vo UgU2 9 d Vo

where E[-] denotes the conditional expectation w.r.t. uy, us.

Proof. By Lemma[I5|with K = 1, we derive
B[ (T2 1] = B, [T wrm 2] + B, [T usul2] = Lival = Lival.
vy upuy / ||, ! 2 d d

The stated bound follows directly. O

We now prove an important lemma which shows that fi, fo preserve the smoothness, bounded second
moment condition, convexity, and concavity of f, and that g is an unbiased estimator.

Proof of Lemmald] 1. Since for any z, w — f(w,v; z) is convex, from Lemma 4.1 in Gao et al.
[20], we know w +— fi(w,Vv;z) is convex. Since for any z, v — f(w,v;z) is concave, we
know v — fi1(w,V;z) is concave. Then, (w,v) — fi(w,v;z) is convex-concave. Similarly,
(w,v) — fo(w,v; z) is convex-concave.

Recall the surrogate functions

1
Ji(w,v; 2) = Eyovnitsa) [f(W + pau, vi 2)| = 1 f(w + pau, v; 2)du,
B

1
fQ(Wa \Z Z) = IEuerrlif(IBid) [f(W, V =+ fi2; Z)} = ; /d f(W, v + o Z)dua
B
where « is the volume of the ball B%, we know

- 1 ~ 1
wal (Wa \2 Z) = ; Ad wa(w + piua, v Z)dua vwa(W7 \2 Z) = E s vwf(wv vV + lau; Z)d'll,

1 ~ 1
va1<W,V; Z) = E s va(w + piu, v Z)du7 vva(W,V; Z) = ; Ad va(w,v + pou; Z)dll
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Then for any w,w’ € Wand v,v' €V,

H wfl w, ,z)—wal(w',v’;z)>
\Y
\Y

Vo fi(w,v;2) = Vy fi(w',v'; 2)
= || (Ki‘de(va(w+,ut1u,v;Z)
1

2
— Vwf(w /+M1U,V/;Z))du>

vf(W' + ppu,v'; 2))du

,/ (wa(W+M1u7V;Z)—VWf( + piu, v’ z)
f( v

P de (vvf(w + pa, vy Z) -

IS9

u

K Vof(W+ piu,v;2) — Vo f(W + piu, v/; 2)
7
K Jpd
w—w’
v—v'

where we use Assumptionfor the last step. In this way, we show that (w,v) — f1(w,v;2) is
L-smooth, and similarly, (w,v) — fa(w, v; 2) is L-smooth.
We know

vWfl (Wa V; S’I“) = vwEu[f(w + /141117 V; S’l")] = EU[VWf(W + /1,1117 V; ST)];
where u ~ Unif(S?~1). Then, applying Jensen’s inequality, we have
IV Fo (0, v S)I3 = BV f(w + 0, v5 13 < Bulll Vi f(w + i, v3 S,
Taking expectation w.r.t  to both sides above,

[V i (W, vi ) 13] < Burl[| Ve f(w + g1, v 8,) 3]
=Eu []Er[Hwa(w + pa, v Sr)H%” < 025'7

IN

\%
W+ pu,v;z) — Vo f(W + pu, v/; 2)

(wa(WJerULV;Z) wf(w +M111V Z
Vol 2

<L

9

2

where we use Assumption for the last step. The results hold similarly for E,.[||Vy f2(w, v; S,.)||2].
2. Follows directly from Lemma 4.4 in Shalev-Shwartz [46]. O

We now present the proof of Lemma [I8]and Lemma 2T} which show that Eq. (.6) and Eq. (4.8)
hold for Zeroth-order SGDA. To prove Lemma [I8] we require the following lemma to show that the
Hessian matrices can be bounded.

Lemma 17. Let Assumption[l)hold. For any matrix A, the spectral norm is

[Allz = sup  [JAx]2.

x€R",||x]|2=1
Then forallw € W,v€Vand z € Z,
IVaf(w.viz)lla <L, [VSf(w,vi2)ll2 < L.

Proof. From Assumptionm we know ||V2f(w, v; 2)||2 < L, where

- [ Vafw,viz)  VuVef(w,viz)
Vi) = (v i i) ®AD

Then, for any hy, € R? such that ||hy||2 = 1, we construct h = (hJ,,0,...,0)" € R??. According
to the definition of the matrix norm and Eq. (B-TT), we know

L > [V f(w.vi2) -Blls = /[ V3 f(w,v:2) [} + V20 S (w,vi2) - B3
> V2 f(w,v;2) - hy2
o J(w,v; 2)||2 < L. Similarly,

Lemma 18. Let Assumptlonlhold fi, f2 be given in Eq. 53). Then, Eq. @8) holds with G2 =
S8E[GZ].

V2 f(w,v;2)|]2 < L. O
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Proof of Lemmal[I8 By the inequality that (a 4+ b)? < 2a? 4 2b2, we know

Wt th()7 1) Vw f(Wt,Vt,Zz)
V fwt,vt,zl) V. f(wt ,Vgl),zl)

2

2

= HVWf Wf 7V§)7zz)_ wf(Wt,Vt;Zi ||;+HVVf (Wi, Vi 2i) — Vf(wt 7Vt ) %4 ||2
< 2(|IVw v 2D + Vs F v vis 20 [ + [ 9 Flwa, vis 20) [ + Vo F i w520 3).

Taking the expectation of the above inequality, then taking an average of i € [n], we get (r follows
the uniform distribution over [n])

2

j

1 f(w ,v ,z;)— wf(wt,vt,zz)
S v )
< 48[ 15 9w v 2] + 48[ 3 9 v

i=1 va(wt7vt7zl) v f(wt av1(t )7 z)
i=1 i=1

= 4]E[||VWf(Wtth; Zr)H%] + 4E[||VVJE(Wt7Vt§ Zr)”g] < 8E[G%~],

where in the first step we have used the fact IE[HVWf(WEi),V,Ei);z§)||§] =

B[V f(we, vi; 2) |13 B[ Vo f(wi” v 2013 = E[|[Vyf(we,vis2)]|3), and in the last
step we have used Lemma 4] O

To prove Lemma[21] we need the following two lemmas.

Lemma 19 (Spherical Poincaré inequality; see, e.g., [15,28]]). Let d > 2 and u ~ Unif(S?~1). For
any locally Lipschitz function h : S%~1 — R, we have

E\(h(w) ~ Bu[b(w)])?] < S EJ|Vsh(w)[3],

where Vsh(u) denotes the tangential gradient of h at u. More precisely, if hisa differentiable
extension of h to a neighborhood of S, denoting 1; € R as the identity matrix, then Vsh(u) =
Iy —uu')Vy,h(u) (see, e.g., Section 4.6.1 in [2]]).

