
Optimal Risk Bounds of Stochastic Gradient Descent
for Shallow ReLU Networks∗

Yuqing Liu1,2 Yunwen Lei2†
1 RPTU Kaiserslautern-Landau, Kaiserslautern, Germany

2Department of Mathematics, The University of Hong Kong, Hong Kong, China
yuliu6@hku.hk leiyw@hku.hk

Abstract

Recent work [21, 41] shows that gradient descent (GD) can achieve almost opti-
mal risk bounds for shallow ReLU networks with a logarithmic width. However,
these discussions require O(n2) gradient computations to achieve this optimality,
which is computationally expensive for modern learning problems with a large
sample size n. In this paper, we significantly improve the gradient computation
complexity by showing that stochastic gradient descent (SGD) can achieve com-
parable risk bounds with only O(n) stochastic gradient computations for shallow
ReLU networks under logarithmic width conditions. Compared to GD, SGD in-
troduces additional stochastic fluctuations along the optimization process, making
the localization analysis more challenging. By leveraging concentration inequal-
ities to control these fluctuations, we show that the entire SGD trajectory stays
around its initialization point with high probability. Under an NTK separability
condition with margin γ, we prove that SGD achieves near-optimal risk bounds
Õ(1/(nγ2)) with a logarithmic width.

1 Introduction

Neural networks have become a powerful tool over the past few decades for addressing many chal-
lenging problems in modern machine learning and related applications. Despite their remarkable
empirical success, the theoretical foundations underlying their optimization and generalization be-
havior remain incomplete. In particular, understanding shallow ReLU networks remains difficult
since the associated objective function is nonsmooth and nonconvex. Although substantial progress
has been made, many existing analyses still rely on either strong assumptions on overparameteriza-
tion, smooth activation functions [41], or only imply guarantees in expectation [41]. For example,
initial analyses often require the width to grow as a polynomial function of the sample size n and
the iteration number T to obtain meaningful theoretical guarantees [1, 2, 49].

The seminal work [16] substantially advances the state of the art by showing that gradient de-
scent (GD) can achieve global convergence when training shallow ReLU networks, provided that
the width grows as a logarithmic function of n and T . This motivates several subsequent works
on the convergence and generalization of GD in the training of neural networks with logarithmic
width [21, 22, 41]. For example, the work [21] shows that optimization-dependent localization pro-
vides an effective framework for analyzing GD in shallow ReLU networks. The core idea is to
control the optimization trajectory, use this control to define a localized hypothesis class, and then
exploit the activation geometry of ReLU units to derive refined Rademacher complexity bounds.
In particular, under an NTK separability assumption, this approach shows that a ReLU network
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with polylogarithmic width can achieve a near-optimal rate of order 1/(nγ2), improving upon the
classical rate 1/(

√
nγ2) established in [2, 6, 16, 32].

While the works [21, 22, 41] develop optimal risk bounds for GD, they require O(n) iterations
and therefore a total O(n2) gradient computations since GD requires going through all training
examples per iteration. This computational complexity makes the result not applicable to large-
scale problems often encountered in practice. A natural choice to relax the computation burden is
to consider stochastic gradient descent (SGD) [29], where the true gradient is approximated by a
stochastic gradient. In this way, the gradient complexity per iteration is reduced from O(n) to O(1).
While SGD is more computationally efficient, it introduces random noise and fluctuations in the
trajectory. These fluctuations create additional challenges in the theoretical analysis. For example, it
is unclear whether the SGD trajectory can be controlled in a way similar to GD since the stochastic
gradient noise adds significant fluctuation in the optimization process. This challenge asks for the
development of new techniques in the localization analysis of SGD. Furthermore, it is also not clear
whether the handling of fluctuation requires smaller step sizes to stabilize the optimization process,
which in turn may lead to more iterations.

In this paper, we address the above-mentioned challenges by showing that SGD with O(n) gradient
computations can achieve almost optimal risk bounds. To our knowledge, this is the first result in a
fixed-sample setting. Our contributions are summarized below.

1. We develop a high-probability optimization framework for SGD on shallow ReLU net-
works under a general self-bounding and smooth loss. In particular, we show that, condi-
tional on a suitable initialization event, the SGD trajectory admits simultaneous localization
in both the Euclidean norm and the (2,∞)-norm. Moreover, the averaged empirical risk
satisfies an optimization bound of order Õ

(CS(W∗)
ηT

)
3, where η is the step size, T is the iter-

ation number and CS(W
∗) is an optimization-dependent radius determined by a reference

model W∗, the initialization W1, and the stochastic fluctuations of SGD. As compared
to gradient descent, the analysis with SGD is more challenging since the SGD trajectory
admits more fluctuations due to the noise in building stochastic gradients.

2. We combine this optimization-dependent localization with an initialization-dependent
Rademacher complexity analysis to derive population-risk bounds for SGD. Specifically,
we prove that the localized hypothesis class containing the SGD iterates has complexity of

order Õ
(√C(W∗)

n

)
, which leads to an averaged population-risk bound of order Õ

(C(W∗)
n

)
.

Here, n is the sample size and C(W∗) is a data-independent counterpart of CS(W
∗).

3. We apply the general theory to realizable and NTK-separable settings. Under NTK sepa-
rability with margin γ, we show that shallow ReLU networks trained by SGD with O(n)

iterations achieve high-probability risk bounds of order Õ
(

1
nγ2

)
, which is minimax optimal

up to logarithmic factors [37]. Significantly, our SGD analysis considers a fixed training set
and repeatedly samples from it, in contrast to the one-pass online SGD analysis of Ji and
Telgarsky [16], where each update uses a distinct sample drawn from the data distribution.
Moreover, this substantially improves the O(n2) gradient computations required for GD to
achieve similar risk bounds [21, 22, 41]. Our analyses only require a logarithmic width,
which is consistent with the existing work [21, 22, 41].

The paper is structured as follows. Section 2 reviews related work on risk analysis of neural net-
works. The framework is introduced in Section 3. Section 4 presents the main optimization and
generalization results. We conclude the paper in Section 5, and put all proofs in appendix.

2 Related Work

Optimization analysis. The optimization of overparameterized neural networks has been exten-
sively studied through the neural tangent kernel (NTK) framework introduced by Jacot et al. [15].
This framework provides a linearization of neural networks around initialization and enables global
convergence analyses for gradient-based methods in both shallow and deep architectures. Early re-
sults established convergence guarantees for GD applied to shallow ReLU networks under strong

3We use Õ to hide logarithmic factors.
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overparameterization assumptions, typically requiring the network width to scale polynomially with
the sample size [1, 2, 9]. These requirements have subsequently been relaxed by exploiting finer
structural properties of the loss landscape, such as semi-smoothness and refined curvature bounds
[33, 39, 49]. The seminal work [16] substantially relaxes the width condition by showing that shal-
low ReLU networks with a logarithmic width condition can achieve a global convergence. This
extension were extended to GD with more general self-bounding loss functions [21] and GD with
large step sizes [5, 44].

Generalization analysis. Generalization in neural networks has been widely studied through
capacity-based approaches, especially via Rademacher complexity and covering numbers. These
methods provide uniform convergence bounds for rich hypothesis classes and have led to a large
body of results for networks [4, 7, 12, 13, 18, 19, 25, 48]. In particular, path-norm were often used
to control the complexity of neural networks [10, 24, 30, 45]. For gradient-based training, such anal-
yses typically yield bounds of order Õ(n−1/2) after combining optimization control with uniform
convergence arguments [2, 16, 32].