Lemma 20. Let Assumption|l|hold. For any w,v,w', V', the function

h(u) == [f(W' + pu,v';2) = f(W — pu,v';2)] = [f(W + pu, v; 2) — f(W — pu, v; 2)]

withu € S41 is 2,uLH <w w ) H -Lipschitz continuous with respect to u.

Proof. Take arbitrary u;, uy € S?~1. Decompose the difference h(u;) — h(uy) as follows:
h(uy) — h(uy)
= [f(W + puy,v';2) — f(W — puy,v'; 2) — f(W+ pug, v;2) + f(w — pug, v; 2)]
—[f (W' 4 g, v 2) = f(W' = pag, V5 2) = f(W 4 puag, v; 2) + f(w — pug, v; 2))]
(
=

= [f(W + pur, v 2) = f(W + pug, v5 2)] = [f(W' — par, v/ 2) = f(W' — pug, v/ 2)]

fw 4 puyg,v;z) — f(wW+ pug, v 2)] + [f(w — puy, vy 2) — f(w — pug, v; 2)]. (B.12)
Apply the Newton-Leibniz formula
1
fla+b,c;2) — f(a,c;2) = / Vwf(a+tb,c;z) - bdt
0

to each of the four difference terms:

For the first term, let a = w’ 4+ pug, b = p(u; — ug),and c = v”:

1
fw'tpag, v 2) = f (W't pup, v 2) = u/ Vwf (W + p(uz +t(ur — uz)),v';2)- (w1 —uz)dt.
0
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For the second term, leta = w' — yuy, b = —pu(u; — uy), and ¢ = v':

fwW'—pay, v 2) = f(W =, v 2) = —p /01 Vwf (W = p(uz +t(ur —uz)),v';2)- (w1 —uz)dt.
For the third term, let a = w + pus, b = p(u; — ug), and c = v:

fw+pug,v;2)— f(w+pus, v; 2) / Vwf W+ p(us +t(ug —ug)), v; 2) - (ug —ug)dt.
For the fourth term, leta = w — yug, b = —p(u; — uz),and ¢ = v:

W=ty vi2) = fw o, vi2) = = [V (w = ot + = 1)), v22) (g o).

Let &, = uy + t(u; — uy). Note that ||€,[|2 < 1 forall ¢ € [0, 1] since uy, uy € S¢~1. Substitute
the four integrals back into Eq. (B-12), we get

1
h(wy) — h(uz) = / (Vo (W 4 1y V'3 2) — Vo f(w + iy, v3.2))
+(vwf(wl - Mﬁnv/? Z) - wa(W - :u£t7V§ 2))] : (ul - u2)dt~ (B.13)

Apply the Cauchy-Schwarz inequality |a - b| < ||al|2||b]||2 followed by the triangle inequality
la+b|l2 < |lall2 + ||b]|2 to the integrand:

|[(vwf-/|- - wa—i—) + (vwf/_ - wa )] ! (111 - u2)|

< (’|wa-/|-_vwf+’|2+vaf/— Vwf- H ) |u1_u2||27
where we use the shorthand f, = f(w' + p&;,v';2), fL = f(W — p&;,v's2), f4 = f(w+
MStaV; Z)’ and f* = f(W - N£t7V§ Z)

Now apply the joint L-smoothness in Assumption [I] to each gradient difference. For the first
difference:

||wajr - vaJrHQ = |V f(W' + p&;,v';2) = Ve f(W + pé;, v; 2)|lo
(g st (o)

vi—v vi—v

For the second difference, the — &, terms cancel identically:

Vet = Vi |, <L <<w’uet>/ (wz@)) . (wiw)

vV —V vV —V

Combining these estimates:

9ty = Fubelly 19w = Tty <22 (23|

Take the absolute value of Eq. (B.I13) and substitute the above back into the expression for |h(u;) —
h(uz)| and integrate over ¢ € [0, 1]:

“Jug — ugla.
2

h(w1) = h(uz)| < p QLH(W W>

A%

luy — up|2dt = 2uL H <W “j’)

This completes the proof. O

Lemma 21. Ler g(wy, vy; z“ ) be given in Eq. (5.2). If Assumptions|[I| 3| hold, then @.6) holds with
A= L2(1 + 47?), B = S]E[Gs](l + 2d)
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Proof of Lemmal[21} For u ~ Unif(S%~!), define the one-direction gradient estimators

JwW 4+, v;z) — f(w — M1U7V;Z)u
2 /d 7

fw, v+ powiz) = f(w, v — paus 2)
2p2/d

Since E[X?] = E[(X — E[X])?] + (E[X])? for a random variable X, we know
2

’ (gw(wg),vt ; 1(1)) gw(wtavtazzt)> ]
2

(0 @, @)
E [ <gw(wgl)’v§l)7 ’l(t)) gw Wt?vt7z7,t 1

gw(W,viz,u) =

gv(w,v;z,u) =

Ey

Gv(We, Vi 2i,) — gu(Wy ', vy s “)
gV(Wt7vt7ZZt) gv(wt 7vt ) z,

+Eu

(gw<w£ RRER
)

gW(WE )7V1§ )722(,5)) gW(Wt7vt7ZLt) i o)
(1) (2 (l)) u

gv(Wt,Vt,Z“) QV(Wt y Vi 3%,

Since an average of K independent random vectors divides the variance by a factor of K, we know

g || (9wt vt 20) = guwe viszi) ) g | (ow(wi? vz - G (W1, V1: 24 )
Iv(Wi,Vi;2i,) — gv(Wt(),Vg), 'L(t)) Iv(Wi,Vi;2i,) — gv(wt » Vi 3%,
2
< iE gw(ng),Vg )721(3 Uy ¢, 1) Jw (Wt Vi; Zz”ul,t,l)
> u i )
K gv(Wtth ZZ”uQ,t,l) gv(WE ),VE )7 ’L(t) u27t,1) 2

where we have also used the inequality E[(X — E[X])?] < E[X?].