A central difficulty in this direction is that classical capacity bounds are often too coarse to reflect
the behavior of trained networks, especially in highly overparameterized regimes. Recent work has
therefore sought finer, optimization-dependent complexity measures. In particular, the work [21, 22]
showed that for GD on ReLU networks, the optimization trajectory can be localized and the result-
ing localized class admits a refined Rademacher analysis. More recently, the work [20] developed
initialization-dependent and non-vacuous generalization bounds for overparameterized shallow net-
works by exploiting path-norm-type control relative to initialization.

Other than the uniform convergence analyses, there are also some recent work on develop-
ing generalization bounds of gradient methods on neural networks based on algorithmic stabil-
ity [8, 26, 35, 42, 43, 46]. However, the stability approach often implies bounds in expectation,
which cannot illustrate the high-order information of the SGD trajectory.

3 Problem Setup

Let ρ be a probability measure defined on a sample space Z = X × Y , where X ⊆ Rd is the
input space and Y = {−1, 1} is the output space. Let S = {z1, . . . , zn} be a dataset of n i.i.d.
samples drawn independently from ρ, where each z = (x, y) ∈ Z . We study one-hidden-layer
ReLU networks of the form

Φ(W;x) =

m∑
j=1

ajσ(w
⊤
j x), σ(a) = max{a, 0}, (3.1)

where m is the width of the hidden layer. Here, wj ∈ Rd denotes the connection weight for the
j-th hidden unit, and W = (w⊤

1 , . . . ,w
⊤
m)⊤ ∈ Rdm collects all hidden layer weights wj into a

column vector. The coefficients aj ∈ {−1/
√
m, 1/

√
m} are fixed connection weights from the j-th

hidden unit to the output node. Throughout the paper, we treat {aj}mj=1 as given and only optimize
the hidden weights W, which is widely adopted in the existing analyses [2, 6, 11, 16, 32, 41].

Given a loss function ℓ : R 7→ R+, we define the sample-wise loss at z = (x, y) by
f(W; z) = ℓ(yΦ(W;x)).

The empirical risk and population risk are defined as

FS(W) =
1

n

n∑
i=1

f(W; zi) and F (W) = Ez[f(W; z)] (3.2)

where Ez[·] denotes the expectation with respect to (w.r.t.) z ∼ ρ. Let N(0, Id) denote a standard
Gaussian distribution in Rd.
Definition 1 (Initialization). We adopt a symmetric initialization scheme that plays a central role in
the analysis sections. Assume m is even. For j = 1, . . . ,m/2, we sample

w1,j ∼ N(0, Id) and set w1,j+m/2 = w1,j ,

and assign output weights in opposite pairs:

aj+m/2 = −aj , |aj | =
1√
m
.
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Under this construction, the network is initialized at zero: Φ(W1;x) = 0,∀x ∈ X . We train the
hidden weights W by stochastic gradient descent (SGD) with a constant step size η > 0.
Definition 2 (Stochastic gradient descent). Let η > 0. Let W1 be initialized by the above symmetric
random scheme. At iteration t, sample it uniformly from [n] := {1, . . . , n} and update

Wt+1 = Wt − η∇f(Wt; zit), t = 1, . . . , T. (3.3)

Since ReLU activation is not differentiable everywhere, we interpret the gradient in Eq. (3.3) as a
subgradient. In particular, the update can be written component-wise as

wt+1,j = wt,j − ηajyitℓ
′(yitΦ(Wt;xit))I[w⊤

t,jxit≥0]xit , ∀j ∈ [m], (3.4)

where ℓ′(a) denotes the derivative of ℓ at a and I[·] is the indicator function, i.e., returning 1 if the
argument holds and 0 otherwise. We impose standard assumptions on the loss function and the input
data. We call ℓ is convex if ℓ(a) ≥ ℓ(a′) + (a− a′)ℓ′(a′) for any a, a′ ∈ R.
Assumption 1. Suppose the function a 7→ ℓ(a) is convex, nonnegative and L-smooth, i.e., |ℓ′(a)−
ℓ′(a′)| ≤ L|a − a′| for all a, a′ ∈ R. Furthermore, assume for any a, |ℓ′(a)| ≤ L̃ℓ(a) for some
L̃ > 0 and |ℓ′(a)| ≤ G for some G > 0.

Assumption 1 is satisfied, for example, by the logistic loss ℓ(a) = log(1 + exp(−a)), as well as by
polynomially-tailed and sub-exponential-tailed losses [36]. For simplicity, we set L̃ = 1 throughout
the paper. We let ∥ · ∥2 denote the Euclidean norm, which becomes the Frobenius norm if applied to
a matrix. The following assumption is standard in risk analysis of SNNs [2, 14, 16].
Assumption 2. We assume ∥x∥2 = 1 for all x ∈ X .

Under these assumptions, we can build the following self-bounding property of f [21]

∥∇f(W; z)∥2 = ∥∇Φ(W;x)∥2|ℓ′(yΦ(W;x))| ≤ ℓ(yΦ(W;x)) = f(W; z), (3.5)

where we have used the fact ∥∇Φ(W;x)∥2 ≤ 1 and |ℓ′(a)| ≤ ℓ(a).

4 Main Results

Our goal is to control the average population risk along the SGD trajectory. The overall decomposi-
tion picture can be expressed as

1

T

T∑
t=1

F (Wt) =
1

T

T∑
t=1

(
F (Wt)− 2FS(Wt)

)
+

2

T

T∑
t=1

FS(Wt).

The second term is controlled by the optimization analysis from Section 4.1. For the first term,
we will derive a uniform bound over a localized hypothesis class containing the SGD iterates, by
combining a Rademacher complexity estimate with an optimistic generalization bound.

4.1 Optimization Analysis

We first present the optimization analysis, which provides high-probability control of the SGD tra-
jectory. This control will later be used to define a localized hypothesis class for the generalization
analysis. The following lemma shows the behavior of the network initialization.
Lemma 1 ([16]). Let R > 0. For any δ ∈ (0, 1), with probability at least 1 − δ w.r.t. the random-
ization of W1, it holds simultaneously for all i ∈ [n] that∣∣{j ∈ [m] : |w⊤

1,jxi| ≤ R
}∣∣ ≤ 2Rm√

π
+

(m log(n/δ)

2

) 1
2

:= CR, (4.1)

where | · | denotes the cardinality of a set.

In our analysis, we often encounter an event on the initialization w.r.t. W1, which we will show
with high probability. For brevity of reference, we give a formal definition. For any W,W′, we
denote ∥W −W′∥2,∞ = maxj∈[m] ∥wj −w′

j∥2. Let

CS(W
∗) := 2∥W1 −W∗∥22 + 4ηTFS(W

∗) + 36η2G2 log2
2T

δ
(4.2)
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and

R̂1(CS(W
∗)) :=

(
1 +

2L

G

)CS(W
∗)√

m
+

Gη log(mT/δ)√
m

. (4.3)

Definition 3 (Initialization event E1). Fix a reference model W∗ and let R1 > 0 be a number
independent of W1. Define E1 (w.r.t. W1) as the event that:

(i) For all i ∈ [n],∣∣{j ∈ [m] : |w⊤
1,jxi| ≤ R1}

∣∣ ≤ 2R1m√
π

+
(m log(n/δ)

2

) 1
2

=: CR1 . (4.4)

(ii) We have

max
{
R̂1(CS(W

∗)), ∥W∗ −W1∥2,∞
}
≤ R1 ≤

√
π

16CS(W∗)
. (4.5)

By Lemma 1, part (i) holds with probability at least 1 − δ. In the NTK section, we verify that part
(ii) also holds with high probability under an NTK separability assumption.

Theorem 2, to be proved in Section A.1, illustrates the convergence behavior of SGD. Eq. (4.6) gives
convergence rates for an average of empirical risks under the constraint m ≳ C2

S(W
∗).