We next establish an empirical second-moment bound for these one-direction estimators. For fixed

w, v and z;, let
hi(u) = f(W+ pa,v; z;) — f(W — pau, v; 2;).
Since h;(—u) = —h;(u), we have Ey[h;(u)] = 0. By Lemmal[19]
1
Ey[hi(w)?] < mEu[HVshi(u)Hg],

where Vg denotes the spherical gradient. Furthermore,

2
IVshi(w)[[3 < pf|| Ve f(W + p1w, v; ;) + Ve f(W — pau, v ) ||

< 208 (IVw F (W + 1, vs 2) 3 + IV S (w = i, vi )13

Then, by Assumption 3}

1N 21 & 1 &
E. |:n ; ||gw(w,v; Zi, u)||%:| = T/}%Eu {E Z hz(u)Q] < mEu {E ; ||VShz(ll) 2

i=1 H1
< B[ 25 (19w i 201+ [ = v 21|
S2d-1) ln g\ Pl w AR
2
02 < 2dG%,

<
S gz
where we have used d/(d — 1) < 2 for d > 2. Analogously,

1 n
Eu| =) lgv(w,vizi, u)ll3 <—G2<2da2
vt vl < 2

We now estimate the right-hand side of Eq. (B:13) by considering the following two cases.
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Iw (Wtavty Zlf)

(@)

) —
gv(Wt,Vt,Z“ — Ggv (Wt ’Vt 5 %4

]

(@)

)

2

2
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Case 1: i, = i, which holds with probability 1/n. Using (a + b)? < 2a% + 2b%, Egs. (B.16) and
(B-T7), and the symmetry between (S, 2/) and (S, z;), we obtain

e

Case 2: i; = j # i, which holds with probability 1 — 1/n. Define
B0 = [Fwi? + vl z) — fw = v z))]
- [f(Wt +paa, v zi) — f(Wy — paua, vy ZJ)]

Since h(z) j(—u) = —hf,i{j(u), we have E, [hf:,) ;(w)] = 0. Furthermore, Lemmaimplies

2

(1) @), s
gv(WthyZz,u2t1) gv(Wt y Vi 7Zi7u2,t,1)

H < 16dE[G%]. (B.18)

(1) ~ .
<9w Wy ,Vt ,Zz,lllu) gw(Wt,Vt,Zi,uLm)

2

. _ w®
IVsh) @llz < 2m |l (™7 V)|
V¢ — Vt 9
It then follows from Lemma[19] that
N i) (i . 21 d? i
Ey [HQW(WE ), VE )5 Zjs u) - gw(wta Vi3 24, u)H2 = mEu [hiv)ﬂ»(u)z]
- 1
d? (@) d L2\ (e - wi” i 2| [ W — wi” i
< Eu[[[Vshy,;(u)]2 ¢ < 2dL L
4p2(d—1) ul SWl] < — 1|\ v, = vV ) vi — v )
The same argument applies to the estimator with respect to v. Then,
S D () ~ 2 @\ [I*
FE Iw (W, vy ;Zj7111,t,1) - gw(Wth;Zj,uLt,l) < AL2d Wy — Wy
u ~ —~ i) (i = i
Go(wi,visz,ua 1) = Gu(wi”,vii 25, m000) ) |, vi—vi” )|,
(B.19)

Combining the two cases with Eq. (B:T3)), followed by taking an average over i € [n] and expectation,
we obtain

1 n
Bl

Wt 7Vt 3 Z(Z))igw(wf7vt7z7j) E gw(WE),Vt 3 Z(Z))*gw(Wf,VhZ”)
(4) (1)) u (4) (2)

thvtvzlt) gV(Wt 7Vt ,Z“ gv(wtvvtazlt)_g (Wt 7Vt ,Z“

4r2d_[1 || (wy = w®\ |7]  16dE[G2]
< E|— ¢ ———5 (B.20
=K n Z <Vt . Vgi) + Kn ( )
=1 2
Furthermore, we have
n i i 2
]E l Z E gw(wt( )avg )7 ff)) gw(wtavhzlt)
n i=1 gv(wtyvhz’bt) gv(wj(t )7vt )7 z(:)) 2
n (i) z 2
Z wfl Wt avt 7Z ) ~VW 1A(thvtvzlt)
_ v f2 Wtavtazzt) va2(wgz)7vt(z)7zz(z)) 2
n ~ 2
:i wfl Wt 7Vi(&)1 ) vwfl(wtavt;zj)
n? vf2 (Wi, vi;25) — Vy f2(Wgz)aV§z)§Zj) 9
2
wfl Wt 7vtz)7 1,) - Wfl(wt7vt7zl)
V f2 thvtvzz) va(Wt )avy)a z) )
(1) E[G2
< L?E|= Z e + %, (B.21)
ni4 Vi — Vi 9 n
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where we use the smoothness of fl, fg (Lemma for the first term in the identity,
\Y% f1 Wt 7V§),2’J) Vo f1(We, vis 2) Wt_ng)
v, — v®

t — Vi

Vi fa Wt,Vt,ZJ) va(Wt)vvg)v J)
Finally, taking an average over i € [n] and expectation in Eq. (B.14), and then plugging Eqs. (B:20)
and (B:2]) into it, we obtain
2
j

gW(W£ )7V1§z)7 Z(Z)) gw(wtv"h Zzt)
(1) (). (Z))
8E[Gg] 2d
n (1 + f)

2
<L’
2

2

2

and Lemma|I8]for the second term in the last identity.

e

i=1

< L2<1 n i?)IE

gv (Wt7 Vi th) gv (Wt y Vi 3%,

o)
i3 Vi — Vﬁl) 2

The proof is completed. O

We then apply Lemma [21] and Lemma|T8]to derive Theorem[5] We omit the details for brevity.

We are now ready to control the optimization error for Zeroth-order SGDA, which requires the
following lemmas and we show the proofs here.

Lemma 22. If f is G,-Lipschitz continuous w.r.t w, then the function
h(u) = f(er,uu,v;z) - f(w—,uu,v;z)

with u € S%1 is 2uG,-Lipschitz continuous w.r.t .

Proof. Take arbitrary u;, us € S®~!. Decompose the difference:

h(ul) — h(u2)

= [f (W pur,v; 2) = f(W = pay, v 2)] = [f(W 4 pag, vi 2) = f(W — puag, v; 2)]

= [f(W + pug, v; Z) - f(W + /.LllQ,V;Z)] + [f(W - /.141127V;Z) - f(W — pup, vi Z)] .
For the first term: by G,-Lipschitz continuity of f,

[f (W + pay, viz) = f(w+ pug, vi2)|| < Gel|pay — pue|| = pGeflur — us|].
For the second term: similarly,
[f (W = puag, v; 2) = f(w — pay, v; 2) || < G| — pug + pu || = pG flag — ual].

Combining via triangle inequality gives |h(u1) — h(uz)| < 2uG.|lu; — uz||. O

Lemma 23. Let Assumptionhold. Let gw (Wi, Vy; 2i,) and gy(Wy, Vy; 2;,) be defined in Eq. (5.2).
Then

) . 5 2dG%

Eityu[HgW(wt7vt;Zit)H2} < Eit[vafl(Wtth;Zit)HQ} + K 3
~ 2dG>

Ei, ulllge (We, ves 2i,)113] < s, [V f2(we, vis 2i,) [13] + KS~

Proof. Since E[X?] = E[(X — E[X])?] + (E[X])? for a random variable X, we know

Eulllgw(we, vi; 2 )13] = [Bulgw (We, ves 20,1113 + Ealllgw (We, vi: 2i,) — Bulgw (we, vi; zz(ﬁ]g])

Since an average of K independent random variables divides the variance by a factor of K, we know
Eulllgw (Wi, vi; 2i,) — Bulgw (Wi, vi; 2,)][13] <

1 B [ ‘f(Wt + a1, Vi 2i,) — f(We — gy g1, Vi 24,)
7 1u
2p1/d

ul,mHz]. (B.23)
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For each i € [n], define
hi(a) = f(Wi + i, ves 2i) — f(We — paa, ve; 2;).
Since h;(—u) = —h;(u), we have E,[h;(u)] = 0. By Lemma([19]

Eulhi(w)?] < - B[ Vshi(w)l3]

By the definition in Lemma [T9}
Vshi(u) = (I; —uu' )Vuh,(u)
= (Ig— UUT)(Mlvwf(Wt + i, v 2i) + Ve f(We — pa, vy Zz))

Note ||(I; — uu’)y|l2 < [|y||2 for any y € R¢ and u € S?~!. Applying this with y = V,h;(u)
and using (a + b)? < 2a? + 2b%, we obtain

[Vsha(w)3 < | Vuha(w)[3
2
= p3|| VS (Wi + pw, vi; 2i) + Ve f (Wi — paa, ve; 2) ||
< 203 (I1V s (Wi + poaut, Vs 20) [ + [V S (Wi = pir, vis 20)[3).

Therefore,

{ ‘f Wi+ a1, Vi Zi,) — f(We — e, Vi 23,) Hz}

Zt,ll ug.t,1
2 /d
= @ = C LS B < ZE [ Vshe(w) 2]
- 4,LL2 1¢,u vy - 4:“% n pa ul|lts =~ 4,Uz s
d? 1 9 9
< s = S B[V f (w4, v 2+ [V f (w0 — g, ves 20 3]
2(d-1) n —
d2

< mG’é < 2dG%,

where we use Assumption[3|and d/(d — 1) < 2 for d > 2. Plugging into Eq. (B-23), we get

9 _ 2dG%
Eiiulllgw (Wi, vis 2i) = Bulgw (Wi, vis 2i)]ll2] < === (B.24)
Furthermore, we know
Eulgw (e, ves 2i)]I13 = 1V f1 (We, ves 2,) 13- (B.25)
Taking expectation over i, in Eq. (B:22), and plugging Eq. (B.24) and Eq. (B:23) into it, we know
5 2dG2
Eit,u[ng(Wt, Vi3 Z’Lt)H%} < Eit [vafl (wt7 Vi3 Z’Lt)H%} + K = .
The proof for E;, u[||gv (We, vi; 2;, ) ||3] holds similarly. O

The following lemma presents convergence rate analysis for Zeroth-order SGDA.

Proof of Lemmal6] Note that the projection step is nonexpansive. For any w € Bp, we know
[Wisr = w3 < [1We = negw (Wi, vis 2i,) — w3

= we = wl3 = 2ne(we — W, g (W, Vs 23,)) + 57 | gw (We, ves 24,) |13

= [[we — WlI3 + 20w — Wi, VEL s (Wi, Vi) + 200 (W — Wi, gw (Wi, Vi 21,) — VL s(We, vi))
+ 07 9w (we, vii 2i,) |13

< [lwe = wif3 + 20 (Fy s (W, ve) = Fys(wi, vi))

+ 200 (W — W, gw (We, Vi 23,) — Vﬁl,S(Wth» + nt2||gw(wt,vt; Zu)”%v
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where we have used the convexity of ﬁl, s established in Lemmalé—_ll Taking a summation of the above
inequality from¢ = 1to ¢t = T (w; = 0), we derive

T
Y20 (Frs(Wi, vi) = Fus(w,va)) < w3+ nfllgw (we, ves 23,13
t=1 t=1
T ~
+2> (W — Wi, gw (Wi, vis 2,) — VELs(We, vy)).
t=1
Since 7, = n, we further get
T B 1 1 &
Z(FLS(Wt,Vt) —Fis(w,ve)) < 57771||W||§ + 5772 lgw (We, ves i) 13
t=1 t=1
T T ~
JFZ WtaVFl S Wt,Vt) gw(Wt,Vt§Zz, JFZ W, gw Wt,Vt,Zz,) VFl,S(Wtth»-
t=1 t=1

It then follows from the concavity of ﬁLS(w, -) and Schwartz’s inequality that

T

~ ~ B 1 1

(Fus(wi,ve) = Fys(w,97)) < o w3+ 50 ) llgw(we, ves 22,13
t=1

M=

~~
Il

1

_|_

M=

T
(Wi, ¥ FLs (Wi, Vi) = g (Wi, ves 20)) Wl | D (gw (Wi, vii 20) =V Fs(we,va)) |
t=1

~~
Il
-

Since the above inequality holds for all w € Bp, we further get

B

T
~ . ~ _ 1 _ 1
(Fustwisve) = iuf Fis(w,vr)) < g 2+ 5 3 low(owe visn [+

~+

M=~ L

T
(Wi, VL s(We, Vi) — gw(We, Vi3 25,)) + RH Z (gw(Wth; Zi,) — vFI,S(“’ty"t)) H2

~+

1

(B.26)
According to Lemma[23]and Assumption 3]
5 cdE[G?%
Ell g (w1, i3 23] < DIV i (w0, ves 23] + S8, ®.27)
Then, taking an expectation on both sides of Eq. (B:26), noting Eq. (B:27) and
Ei, [(We, VELs(We, V) = gu(We, Ve 22,))] = 0, (B.28)
we have
Z]E[ﬁl’g(whvt) — inf ﬁl’s(Wﬂ_/T)]
t=1 weBn
R’ d = 2dE|G2
< o +RE[H; 9w (Wi, Vi 2i,) — Vs (Wi, ve) H } gz:: IV f1(wi, vis 2,13 + I[( S])
1 [G2 d
<ot Gy | > (awwivesza) = VA sl vi) )L
1 & . 7
+ 50 ) B[V fi(wi, v zi,)[13)- (B.29)
2=
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According to Jensen’s inequality and E[(X — E[X])?] < E[X?] (note that E,, ;, [gw (W, Vi; 2i,)] =
VF s(we, ve) by Lemma, we know

(EH‘ zT: (gw (Wi, vis 2i,) — VﬁLS(Wt,Vt))HQDQ < ]E[H XT: (gw (Wi, vis2i,) — VE,S(Wt,Vt))Hﬂ
t=1 t=1

] < Z [lgur (w2, vis 22,113,

T
= ZE[HQW (We, Vi3 21,) — V1 g(Wi,ve)
t=1 =1

from which and Eq. (B:27), we get
R2 T _ 2
|:HZ Iw Wtavtazz,) VFl S(Wt7vt H :|_ 477 (EI:HZ(gW(Whvt;Z’it)_vF17S(wt’Vt))H2:|> n
t=1
-1p2 T 2
n_R ; 2dE[G
> Ellgwwirvis ) € o S BV vis o) 13+ 2L

t=1 t=1

—1p2
<77 R
- 4

where we use Cauchy-Schwarz’s inequality for the first step. Plugging the above inequality into