Theorem 2 (Optimization rate for SGD). Let Assumptions 1, 2 hold. Let R1 and the event E1 be
as in Definition 3 and {Wk}T+1

k=1 be generated by SGD with step size η ≤ 1
256L log(2T/δ) . Assume

the width satisfies m ≥ 32C2
S(W

∗) log n
δ . Then, conditional on E1, with probability at least 1− 2δ

w.r.t. {it}, for all t ∈ [T + 1], we have

∥Wt −W∗∥22 ≤ CS(W
∗), η

t−1∑
k=1

FS(Wk) ≤ CS(W
∗). (4.6)

Furthermore, for all t ∈ [T + 1], there holds

∥Wt −W1∥2,∞ ≤ R̂1

(
CS(W

∗)
)
. (4.7)

Remark 1. Theorem 2 shows not only empirical-risk control but also pathwise localization of SGD.
The Euclidean bound in (4.6) and the (2,∞) bound in (4.7) together ensure that the SGD iterates
stay in a controlled local class, which is the basis for the generalization analysis. Compared with de-
terministic GD analyses such as [16, 21, 28, 41], the SGD proof must additionally control martingale
fluctuations from sample-wise updates.

For the above optimization error bounds, our overparameterization requirement assumption involves
CS(W

∗). To interpret this constraint, we introduce the following realizability assumption for SNNs.
This assumption has been considered in the literature for linear models [36] and SNNs with smooth
activation functions [41]. We will verify this assumption for SNNs with the ReLU activation func-
tion. The proof of Theorem 3 is given in Section A.1.

Assumption 3 (Realizability). Assume there exists a decreasing function g : R+ 7→ R+ such that
for any ϵ > 0 there exists Wϵ ∈ Rmd with

FS(W
ϵ) ≤ ϵ, ∥Wϵ −W1∥2 ≤ g(ϵ)

and

∥Wϵ −W1∥2,∞ ≤
√
π

16CS(Wϵ)
.

Theorem 3. Let Assumptions 1, 2, 3 hold. Suppose m ≥ 32 log n
δ

(
2g2( 1

T )+
1

64L log 2T
δ

+ 9G2

16384L2

)2
and event E1 holds. If η ≤ 1

256L log(2T/δ) , then conditional on E1, with probability at least 1 − 2δ

w.r.t. {it}, we can find W
1
T such that for all t ∈ [T + 1]

∥Wt −W
1
T ∥22 ≤ 2g2(

1

T
) + 4η + 36η2G2 log2

2T

δ
(4.8)
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and
1

T

T∑
k=1

FS(Wk) ≤
2g2(1/T )

ηT
+

4

T
+

36ηG2

T
log2

2T

δ
. (4.9)

Furthermore,

∥Wt−W1∥2,∞ ≤
(
1+

2L

G

)2g2( 1
T ) + 4η + 36η2G2 log2 2T

δ√
m

+
Gη log(mT/δ)√

m
, ∀t ∈ [T+1].

(4.10)

Corollary 4 is a direct application of Theorem 3, where we remove the assumption on the event E1.
Corollary 4. Let

B̄T := 2g2(1/T ) +
1

64L log 2T
δ

+
9G2

16384L2
.

Suppose that Assumptions 1, 2, and 3 hold. Assume m ≥ 32 log n
δ B̄2

T , η ≤ 1
256L log(2T/δ) ,

∥W 1
T −W1∥2,∞ ≤

√
π

16B̄T
(4.11)

and (
1 +

2L

G

) B̄T√
m

+
Gη log(mT/δ)√

m
≤

√
π

16B̄T
. (4.12)

Then, with probability at least 1− 3δ, the inequalities (4.8),(4.9) and (4.10) hold for all t ∈ [T +1].
Remark 2. If g(ϵ) ≲ log(1/ϵ)4, then by Corollary 4, we have that with probability at least 1− 3δ,
for all t ∈ [T + 1],

∥Wt −W
1
T ∥22 = Õ(log2 T ),

1

T

T∑
k=1

FS(Wk) =
Õ(log2 T )

ηT

and

∥Wt −W1∥2,∞ =
Õ(log2 T )√

m
.

In this case, the width constraint on the SNN is sufficient up to a polylogarithmic factor. Specifically,
by combining the constraints in Eq. (4.12) and m ≥ 32 log n

δ , we obtain m ≳ log8 T.

4.2 Generalization Analysis

We now turn to the generalization analysis. The key idea is to combine the optimization-dependent
localization with a uniform convergence argument over the induced hypothesis class, which depends
on the complexity of the space.
Definition 4 (Rademacher complexity [3]). Let F be a class of real-valued functions over a space
Z and let S = {zi}ni=1 ⊂ Z . The empirical Rademacher complexity of F w.r.t. S is defined as

RS(F) = Eϵ

[
sup
f∈F

1

n

n∑
i=1

ϵif(zi)
]
,

where ϵ = (ϵi)i∈[n] ∼ {±1}n are independent Rademacher variables.

We assume that the reference model W∗ is independent of the sample S throughout this section. Let
b∗ ≥ supz f(W

∗; z) be independent of S and W1. Define the data-independent complexity radius

C(W∗) := 2∥W1 −W∗∥22 + 4ηT
(
2F (W∗) +

7 b∗ log(2/δ)

6n

)
+ 36η2G2 log2

2T

δ
. (4.13)

We consider the localized parameter class

4For nonnegative quantities A and B, we write A ≲ B or A ≳ B if there is a universal constant κ > 0 such that
A ≤ κB or A ≥ κB. We denote A ≍ B if there exist universal constants κ1, κ2 such that κ1A ≤ B ≤ κ2A.
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W :=
{
W ∈ Rmd : ∥W −W∗∥22 ≤ C(W∗)

}
(4.14)

and the hypothesis class
F := {x 7→ Φ(W;x) : W ∈ W}. (4.15)

For the sample S, define
RS,n(F) := sup

S̃⊆S: |S̃|=n

RS̃(F). (4.16)

The following lemma gives an estimate of the Rademacher complexity of the localized class.
Lemma 5. Let Assumption 2 hold. Let W and F be defined as in (4.14) and (4.15). Then

RS,n(F) = Õ
(√C(W∗)

n

)
. (4.17)

Remark 3. The work [16] considered the function space

F1 := {x 7→ Φ(W;x) : ∥W −W1∥2,∞ ≤ C(W∗)/
√
m}

and showed that
RS,n(F1) ≤ C(W∗)/

√
n. (4.18)

The recent work [21] considered the function space

F2 := {x 7→ Φ(W;x) : ∥W −W∗∥22 ≤ C(W∗), ∥W −W1∥2,∞ ≤ C(W∗)/
√
m}.

Under a condition that Eq. (4.1) holds with R ≍ C(W∗)/
√
m, it was shown there [21] that

RS,n(F2) ≲
C(W∗)

(
C

1
2 (W∗) + log

1
4 (n/δ)

)
√
nm

1
4

+

√
C(W∗)√

n
. (4.19)

As compared to Eq. (4.18), we consider a local space with a constraint by ∥ · ∥2 instead of
∥ · ∥2,∞. Furthermore, our bound improves Eq. (4.18) by replacing C(W∗) with C

1
2 (W∗). As com-

pared to Eq. (4.19), our Rademacher complexity bound removes the constraint ∥W −W1∥2,∞ ≤

C(W∗)/
√
m in the function space, the term

C(W∗)
(
C

1
2 (W∗)+log

1
4 (n/δ)

)
√
nm

1
4

in the upper bound and also

the condition on Eq. (4.1).