Eq. (B:29), we have

T T
=~ . = _ 3R?  3dE[G%] 3
S ElFs(we v~ int Pt ) <0 PRI S S R1v v
_3R?  3dE[G3] ,
T fEG T
<t 7RG

where we use Lemma[4]and Assumption [3for the last step. This yields

T 2
%Zﬁ[ﬁl,s(wt,vt)] E[ inf F1g(w,v7)] < L (1+ i)E[Gg]n.
=1

wEBR 77T K

Moreover, by the mean-value theorem and Cauchy—Schwarz’s inequality, we know

’ﬁl’s(w,v) - Fs(w,v)’ = ‘%ZEu[f(w—i—mmv;zi) - f(W,V;Zi)])
i=1

Nl

1 n
< (2 Y EullVaf(w+ binu,viz)|B])” < mGs,
i=1

for some 6; € [0, 1]. Taking expectation then gives
[E[Fys(w,v) = Fs(w,v)]| < u1\/E[GE].

Then,

T

%Z]E[Fs(wt,vt)] —E[ inf Fs(w,v7)] < = 1

d
1+ —)E[G? E[G2].
2 ot o T (U e EIGSIn + i [E[GE]

< )il

In a similar way, we can show that

2

T
- 1 R d
E[vsqu Fs(wrp,v)] — T ZE[FS(Wt,vt)] < - +(1+ ?)E[Gg]n + p2y/E[GE].
€EbR =1 n
Then,
R? d
E[ sup Fg(W — inf F < 1+ —)E[G? E[G%].
[stp F(Wr,v) = int Fo(w,vr)] £ 7 (14 ) BIGE + pmyEIGE]
The proof is completed. O
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Combining Theorem [5]and Lemma [6] we derive the following theorem.

Proof of Theorem([7} Define

Ag(w,v) = sup E[Fs(w,v))] - inf E[Fs(w',v)].
v/EBR w’'E€BRr

We have the decomposition
AYE (G, 1) = AV E (K p, V1) — AL (Wr, V) + AL (Wr, V). (B.30)
From Theorem 5] we know
E[G% VE[G%] VE G2 L \/ G=
ES(\} ](l—l-K ))17\/74— nT < / ]nT,
n n

where we used L? (1 + 34)n? < % in Theoreml

Furthermore, Assumption E| implies that the data- and algorithm-dependent constant G 4 in As-

sumptlonsatlsﬁes Es.4[G% 4] < E[GE]. According to Theoremmand Eq. 54) Le* < /E[GE]e,
we know

E[GR/L , E[GY

AR (A A —- AR A < T.
(Aw(9), Au(8)) = BFT(AW(). Au(S)) £ =02 + =5
According to Lemmal6} we know
R? d R? E[G%]
w,R/ — — < v -~ 2 21 < 2V ~MST 2
AN vr) S on ot (1 g )EIGR + a/BIGH S L+ o + i EIGE]

where we use the condition L*(1 + 3¢)n?

inequalities with Eq. (B:30), we obtain’

E[G§]/L | E[GE] R?  E[GY]
n + o 77T+77T+L17T

< 1/T for the last step. Combining the above two

A (W, vr) S

E[G%].
The bound then follows directly. O

B.3.3 Clipped-SGDA

To prove verify Eq. (&.6) for Clipped-SGDA, we introduce the following lemma which shows that the
clipping operator is non-expansive. Actually, one can show that the clipping operator is a projector
onto a convex set. We omit the proof for simplicity.

Lemma 24. For any v1,ve € W, we have ||clip(v1, T) — clip(va, 7)|l2 < [|[vi — va2.

Then, we apply Lemma[24]to verify Eq. {.6) for Clipped-SGDA in the following lemma.

Lemma 25. Ler g(wy, vy; 2;,) be given in Eq. (5.6), and Assumptions hold with Gg < G for
some G > 0. Then, Egq. @) holds with A = L? B = %.

Proof of Lemma[23] According to Eq. (5.6) and Lemma[24] we know

‘ (gW(W£)7V£)7 Z(t)) gw(wtavtazzt)>

gv(Wt»Vt»Zu) gV(WE )3V£)7 Z(t))

2

2
<[V f(wi) v 20) = Vo f(Way vis 20,3+ IV f (Wi, Vi 2i,) — Vo f(wi w5 20)|12

Wf avﬁ)a Et)) v f(wtvvtvzu)
v th,Vt,Z“)— Vf(wt 7V§)7z())

1t

(B.31)

2
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It then follows that

n (D) 0. ) 2
E i Z Jw (Wt 9 vt 9 z, ) gw(wt7 Vi, Z’Lt)
n |\ gv(we,visz,) = go(wi” vi?i20) )
n ORNORNO) ?
< lz wa(wt 7vt ,th ) - Wf(wtavtazzt)
B n i=1 VVf(Wt’Vt’th) \Y f(wt ,VE),ZEZ)) 9
1 — —w E[G>
<LPE[-Y (Wt A ) 4+ 8 [GS], (B.32)
n i—1 Vi — Vy n
1= 2
where we use Eq. (B29) for the last step. The proof is completed. O

The following lemma shows the Lipschitz continuity of the bias of clipping operator.
Lemma 26 ([56]). For any vi,vs € W, we have

[(clip(v1,7) = clip(v2, 7)) = (vi = va)ll2 < [[vi = va[l2L[[[vi]l2 > 7 or [[va2 > 7], (B.33)
where 1[-] denotes the indicator function, i.e., returning 1 if the argument holds and 0 otherwise.

We can easily generalize Lemma 26 with two variables vy, v in the following lemma, which shows
the Lipschitz continuity of the bias of the clipping operator with four variables v1, vy, vs, v4. We
omit the details for brevity.

Lemma 27. For any vy,Vsa, Vs, Vg4, we have

clip( V1,’7’1 —clip(va, 1)) — (v1 — va)
clip(v —clip(vg, 2)) — (v — vy4)

S ‘

We now prove that the bias of Clipped-SGDA satisfies a generalized Lipschitz-type condition in
Lemma@ which uses Lemma 27 and Lemma 28] Lemma 28] helps deal with the indicator function
in the proof of Lemma[29] Let S, denote the r-th elemtn of .S.

2

("1 ) H [mas{[vi 2/ [Valla/71, [Vsla/72, [Valla/ms} > 1].