For brevity, we define another event that holds with high probability. With high probability,
Eq. (4.20) follows by local Rademacher complexity analysis [40], while Eq. (4.21) follows by a
standard Bernstein inequality.
Definition 5 (Generalization event E2). Let b := 2b∗ + LC(W∗). We define E2 as the event that
the following inequalities hold simultaneously:

(i) for all W ∈ W ,

F (W)− FS(W) ≲ FS(W)1/2
(√

L log3 nRS,n(F) +
(b log(2/δ)

n

)1/2)
+ L log3 nR2

S,n(F) +
b log(2/δ)

n
; (4.20)

(ii) for the reference model W∗,

|FS(W
∗)− F (W∗)| ≤ 2b∗ log(2/δ)

3n
+

(2b∗F (W∗) log(2/δ)

n

)1/2

. (4.21)

We are now ready to present population risk bounds under the event E1 ∩ E2.
Theorem 6 (Risk bounds for SGD). Let the assumptions of Theorem 2 hold. Then, on the event
E1 ∩ E2, we have

1

T

T∑
t=1

F (Wt) = Õ
(C(W∗)

n
+

b log(2/δ)

n
+

C(W∗)

ηT

)
. (4.22)
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Theorem 7 (Risk bounds under realizability). Let Assumptions 1, 2, and 3 hold. Assume η ≤
1

256L log(2T/δ) and ηT ≍ n. Then on E1 ∩ E2, we have

1

T

T∑
t=1

F (Wt) = Õ
(g2(1/T )

n

)
. (4.23)

Theorem 6 and Theorem 7 require E1 ∩ E2 to hold. Corollary 8 removes this requirement. To our
knowledge, this gives the first excess risk bounds of order Õ(1/n) for SGD on ReLU networks.
Corollary 8. Let δ ∈ (0, 1), and Assumptions 1, 2, 3 hold with Wϵ independent of S. Assume
η ≤ 1

256L log(2T/δ) , ηT ≍ n, m ≥ 128
π B̄4

T ∨ 32 log n
δ B̄2

T and Eq. (4.11), Eq. (4.12) hold. Then,
with probability at least 1− 4δ, we have

1

T

T∑
t=1

F (Wt) = Õ
(g2(1/T )

n

)
. (4.24)

In particular, if g(ϵ) ≲ log(1/ϵ), then 1
T

∑T
t=1 F (Wt) = Õ(1/n).

Remark 4. Our results provide a high-probability framework for analyzing SGD in shallow ReLU
networks through optimization-dependent localization. Unlike analyses based on global landscape
conditions or purely linearized NTK dynamics, our approach derives a local hypothesis class directly
from the stochastic training trajectory and combines it with refined Rademacher complexity bounds.
Our results complement several modern directions in the theory of stochastic optimization for neural
networks. In contrast to analyses based on global geometric conditions such as Polyak–Łojasiewicz
or Łojasiewicz-type inequalities [1, 17, 23], our approach does not assume a favorable landscape a
priori; instead, it derives localization directly from the SGD dynamics.

4.3 NTK separability

In this subsection, we connect our optimization and generalization analysis for SGD to the classical
NTK separability condition, which assumes that the data distribution is separable by the random
NTK feature map at initialization with margin γ. Our goal is to verify that the event E1 in Def-
inition 3 holds with high probability under NTK separability and symmetric initialization. As a
consequence, our general results recover the population risk bound Õ(1/(nγ2)).

Assumption 4 (Separability by NTK [32]). Let γ, β > 0. Assume there exists v∗ ∈ Rmd with

∥v∗∥2 = 1, ∥v∗∥2,∞ ≤ β,

such that
y
〈
∇Φ(W1;x), v∗

〉
≥ γ almost surely for (x, y) ∼ ρ.

Note that the reference model W∗ is assumed to be independent of the training sample S throughout
Section 4.2. Under Assumption 4, v∗ may depend on the initialization W1, but is independent of S.
Hence, the reference model Wϵ = W1 + αϵv∗ is also independent of S.

The next lemma shows that Assumption 3 is implied by Assumption 4 in the case of the logistic
loss. In particular, it yields the choice g(ϵ) ≲ log(1/ϵ)/γ.
Lemma 9 (Realizability from NTK separability [21]). Suppose Assumption 4 holds and let ℓ be the
logistic loss. For any ϵ ∈ (0, 1), define

Wϵ = W1 + αϵv∗, αϵ =
2 log(1/ϵ)

γ
. (4.25)

If

αϵβ
2 ≤ γ

√
π

8
√
m
, β ≤ γ

4 log1/2(n/δ)
, (4.26)

then with probability at least 1− δ over the randomness of W1, we have

f(Wϵ; zi) ≤ ϵ, ∀i ∈ [n].

Moreover,
∥Wϵ −W1∥2 = αϵ, ∥Wϵ −W1∥2,∞ ≤ αϵβ.

8



Taking ϵ = 1/T in Lemma 9, set α = 2 log T/γ and W1/T = W1 + αv∗. Then, with high
probability, we know

FS(W
1/T ) ≤ 1

T
, ∥W1/T −W1∥2 = α, ∥W1/T −W1∥2,∞ ≤ αβ.

Consequently,

CS(W
1/T ) ≤ 2α2 + 4η + 36η2G2 log2

2T

δ
=: C̄T . (4.27)

The corresponding population-radius bound for C(W1/T ) is derived in Appendix A.3. Recall R̂1(·)
from Definition 3(ii). We choose

R1 := max
{
R̂1(C̄T ), αβ

}
, (4.28)

where R̂1(C̄T ) =
(
1 + 2L

G

)
C̄T√
m

+ Gη log(mT/δ)√
m

. The next lemma verifies that the localization event
E1 holds under explicit NTK-type conditions.
Lemma 10. Under Assumptions 2 and 4, and (4.26) with ϵ = 1/T , assume

αβ C̄T ≤
√
π

16
, R̂1(C̄T ) C̄T ≤

√
π

16
,

and
m ≥ max

{128

π
C̄4

T , 32C̄
2
T log

n

δ

}
.

Then with probability at least 1− 2δ, the event E1 holds with reference model W∗ = W1/T .

We now state the resulting population risk bound under NTK separability.
Theorem 11 (Risk bound under NTK separability). Let δ ∈ (0, 1), and suppose Assumptions 1, 2,
and 4 hold. Assume η ≤ 1

256L log(2T/δ) , ηT ≍ n. Set α = 2 log T
γ . If Eq. (4.26) and the assumptions

of Lemma 10 hold with ϵ = 1/T , then with probability at least 1− δ,

1

T

T∑
t=1

F (Wt) = Õ
( 1

nγ2

)
.

Remark 5. Under the NTK separability, Lemma 9 shows that Assumption 3 holds with g(ϵ) ≲
log(1/ϵ)/γ. Hence Theorem 7 immediately implies the rate Õ(1/(nγ2)), which, according to the
discussions in [37, 38] is optimal up to a logarithmic factor. This rate significantly improves the ex-
isting rate of order Õ(1/

√
nγ2) [16]. The recent work [21, 41] also gave rates of order Õ(1/(nγ2))

for GD with T ≍ n. Since GD requires passing over all the training examples to compute the
gradient, this requires O(n2) gradient computations to achieve the rate of order Õ(1/(nγ2)). As a
comparison, Theorem 11 shows that SGD with T ≍ n can achieve the same rate under the same
NTK separability condition assumption, which requires O(n) gradient computations since we only
compute the gradient once per iteration. Therefore, SGD significantly improves the gradient com-
plexity in [21, 22, 41] to achieve almost optimal risk bounds. We summarize the comparison in
Table 1.

The work [16] also considered SGD in an online/one-pass setting, where each training example
arrives sequentially from ρ and is used only once. In their setting, there is no need to consider
generalization issues since zt has no dependency with wt. As a comparison, we consider a fixed
training set and allow each training example to be used several times, which is often the choice in
practice to fully utilize the training datasets. Indeed, multi-pass SGD often empirically lead to better
generalization than the one-pass counterpart in practice [34]. The multi-pass setting introduces an
additional generalization issue between training and testing, which is controlled by our Rademacher
complexity analysis. Furthermore, the analysis in [34] only gives a high-probability bound ∥Wt −
W1∥2,∞ = Õ(1/(

√
mλ2)). As a comparison, we also give a high-probability bound on ∥Wt −

W1∥2, which is crucial to build a localized parameter space {W : ∥W − W∗∥22 ≤ C(W∗)} in
Eq. (4.14) and to conduct our Rademacher complexity analysis. Indeed, the constraint on ∥Wt −
W1∥2,∞ ignores the correlation among different components of Wt, and Rademacher complexity
analysis with this constraint incurs a factor of

√
m, as shown in Lemma B.3 of [34].
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Work Method Bound Activation Width Type GC

[32] GD Õ
(
1/(n

1
4 γ

1
2 )
)

Smooth polynomial high-probability n
3
2 /γ

[16] GD Õ
(
1/(

√
nγ2)

)
ReLU logarithmic high-probability n2

[16] One-pass SGD Õ(1/(nγ2)) ReLU logarithmic high-probability n

[41] GD Õ(1/(nγ2)) Smooth logarithmic expectation n2

[21] GD Õ(1/(nγ2)) ReLU logarithmic high-probability n2

Thm. 11 Multi-pass SGD Õ(1/(nγ2)) ReLU logarithmic high-probability n

Table 1: Comparison of the risk bounds under NTK separability condition with margin γ. “GC”
means the gradient complexity. The work [41] used stability analysis to derive risk bounds in ex-
pectation, while other works used Rademacher complexity analysis to derive high-probability risk
bounds. The one-pass SGD analysis in [16] assumes that each training example arrives sequentially
from ρ and is used only once. In their setting, there is no need to consider generalization issues since
zt has no dependency with wt.

5 Conclusion

We developed a high-probability framework for analyzing SGD in shallow ReLU networks
through optimization-dependent localization. Under realizability or NTK separability, the resulting
population-risk bounds are nearly optimal while requiring only O(n) stochastic-gradient computa-
tions when T ≍ n. The scope of the framework, together with several directions for extending it to
other architectures and optimization methods, are discussed in Appendix B.
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A Proofs

We give the proof details for Section 4. The analysis proceeds in three steps.

First, we prove a pathwise optimization result: on the initialization event E1, the SGD iterates
remain localized around a reference model W∗ in Euclidean norm and around the initialization W1

in (2,∞)-norm. The latter control is essential for the nonlinear activation function ReLU to handle
activation changes of ReLU units.

12



Second, we use this localization to define the hypothesis class F . Its Rademacher complexity
is bounded by embedding the localized class into a Euclidean ball centered at initialization and
applying the complexity estimate of [20]. The event E2 turns this complexity bound into a uni-
form population-risk estimate. Bernstein’s inequality is used to replace the sample-dependent radius
CS(W

∗) by the data-independent radius C(W∗).

Finally, under NTK separability, we construct the reference model W1/T = W1 + αv∗ with α =
2 log T/γ. The margin γ controls the loss of this reference model, while β controls its neuron-wise
displacement. This verifies E1 and yields the NTK-separable risk bound.

Table 2 collects the main quantities appearing in the local optimization control and the subsequent
uniform generalization analysis.

Table 2: Main quantities used in the proofs.
Symbol Definition

CS(W
∗) 2∥W1 −W∗∥22 + 4ηTFS(W

∗) + 36η2G2 log2
2T

δ

R̂1(C)
(
1 +

2L

G

) C√
m

+
Gη log(mT/δ)√

m
R1 Initialization radius in E1; in the NTK section, R1 = max{R̂1(C̄T ), αβ}.

CR1

2R1m√
π

+
(m log(n/δ)

2

)1/2

; upper bound on the number of near-flipping
neurons.

C(W∗) 2∥W1 −W∗∥22 + 4ηT
(
2F (W∗) +

7b∗ log(2/δ)

6n

)
+ 36η2G2 log2

2T

δ
W

{
W : ∥W −W∗∥22 ≤ C(W∗)

}
F {x 7→ Φ(W;x) : W ∈ W}
E1 Initialization and localization event in Definition 3

E2 Generalization event in Definition 5

b∗ b∗ ≥ sup
z

f(W∗; z)

b b = 2b∗ + LC(W∗)

C̄T 2α2 + 4η + 36η2G2 log2
2T

δ
ξk, ξ

′
k Martingale terms in the SGD recursion

A.1 Proofs on Optimization

In this subsection, we present the proofs for the optimization analysis. Lemma 14 controls the
distance between the SGD iterates and the initialization, as measured by the (2,∞)-norm. The
proof requires concentration inequalities on martingales.
Lemma 12 ([47]). Let z1, . . . , zn be a sequence of independent random variables. Consider a
sequence of functionals ξk(z1, . . . , zk), k = 1, . . . , n.

(a) Assume that |ξk −Ezk [ξk]| ≤ bk for each k. Let δ ∈ (0, 1). With probability at least 1− δ,
we have

n∑
k=1

ξk −
n∑

k=1

Ezk [ξk] ≤
(
2

n∑
k=1

b2k log
1

δ

) 1
2

. (A.1)

(b) Let σ2
n =

∑n
k=1 Ezk

[(
ξk − Ezk [ξk]

)2]
be the conditional variance. Assume that ξk −

Ezk [ξk] ≤ b for each k. Let ρ ∈ (0, 1] and δ ∈ (0, 1). With probability at least 1 − δ, we
have

n∑
k=1

ξk −
n∑

k=1

Ezk [ξk] ≤
ρσ2

n

b
+

b log 1
δ

ρ
. (A.2)

Lemma 13 (Self-bounding property[40]). If ℓ is nonnegative and L-smooth, then |ℓ′(a)|2 ≤ 2Lℓ(a).
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The following lemma provides a pathwise, neuron-wise bound of the displacement, ensuring that
the SGD iterates stay within the localized ReLU regime. This constitutes the central stochastic
component in the optimization analysis.

Lemma 14. If Assumption 1 and Assumption 2 hold, then with probability at least 1 − δ, we have
the following hold for all j ∈ [m] and t ∈ [T ]

∥wt+1,j −w1,j∥2 ≤ 2Lη

G
√
m

t∑
k=1

FS(Wk) +
Gη log(mT/δ)√

m
+

t∑
k=1

η√
m
FS(Wk)

Proof. According to Eq. (3.4) and |ℓ′(a)| ≤ ℓ(a), we know

Eit [∥wt+1,j −wt,j∥2] ≤
η√
m
Eit

[∥∥∥yitℓ′(yitΦ(Wt;xit))I[w⊤
t,jxit≥0]xit

∥∥∥
2

]
=

η

n
√
m

n∑
i=1

∥∥∥yiℓ′(yiΦ(Wt;xi))I[w⊤
t,jxi≥0]xi

∥∥∥
2
≤ η

n
√
m

n∑
i=1

∣∣ℓ′(yiΦ(Wt;xi))
∣∣

≤ η

n
√
m

n∑
i=1

ℓ(yiΦ(Wt;xi)) =
η√
m
FS(Wt). (A.3)

Define
ξt = ∥wt+1,j −wt,j∥2 − Eit [∥wt+1,j −wt,j∥2].