V3 — V4

Lemma 28. Let w,w' € W,v,v' € V and r follow the uniform distribution over [n]. Denote
0= (w,v),0 = (w',v'). Then

> AT (0520 70, I SO 23) 72, [ 0 23) o 72, 9 052 o 72} > 1]
J:g#i
B[V f (6 SOIB] | Eoll Vo (¢ S7)B) | BV (6:50)I8] |, BV s (6 57 13)

= 2 2 2 2
1 T T3 T3

Proof. We know

% > I max{[|Vw £(6; 2))ll2/71, Ve F(O'5 2) |2/ 70, V3 £ (65 23) 12/ 72, IV £ (85 25) |2/ 72} > 1]
jii

< By I max{[|Vaw f(6; Se)ll2/71, |V £ (05 S |2 /71, (V3 £ (85 S |2 /72, ||V £ (85 ) 12/ 72} > 1]]

< Pr{|Vw/(6:S)ll2 > 1} +Pr{[Vw/(0'; SP)ll2 > 71} + Pr{|[Vv f(6'; S\7) |2 > 72}

+ Pr{||Vyf(6; ;)2 > 2}

By Markov’s inequality, we know

. 2
Pr{[[Vuf(0: )12 > 71} = Pr{[[Vu f(0: 5,2 > 72} < eVl 50)l]

1
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and similarly,

ISONIP)
Pr{[[ V(0 )]s > 1} < o O35l
1
. 2
Pr{IVy (85 5,)lle > 72} < eIV 0SB,

2
T3

INONP
Pr{|[Vf(0; SO)|l2 > 72} < Erﬁlvvfg,sr IR
2

We complete the proof by combining all these inequalities together.

O

Lemma 29 Let w,w' € W,v,v' €V and r follow the uniform distribution over [n]. Denote
(w v’). Then

( r[Clip (Vo (65 7). 71)] = Ve P (6) = By [elip(Vo /(038 S, )] + Ve Fsmw'))
E, [clip(Vy f(8';5), 72)] — Vv Fsw (¢') — E,[clip(Vy f(8; S,), 72)] + V' Fs(6)

. /. (7') /. (’L .
§L||9—0’||2< IV £(0: Sl + [V £ (03 S )], B[V £(8'; 57 )||§+||vvf(9,sr)||g]>

2 2
T T3

1
+ —
n

(wa(G; zi) = Vw f(0'; Z£)>
Vv f(0'; 7)) = Vo [ (05 2)

2
Proof. Noting that
VuFs(0) =E[Vuwf(0;5,)],  VwFsw(0') = E[Vwf(0';S)),
VyFs(0) = E Vo f(0:8,)],  VeFgw (') = E[Vof (0 S,
we know (by Jensen’s inequality)

( [lip(Ve £(0;5,),71)] — Ve Fs(6) — {chp( Ve F (03 S9),71)] + Ve Fsco (0 )H

E,[elip(Vy (8 517),72)] = Vo o (6') = Er[clip(V /(65 S,),72)] + Vo Fs (6
(clip( Wl (055,),71) = Ve (655,) — clip(Va f(0': S7), 71) + Vi f (03 S )

IN

E,

clip(Vy f(0;.85), 1) — Yy (65 55) — clip(V f(6; S,), 72) + Vo £ (6; S,)
vwf(0§ Sr)'_ vwf(el; STI )
V(O3 8) = Vi £(60:5,) ) |,
(B.34)
where we use Lemmam for the last step. Since r follows the uniform distribution over [n], we know

Vad0:5,) = Vud (055 || { [max{([ V(850 o/, [ Vo S8 8o/
Vo5 50) - Vo f(6:5,) V3£ 05 S/ 7, [V f(8: 0|2/ 72} > 1
_ 1 Z ( wf(0;2)) — wf(e’;Zj)> I {maX{Hwa(@;Zj)HZ/Th||wa(9/;zj)||2/717}
n A || \ Vv ( (0';2)) — V' f(0: 2)) IVVF (075 25)ll2/72, Vv (65 25) |2/ 2} > 1
(wa(9; zi) = Vw f(0; Z§)> I {maX{Iwa(G; zi)ll2/ 71, [V f(6'; z;)llg/m]
Vo f(052) = Vol O:2) ) || LIV IO 202/ 72, (IVv f(8 20)ll2/ 72} > 1 |
By the smoothness of § — f(6; 2) (Assumption 1) and Lemma we further get

IE[ (vwfw;sr)—vwfw';sﬁ”)) 1 [V (0550 o 11, [V (0 8 ’>||2/71,H

J

g [V (05 8./, [T s 05 >>||2/n,] ]
IV £(8'3 55 /72, [V (85 51 2/} > 1

IN

Vo f(0;59) — V. £(6;5,) V3 (03 S la /72, [V (65 S )2/ 72} > 1
. ) 7. q(i .
<LI0—¢s <ET[”wa<9,5r)II§+wa(9 SIBL | Bl Ve (057 >|2+||vvf<e7sr>|%]>

2 2
1 T2

n LI (Vwf(0:2:) = Vwf(0';27)
n va(el; Z;) - va(ea Zz)

) (B.35)
2
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where we simply use the inequality

Hmax{|| Ve f(0; zi)ll2/71, Vw0 2)ll2/71, (IVV f (O3 20) |2/ 72, [ Ve £ (05 20) |2/ 72} > 1] < 1.
Plugging Eq. into Eq. completes the proof. O
We now apply the above lemma to show that Eq. (.7) holds for Clipped-SGDA.

Lemma 30. Ler g(wy, vy; z;,) be defined in Eq. (5.6). Let Assumpttonsl !hold with Gg < G for
some G > 0. Then, Eq. @) holds with A= 8L2G4( %)2, B = 16G .

T3

Proof of Lemma@ Denote 0; = (wy, v;) and Ht(i) = (w§“, V,Ei)). From Lemma we know

btw_
b(” —btv

1
<=

2

Es, [clip(Vaw £(01; 25,), 71)] = Ve Fs(601) — By, [clip(Vaw (015 2), 71)] + Vi Fiso) (0
Eit[clip(vvf(@gl, z(,)) 2)] — Vv FS<)(9(Z) E;, [clip(Vy f(04; 2:,), 72)] + Vi Fs 9t

Ve f(6:;2) = Va f(6;7;2)) wi — wi”
va(gg )7 7,) - va(gta Zz) Vi — Vg 0

where we use Assumption [3]in the last step. It then follows from (a + b)? < 2(a® + b?) that
1< (- 2]
El= W t,w
[n 2 (bii& —biw ) |l
Wi — WEZ)
V¢ — V§1)

=1
2 115 wf (b ) =V Vo f(0:2])
7E _
G l”; (V HOSEARAY f(et,z»)

+20G3 (5 + ) (B.36)

1 T3

2 2

2

]

2 =1

2
1 Z 16E[G?]
< SLQ(— ) + =78l B.37
< 2 Z v )| 3 (B.37)
where we use Lemma@ and Assumption |§|for the last step. The proof is completed. O

We then apply Lemma 25| and Lemma [30] to directly derive Theorem [§] We omit the details for
brevity.