Then, we have

ξt ≤
η√
m

∥∥∥yitℓ′(yitΦ(Wt;xit))I[w⊤
t,jxit≥0]xit

∥∥∥
2
≤ Gη√

m
.

Moreover, by the self-bounding property |ℓ′(a)|2 ≤ 2Lℓ(a), we know

Varit [ξt] ≤ Eit [∥wt+1,j −wt,j∥22] ≤
η2

m
Eit

[∥∥∥yitℓ′(yitΦ(Wt;xit))I[w⊤
t,jxit≥0]xit

∥∥∥2
2

]
≤ η2

m
Eit

[
|ℓ′(yitΦ(Wt;xit))|2

]
≤ 2Lη2

m
Eit

[
ℓ(yitΦ(Wt;xit))

]
=

2Lη2FS(Wt)

m
.

According to Part (b) of Lemma 12, with ρ = 1 and confidence δ/(mT ), we have that with proba-
bility at least 1− δ/(mT )

t∑
k=1

ξk ≤
√
m

Gη

t∑
k=1

2Lη2FS(Wk)

m
+

Gη log(mT/δ)√
m

=
2Lη

G
√
m

t∑
k=1

FS(Wk) +
Gη log(mT/δ)√

m
.

Combining it with (A.3), we have

t∑
k=1

∥wk+1,j −wk,j∥2 =

t∑
k=1

(
ξk + Eik [∥wk+1,j −wk,j∥2]

)
≤ 2Lη

G
√
m

t∑
k=1

FS(Wk) +
Gη log(mT/δ)√

m
+

t∑
k=1

η√
m
FS(Wk).

Finally, by the triangle inequality, we know

∥wt+1,j −w1,j∥2 ≤
t∑

k=1

∥wk+1,j −wk,j∥2.

Taking a union bound over all (t, j) yields the stated claim with probability at least 1− δ.
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The following lemma shows a weak-convexity property of FS on a ball around the initialization
point. It shows that as the network width increases, the objective function becomes progressively
closer to convex. Define the ball

BR =
{
W ∈ Rmd : ∥W −W1∥2,∞ ≤ R

}
. (A.4)

Lemma 15 ([21]). Let W,W′ ∈ BR1
. Under the event E1, we have

⟨W′ −W,∇FS(W
′)⟩ ≥ FS(W

′)− FS(W)

+
1

2Ln

n∑
i=1

(
ℓ′(yiΦ(W;xi))− ℓ′(yiΦ(W

′;xi))
)2 − C

1
2

R1
∥W −W′∥2FS(W

′)
√
m

.

The following lemma follows directly from the self-bounding property of nonnegative and smooth
loss functions. That is, if g is nonnegative and L-smooth, we have ∥∇g(w)∥2 ≤ 2Lg(w).
Lemma 16. Let gk = ℓ′(yikΦ(Wk;xik)). Under Assumptions 1, 2, we know∣∣gk − Ek[gk]

∣∣ ≤ 2G and Ek

[
g2k
]
≤ 2LFS(Wk). (A.5)

Proof of Theorem 2. We divide the proof into three steps: a one-step progress inequality, martingale
decompositions, and an induction argument on a high-probability event.

Step 1: One-step progress inequality.

By Eq. (3.3) and ∥∇Φ(W;x)∥2 ≤ 1 [21], we know∥∥Wk+1 −W∗∥∥2
2
=

∥∥Wk − η∇f(Wk; zik)−W∗∥∥2
2

=
∥∥Wk −W∗∥∥2

2
+ η2∥∇f(Wk; zik)∥22 + 2η

〈
W∗ −Wk,∇f(Wk; zik)

〉
=

∥∥Wk −W∗∥∥2
2
+ η2∥yikℓ′(yikΦ(Wk;xik))∇Φ(Wk;xik)∥22 + 2η

〈
W∗ −Wk,∇f(Wk; zik)

〉
≤

∥∥Wk −W∗∥∥2
2
+ η2|ℓ′(yikΦ(Wk;xik))|2 + 2η

〈
W∗ −Wk,∇f(Wk; zik)

〉
.

Summing the above inequality, we obtain∥∥Wt+1−W∗∥∥2
2
≤ ∥W1−W∗∥22+η2

t∑
k=1

|ℓ′(yikΦ(Wk;xik))|2+2η

t∑
k=1

〈
W∗−Wk,∇f(Wk; zik)

〉
.

(A.6)

Step 2: Martingale decompositions.

For k = 1, . . . , T , define ξk and ξ′k as

ξk =
(〈

W∗ −Wk,∇f(Wk; zik)
〉
− Eik

[〈
W∗ −Wk,∇f(Wk; zik)

〉])
I
[∥W∗−Wk∥2≤

√
CS(W∗)]

ξ′k = |ℓ′(yikΦ(Wk;xik))|2 − Eik

[
|ℓ′(yikΦ(Wk;xik))|2

]
.

Then, since ∥∇f(Wk; zik)∥2 ≤ G we know
|ξk| ≤ 2∥W∗ −Wk∥2∥∇f(Wk; zik)∥2I[∥W∗−Wk∥2≤

√
CS(W∗)]

≤ 2G
√
CS(W∗)I

[∥W∗−Wk∥2≤
√

CS(W∗)]
.

Moreover, by the self-bounding property |ℓ′(a)|2 ≤ 2Lℓ(a) and the fact ∥∇Φ(W;xik)∥2 ≤ 1, we
know
Varik [ξk] ≤ Eik

[
ξ2k
]

≤ Eik

[〈
W∗ −Wk,∇f(Wk; zik)

〉2I
[∥W∗−Wk∥2≤

√
CS(W∗)]

]
≤ ∥W∗ −Wk∥22 Eik

[
∥∇f(Wk; zik)∥22

]
I
[∥W∗−Wk∥2≤

√
CS(W∗)]

≤ ∥W∗ −Wk∥22Eik

[
∥∇Φ(Wk;xik)∥22|ℓ′(yikΦ(Wk;xik))|2

]
I
[∥W∗−Wk∥2≤

√
CS(W∗)]

≤ 2LCS(W
∗)Eik [ℓ(yikΦ(Wk;xik))]I[∥W∗−Wk∥2≤

√
CS(W∗)]

≤ 2LCS(W
∗)FS(Wk)I[∥W∗−Wk∥2≤

√
CS(W∗)]

.
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Applying Lemma 12(b) with ρ1 ∈ (0, 1],

b = 2G
√

CS(W∗), σ2 = 2LCS(W
∗)

t∑
k=1

FS(Wk)I[∥W∗−Wk∥2≤
√

CS(W∗)]
,

with confidence level δ/(2T ) and taking a union bound over t = 1, . . . , T , we obtain that with
probability at least 1− δ

2 ,
t∑

k=1

ξk ≤ ρ1L

G

√
CS(W∗)

t∑
k=1

FS(Wk)I[∥W∗−Wk∥2≤
√

CS(W∗)]
+

2G

ρ1

√
CS(W∗) log

2T

δ
. (A.7)

By Lemma 16, |ξ′k| ≤ 2G2, and the self-bounding property Eik [|ℓ′(yikΦ(Wk;xik))|2] ≤
2LEik [ℓ(yikΦ(Wk;xik))], we know

Varik [ξ
′
k] ≤ Eik

[
(ξ′k)

2
]
≤ Eik

[
|ℓ′(yikΦ(Wk;xik))|4

]
≤ G2Eik

[
|ℓ′(yikΦ(Wk;xik))|2

]
≤ 2G2LFS(Wk).

Applying Lemma 12 (b) again with b = 2G2, σ2 = 2LG2
∑t

k=1 FS(Wk), ρ2 ∈ (0, 1], with
confidence level δ/(2T ) and taking a union bound over t = 1, . . . , T , we have with probability at
least 1− δ

2 ,
t∑

k=1

ξ′k ≤ ρ2L

t∑
k=1

FS(Wk) +
2G2

ρ2
log

2T

δ
. (A.8)

Step 3: Induction on a high-probability event.

Let Eξ denote the event that Eq. (A.7) holds for all t ≤ T , and let Eξ′ denote the event that Eq.
(A.8) holds for all t ≤ T . Let Ew denote the event that Lemma 14 holds for all t ≤ T and all
j ∈ [m]. Define G := E1 ∩ Eξ ∩ Eξ′ ∩ Ew. We prove Eq. (4.6) on G by induction on t.

The base case holds since ∥W1−W∗∥22 ≤ CS(W
∗) by Eq. (4.2) and

∑0
k=1 FS(Wk) = 0. Assume

for all k ≤ t,

∥Wk −W∗∥2 ≤
√
CS(W∗) and

t−1∑
k=1

ηFS(Wk) ≤ CS(W
∗). (A.9)

Then I
[∥W∗−Wk∥2≤

√
CS(W∗)]

= 1 for all k ≤ t, and

|ℓ′(yikΦ(Wk;xik))|2 = Eik [|ℓ′(yikΦ(Wk;xik))|2] + ξ′k

≤ 2LFS(Wk) + ξ′k, (A.10)

together with Eq. (A.8), we have

η2
t∑

k=1

|ℓ′(yikΦ(Wk;xik))|2 ≤ 2η2L

t∑
k=1

FS(Wk) + Lη2ρ2

t∑
k=1

FS(Wk) +
2η2G2

ρ2
log

2T

δ
.

(A.11)
Meanwhile, since Eik [∇f(Wk; zik)] = ∇FS(Wk), we have

Eik

[〈
W∗ −Wk,∇f(Wk; zik)

〉]
=

〈
W∗ −Wk,∇FS(Wk)

〉
.

On the event G, for any k ≤ t, applying Lemma 14 with t replaced by k − 1 and using
η
∑k−1

r=1 FS(Wr) ≤ CS(W
∗) from the inductive hypothesis, we obtain

∥Wk −W1∥2,∞ ≤
(
1 +

2L

G

)CS(W
∗)√

m
+

Gη log(mT/δ)√
m

=: R̂1(CS(W
∗)). (A.12)

On the event E1, we have R̂1(CS(W
∗)) ≤ R1, which implies ∥Wk − W1∥2,∞ ≤ R1. Thus, we

have Wk ∈ BR1
for all k ≤ t. Also, on E1 we have ∥W∗ −W1∥2,∞ ≤ R1, hence W∗ ∈ BR1

.
We can now apply Lemma 15 with W = W∗ and W′ = Wk to obtain

⟨W∗ −Wk,∇FS(Wk)⟩ ≤ FS(W
∗)− FS(Wk) +

C
1/2
R1

∥Wk −W∗∥2√
m

FS(Wk). (A.13)
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Summing Eq. (A.13) and combining Eq. (A.7), noting I
[∥W∗−Wk∥2≤

√
CS(W∗)]

= 1, we have

2η

t∑
k=1

〈
W∗ −Wk,∇f(Wk; zik)

〉
≤ 2η

t∑
k=1

Eik

[〈
W∗ −Wk,∇f(Wk; zik)

〉]
+ 2η

t∑
k=1

ξk

≤ 2ηρ1L

G

√
CS(W∗)

t∑
k=1

FS(Wk) +
4ηG

ρ1

√
CS(W∗) log

2T

δ
+ 2ηtFS(W

∗)

− 2η

t∑
k=1

FS(Wk)
(
1−

C
1/2
R1

∥Wk −W∗∥2√
m

)
.

(A.14)

Combining Eqs. (A.14), (A.11) and (A.6), we obtain

∥∥Wt+1 −W∗∥∥2
2
+ 2η

t∑
k=1

FS(Wk)
(
1−

C
1/2
R1

∥Wk −W∗∥2√
m

)
≤ ∥W1 −W∗∥22 + (2 + ρ2)η

2L

t∑
k=1

FS(Wk) +
2η2G2

ρ2
log

2T

δ
+

2ηρ1L

G

√
CS(W∗)

t∑
k=1

FS(Wk)

+
4ηG

√
CS(W∗)

ρ1
log

2T

δ
+ 2ηtFS(W

∗). (A.15)

On the event E1, we have the upper bound in Definition 3(ii) R1 ≤
√
π

16CS(W∗) . Also, we have

CR1 =
2R1m√

π
+
(m log(n/δ)

2

)1/2

.

Since m ≥ 32C2
S(W

∗) log n
δ , the second term is at most m/(8CS(W

∗)). Using the upper bound
above on R1, the first term is also at most m/(8CS(W

∗)). Hence CR1
≤ m/(4CS(W

∗)), which
implies √

CR1

√
CS(W∗)

√
m

≤ 1

2
. (A.16)

By Eqs. (A.9) and (A.16), we have

1−
maxk∈[t] C

1/2
R1

∥Wk −W∗∥2√
m

≥ 1

2
.

Now, take ρ1 = min
{
1, G

16L
√

CS(W∗)

}
and ρ2 = 1. Together with the assumption η ≤

1
256L log(2T/δ) , this yields

(2 + ρ2)η
2L ≤ 3η2L ≤ η

8
and

2ηρ1L

G

√
CS(W∗) ≤ η

8
.

Hence, Eq. (A.15) implies

∥∥Wt+1 −W∗∥∥2
2
+

3

4
η

t∑
k=1

FS(Wk) ≤ ∥W1 −W∗∥22 + 2ηtFS(W
∗)

+ 2η2G2 log
2T

δ
+

4ηG
√

CS(W∗)

ρ1
log

2T

δ
(A.17)

For the term 4ηG
√

CS(W∗)

ρ1
log 2T

δ , if ρ1 = 1, by Young’s inequality we have

4ηG
√
CS(W∗) log

2T

δ
≤ 1

4
CS(W

∗) + 16η2G2 log2
2T

δ
.

If ρ1 = G

16L
√

CS(W∗)
, by η ≤ 1

256L log(2T/δ) , we know
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4ηG
√
CS(W∗)

ρ1
log

2T

δ
≤ 64CS(W

∗)L log(2T/δ)

256L log(2T/δ)
≤ 1

4
CS(W

∗).

Hence, in both cases, we have 4ηG
√

CS(W∗)

ρ1
log 2T

δ ≤ 1
4CS(W

∗) + 16η2G2 log2 2T
δ .

Combining the above bounds with Eq. (A.17), we have

∥∥Wt+1 −W∗∥∥2
2
+

3

4
η

t∑
k=1

FS(Wk) ≤

∥W1 −W∗∥22 + 2ηtFS(W
∗) +

1

4
CS(W

∗) + 18η2G2 log2
2T

δ
. (A.18)

By definition of CS(W
∗) in Eq. (4.2) and t ≤ T ,

∥W1 −W∗∥22 + 2ηtFS(W
∗) + 18η2G2 log2

2T

δ
≤ 1

2
CS(W

∗).

Thus, ∥∥Wt+1 −W∗∥∥2
2
+

3

4
η

t∑
k=1

FS(Wk) ≤
3

4
CS(W

∗). (A.19)

Hence, we conclude∥∥Wt+1 −W∗∥∥2
2
≤ CS(W

∗), η

t∑
k=1

FS(Wk) ≤ CS(W
∗). (A.20)

Therefore, conditional on E1, the induction closes with probability at least 1 − 2δ, and (4.6) holds
for all t ∈ [T + 1]. On the same event, the case t = 1 in (4.7) is trivial. For t ∈ {2, . . . , T + 1},
applying Lemma 14 with t− 1 in place of t, together with the bound η

∑t−1
k=1 FS(Wk) ≤ CS(W

∗),
we obtain

∥Wt −W1∥2,∞ ≤
(
1 +

2L

G

)CS(W
∗)√

m
+

Gη log(mT/δ)√
m

= R̂1

(
CS(W

∗)
)
.