The following lemma presents the optimization error bounds for Clipped-SGDA.

Proof of Lemma[9 Let w € Br. We denote gw ¢ = clip(Vw f(W¢, v¢; 2;,), 71). By the update of
Clipped-SGD and note that the projection step is nonexpansive, we know that

Wit — w3 < [|wi — medwe — WHQ [we = wll3 + 07 | Gw.ell5 + 206 (W — Wi, Gw,e)-
By (a + b+ ¢)? < 3a® + 3b® + 3c?, we know
9wl < 3llgw.t — Etlgw.ellI3 + 3| Et[gw.e] — Ve Fs(we, ve) |13 4 3| Ve Fs (w, vi ) |13

and

(W= Wi, Gw,t) = (W — Wi, Gw.t — Ei[Gwi]) + (W — Wi, Et[gw ] — VwFs(We, Vi)
+ (W — W, Vo Fs (Wi, V).
We combine the above three inequalities together to derive
[Werr = w3 < l[we = w3 + 307 |gw.e — Eelgw. I3 + 307 |Eelgw,e] — VwEs(we, ve)ll3

1302V Fs (e, Vi) 34 200w — e, Guwt — Eeldw.a]) + 20 (w — we, Ee[gw.t] — Vo Fis (Wi, v2))
+ 2’[7,5<W — Wy, VwFs(Wt, Vt))'
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It was shown that [57]

|Ee[gw.e] — Vo Fs(we, ve) ||, < G*ri .
Then we derive that

Iweir = wli3 < llwe = W3 + 307 [ Gw,e — Eelgw]lI3 + 307 G + 307 | Vaw Fs (e, vo) |13

+ 20 (W — Wy, Gw,t — E¢[Gw,e]) + 2G7'1_177tHW — W2 + 2 (W — Wy, Vi Fis(Wy, Vi)
< lwe = w3 + 307 | gw.e — Eclgwalll3 + 307G 7 4 307 |V Fs(we, vi) |13

+ 206(W — Wi, Gw.t — Ee[gw.t]) + 2G T 'me||w — wil|o + 2, (Fs(w,v¢) — Fs(wy,vy)),

where we use the convexity of w — Fs(w, v) for the last step above. Taking a summation of the
above inequality from ¢t = 1 tot = T (w; = 0), we derive
T
[wWrir = w3 +2> ne(Fs(we, vi) = Fs(w, vy))
t=1
T
< fwi = w3 +3Y 1719w, — Eelgw,d]

T T
243G 2 an + 32U§HVWFS(Wt7Vt)”§
t=1 t=1 t=1

T T
+2 Zﬁt<W — Wi, Gwi — Eelgw ) +2G% 7 ZUtHWt - wl2.
t=1

t=1
Setting 1y = 1, we further get
T
[wWrir — w3+ 2772 (Fs(we,ve) — Fs(w,vy))
t=1

T T
< fwi = Wiz + 307 Y lgw.e — Eelgwll3 + 3G 7 *0°T +30° > [V Fs (Wi, v I3

t=1 t=1
T T
+20) (W = Wi, Gwe — Eelgw.]) + 267 0 Y [[we — wla. (B.38)
t=1 t=1

It then follows from the concavity of Fis(w, -) and Schwartz’s inequality that

T
lwr 1 —wl3+ 2772 (Fs(wi,vi) — Fs(w,vr))

t=1
T T
< fwi = w3+ 307 Y gwe = Eelgw.l3 + 3G 20T + 31 Y Vo Fs(we, vo)ll3
t=1

t=1

T T T
20 3 (w1, Ealwadl = Gua) + 208|| 3 (Gt — Bl )| + 26270 1w = wlla
t=1 t=1

t=1
Define wg 1 = argminyep, Fs(w, vr), then
T
[wri1 —wsall3+2n ; (Fs(wy,ve) — WienéR Fs(w,v7))
T T
< lwi = wsal5 430 Y lldw, — Eelgw,dl |3 + 3G 0T + 307 Y [V Fs(we, vo)13
t=1 t=1
T T T
+2n ;(wt, Et[Gw ] = Gw,e) + 277RH ; (Gw,t = Elgw,e]) H2 +2G% 1y ; [wi — wsalla-
(B.39)
Note E[[|[Vw Fs(we, ve)[13] < G2 E[l|gw,t — Et[gw,e]13]

< G? and
]

Ei[(We, Et[gw,t] — Gw,e)] = 0. (B.40)
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Then taking an expectation to both sides of Eq. (B:39), we have

T
Ellwri1 — wsal3] + 21 ) E[Fs(wy,vi) — inf Fs(w, )]
t=1 WePR

T
< Bl|lwi — ws i3] + 3G2PT + 3G 7 *0°T + 3G*PT + 20RE[| 3 (due — Belgwd])| |
t=1

T
+ ZGZTfan]E[HWt —wg12] (B.41)
t=1

According to Jensen’s inequality and Eq. (B.40), we know

(B4 22 (e~ o)) ])” < B 22 (s~ o)) = iEA (ldw.e — Eelgwlll3]

and

|3 (s Bl | < B - Bl D

T

< (S Ell[gws — Elgwal ) < GVT.

=1
Plugging the above inequality into Eq. (B:4T)) and using E[||gw.: — E¢[dw.¢]||3] < G?, we have

T
2+ 2UZE[FS(Wt,Vt) — inf Fs(w,vr)| <E[|jwy — ws.1|3]

weEB
t=1 "

Eflwri1 — ws

T
+3(24 G*r %) G*PPT + 2RGVT +2G% 1 'Y E[[|wy — ws 2] (B.42)
t=1
Note if Zthl E[Fs(w, vi)—infwep, Fs(w,vr)| > 0, Eq. (B:4T) implies the following inequality
forany t € [T7:

El|wes1 — wsal|3] < E[lwi — ws1]|3] +3(2 + 7 %) G*0*T + 2RGyVT
T
+2G%r ' Y E[|[we — wsalla]-

t=1
If we denote A = ( max;e ) E[||w; — ws,1]3]) 2 then it follows that
A? <E[|wi —wsal3] +3(2+ G %) G*n*T + 2RGVT + 2G* [ 'nTA.
Solving this quadratic inequality of A implies that
A < (E[|wr = ws1]2])? + VB(2 + G2 2) 2 GnvT + V2R3 GEns TF 4 2G5 T,
We plug this inequality back into Eq. (B:42) and derive (noting 7, = G)
T

nZE[FS(Wt,vt) — inf Fs(w,v7)] SE[|ws1l3] + G*n*T + RGpVT

=1 weBr
1
+ GQTflnT((E[HWSJ ||§]) 4+ Gnﬁ + R%G%U%T% + GQTflnT).

It then follows that

T
nY E[Fs(wi,vi)— inf Fs(w,v7)] SE[|lwsal3]+ G*n*T + RGyvVT

weB
t=1 R

+ G ' T(E[||wsal3])® + G3Tf1172T% + G%TflR%n%T% + G 20T
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It is clear that 2G%7; "(E[||ws13]) 20T < E[||ws ]3] + Gry 2nT?
QGsrl_lnzT% < G*n’T + G *n°T?

and
QG%TflR%n%T% < RGnVT + G 20?12,
Then,

T
Y E[Fs(wi,ve) = inf Fs(w,vr)] S Ellwsall3] + GH*T + RGnV'T + G T,
t=1 )

which yields

GR
+G*n+ —= + G 3T

VT

If Zthl E[Fs (Wi, vi) —infwep, Fs(w, VT)] < 0, the above inequality also holds. In a similar
way, we can show that

1 < R?
T ;E[Fs(wt,vt)} - E[wiengR Fs(w,vr)] T

T

1 R? GR
El sup Fs(wp,v)] — = E[Fs(wy,ve)] < — + G?n+ —= + G, % T.
[ Fotwr, )l = 7 D BIFs(we vl $ 77+ G+ 7 + Gl
Combining these two inequalities, we have
R? GR
E Fs(w — inf Fs(w,v7)] £ — +G*n+ —= + G %+, )nT.

[VSE%)R s(Wr,v) wlenBR s(W,VT)} N77T+ n+ T—I— (r{°+75 °)n

The proof is completed by noting G—\/% < 7%2“ + G?n. O

Combining Theorem [§|and Lemma 9] we derive the following theorem.

Proof of Theorem According to Part (b) of Theorem|[I]and Theorem 8] we know

LG*n*T?  LG**T G*3nT  G* T
o] i R L ety
n n n vn

AR (A (9), Av(S)) — MG (Aw(S), Au(S))

~

According to Lemma[9] we know
R R? 2 2
AG T (Wr, V1) S T +G%n + G2 + 1y T
The bound then follows directly from Eq. (B:30). O
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NeurlIPS Paper Checklist

The checklist is designed to encourage best practices for responsible machine learning research,
addressing issues of reproducibility, transparency, research ethics, and societal impact. Do not remove
the checklist: The papers not including the checklist will be desk rejected. The checklist should
follow the references and follow the (optional) supplemental material. The checklist does NOT count
towards the page limit.

Please read the checklist guidelines carefully for information on how to answer these questions. For
each question in the checklist:

¢ You should answer [Yes], ,or [N/A].

* [N/A] means either that the question is Not Applicable for that particular paper or the
relevant information is Not Available.

* Please provide a short (1-2 sentence) justification right after your answer (even for [N/A]).

The checklist answers are an integral part of your paper submission. They are visible to the
reviewers, area chairs, senior area chairs, and ethics reviewers. You will also be asked to include it
(after eventual revisions) with the final version of your paper, and its final version will be published
with the paper.

The reviewers of your paper will be asked to use the checklist as one of the factors in their evaluation.
While [Yes] is generally preferable to , it is perfectly acceptable to answer provided a
proper justification is given (e.g., error bars are not reported because it would be too computationally
expensive” or “we were unable to find the license for the dataset we used”). In general, answering

or [N/A] is not grounds for rejection. While the questions are phrased in a binary way, we
acknowledge that the true answer is often more nuanced, so please just use your best judgment and
write a justification to elaborate. All supporting evidence can appear either in the main paper or the
supplemental material, provided in appendix. If you answer [Yes] to a question, in the justification
please point to the section(s) where related material for the question can be found.

IMPORTANT, please:

* Delete this instruction block, but keep the section heading ‘“NeurIPS Paper Checklist",
* Keep the checklist subsection headings, questions/answers and guidelines below.

* Do not modify the questions and only use the provided macros for your answers.

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We clarify our contributions and the scope of the paper in the abstract and
introduction.

Guidelines:
e The answer [N/A ] means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A or
[N/A] answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]
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Justification: In Section [6] we list several limitations of the paper, e.g., our analysis only
considers the convex-concave case.

Guidelines:

* The answer [N/A] means that the paper has no limitation while the answer means
that the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate “Limitations” section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: We present all the necessary assumptions and include the proof of all theoretical
results.

Guidelines:

* The answer [N/A] means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

» The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
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Justification: As a theoretical paper, our main contributions are theoretical analyses and
proofs. The numerical experiments are designed solely to provide basic validation of our
theoretical findings. We have fully disclosed all experimental details in Section[A]of the
paper.

Guidelines:

* The answer [N/A] means that the paper does not include experiments.
* If the paper includes experiments, a answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification: The details and code of experiments can be found in Section[A]
Guidelines:

* The answer [N/A] means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://neurips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not

be possible, so is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//neurips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.
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* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-
rameters, how they were chosen, type of optimizer) necessary to understand the results?

Answer: [Yes]
Justification: The details of experiments are provided in Section [A]
Guidelines:

» The answer [N/A] means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: The details of experiments are provided in Section [A]
Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* The authors should answer [ Yes] if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the
main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

¢ It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CIL, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g., negative
error rates).

* If error bars are reported in tables or plots, the authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: Given the simplicity of our numerical experiments (which are minimal and
for verification only), we conducted our experiments with only one NVIDIA GeForce RTX
3090 24GB GPU.
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Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines]?

Answer: [Yes]

Justification: The research conducted in the paper confirm with the NeurIPS Code of Ethics.

Guidelines:
e The answer [N/A| means that the authors have not reviewed the NeurIPS Code of
Ethics.
* If the authors answer , they should explain the special circumstances that require a

deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [N/A]

Justification: This is a theoretical paper, and there is no societal impact of the work per-
formed.

Guidelines:

* The answer [N/A] means that there is no societal impact of the work performed.

o If the authors answer [N/A] or , they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate Deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
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12.

13.

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pre-trained language models,
image generators, or scraped datasets)?

Answer: [N/A]
Justification: This is a theoretical paper, which poses no such risks.
Guidelines:

* The answer [N/A] means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [N/A]
Justification: This is a theoretical paper, and we do not use any existing assets.
Guidelines:

* The answer [N/A] means that the paper does not use existing assets.

 The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

¢ For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [N/A]
Justification: We do not release any new assets.
Guidelines:

* The answer [N/A] means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

» At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
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14.

15.

16.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [N/A]

Justification: This is a theoretical paper, which does not involve crowdsourcing nor research
with human subjects.

Guidelines:

* The answer [N/A]| means that the paper does not involve crowdsourcing nor research
with human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [N/A]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer [N/A]| means that the paper does not involve crowdsourcing nor research

with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
Declaration of LLLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigor, or originality of the research, declaration is not required.

Answer: [N/A]
Justification: We do not use LLM in preparing the submission.
Guidelines:

* The answer [N/A] means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy in the NeurIPS handbook for what should or should not
be described.
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