This proves Eq. (4.7).

With Theorem 2 and the realizability assumption, we now prove Theorem 3 as an application.

Proof of Theorem 3. By Assumption 3 with ϵ = 1/T , there exists W
1
T such that

FS

(
W

1
T

)
≤ 1

T
,

∥∥W1 −W
1
T

∥∥
2
≤ g

( 1

T

)
. (A.21)

Hence,

CS

(
W

1
T

)
= 2∥W 1

T −W1∥22 + 4ηTFS(W
1
T ) + 36η2G2 log2

2T

δ

≤ 2g2
( 1

T

)
+ 4η + 36η2G2 log2

2T

δ
.

(A.22)

We take W∗ = W
1
T in Theorem 2, which gives

∥Wt −W
1
T ∥22 ≤ CS

(
W

1
T

)
, η

t−1∑
k=1

FS(Wk) ≤ CS

(
W

1
T

)
, (A.23)

and
∥Wt −W1∥2,∞ ≤ R̂1

(
CS

(
W

1
T

))
. (A.24)

Combining Eqs. (A.22) with (A.23), we obtain

∥Wt −W
1
T ∥22 ≤ 2g2

( 1

T

)
+ 4η + 36η2G2 log2

2T

δ
, ∀t ∈ [T + 1],
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which proves Eq. (4.8). Next, taking t = T +1 in Eq. (A.23) gives η
∑T

k=1 FS(Wk) ≤ CS

(
W

1
T

)
.

Dividing by ηT and using Eq. (A.22), we obtain

1

T

T∑
k=1

FS(Wk) ≤
2g2(1/T )

ηT
+

4

T
+

36ηG2

T
log2

2T

δ
,

which proves Eq. (4.9).
Finally, since R̂1(C) =

(
1 + 2L

G

)
C√
m

+ Gη log(mT/δ)√
m

is increasing in C, (A.22) and (A.24) imply

∥Wt −W1∥2,∞ ≤ R̂1

(
CS

(
W

1
T

))
≤

(
1 +

2L

G

)2g2( 1
T ) + 4η + 36η2G2 log2 2T

δ√
m

+
Gη log(mT/δ)√

m
,

for all t ∈ [T + 1]. This proves Eq. (4.10).

Proof of Corollary 4. Let

R1 :=

√
π

16B̄T
, B̄T := 2g2

( 1

T

)
+

1

64L log 2T
δ

+
9G2

16384L2
.

By Eq. (A.22) and η ≤ 1
256L log(2T/δ) , we know

CS

(
W

1
T

)
= 2∥W 1

T −W1∥22 + 4ηTFS(W
1
T ) + 36η2G2 log2

2T

δ

≤ 2g2
( 1

T

)
+

1

64L log 2T
δ

+
9G2

16384L2
= B̄T .

Therefore, m ≥ 32B̄2
T log n

δ ≥ 32C2
S

(
W

1
T

)
log n

δ . Since R̂1(C) is increasing in C, the assumption(
1 +

2L

G

) B̄T√
m

+
Gη log(mT/δ)√

m
≤

√
π

16B̄T

implies

R̂1

(
CS

(
W

1
T

))
≤ R̂1(B̄T ) ≤ R1 ≤

√
π

16CS

(
W

1
T

) .
Moreover, by assumption,

∥W 1
T −W1∥2,∞ ≤ R1 ≤

√
π

16CS

(
W

1
T

) .
Thus, part (ii) of Definition 3 holds for the reference model W∗ = W

1
T and the deterministic

radius R1. By Lemma 1, part (i) of E1 holds with probability at least 1 − δ. Hence E1 holds with
probability at least 1 − δ. Applying Theorem 3 and taking a union bound, we conclude that (4.8),
(4.9), and (4.10) hold for all t ∈ [T + 1] with probability at least 1− 3δ.

A.2 Proofs of Generalization

In this subsection, we establish the proof of the generalization analysis. To complete our proof,
we introduce a sequence of lemmas in the following paragraph. Lemma 17 provides Rademacher
complexity bounds for neural networks under initialization-dependent constraints, which can capture
the implicit regularization of gradient methods bias towards models close to initialization [21, 27,
31, 32].
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Lemma 17 (Complexity Bounds, [20, Theorem 1]). Let R > 0 and G := {x 7→ Φ(W;x) :
∥W −W1∥2 ≤ R} be the hypothesis space, where Φ(W;x) is defined in Eq. (3.1). Then,

RS(G) ≤ R
(3 +√

5

n

( n∑
i=1

∥xi∥22
) 1

2

+
cm

∥∥∑n
i=1 xix

⊤
i

∥∥ 1
2

σ

n

)
, (A.25)

where ∥ · ∥σ denotes the spectral norm and

cm = 2
√
2
(
1 +

1

2 log(2m)

)
log

1
2

(
2m⌈log2(2m

1
2 )⌉

)
.

Remark 6. In the original statement in [20], there is a term 1
n

(∑m
j=1

∑n
i=1 σ

2(x⊤
i w1,j)

) 1
2 in the

upper bound. However, this term can be removed since the weight aj is fixed in our setting. The
above theorem provides a flexible complexity bound that allows us to avoid additional structural
assumptions and significantly simplifies the generalization analysis compared to the framework of
[21].

Proof of Lemma 5. For any W ∈ W , we have

∥W −W1∥2 ≤ ∥W −W∗∥2 + ∥W∗ −W1∥2 ≤ 2
√
C(W∗),

where the last inequality follows from (4.13) and (4.14). Applying Lemma 17 with R = 2
√
C(W∗),

for any sample of size n drawn from S, we have

RS(F) ≤ 2
√

C(W∗)
(3 +√

5

n

( n∑
i=1

∥xi∥22
)1/2

+
cm
n

∥∥∥ n∑
i=1

xix
⊤
i

∥∥∥1/2
σ

)
.

Under Assumption 2, we know
∑n

i=1 ∥xi∥22 = n and
∥∥∑n

i=1 xix
⊤
i

∥∥
σ
≤ n. Therefore,

RS(F) ≤
2(3 +

√
5 + cm)

√
C(W∗)√

n
.

The bound is uniform over all samples of size n contained in S. Taking the supremum in the
definition of RS,n(F) and absorbing cm into the Õ(·) notation yields

RS,n(F) = Õ
(√C(W∗)

n

)
. (A.26)

The proof is complete.

Lemma 18 (Bernstein inequality). Let {ζi}ni=1 be a sequence of i.i.d. random variables. Let b be a
constant such that |ζi| ≤ b and the variance Var(ζi) < ∞. Then, for any 0 < δ < 1 with probability
at least 1− δ, there holds∣∣∣ 1

n

n∑
i=1

(ζi − E[ζi])
∣∣∣ ≤ 2b log( 2δ )

3n
+

(2V ar(ζi) log
2
δ

n

) 1
2

Lemma 19 ([40]). Let W ⊂ Rmd be a parameter set, and define the function class

F := {x 7→ Φ(W;x) : W ∈ W}.

Let b := supz,W∈W f(W; z) denote a uniform bound. Then for any δ ∈ (0, 1), with probability at
least 1− δ/2 over a sample S, the following holds simultaneously for all W ∈ W:

F (W)− FS(W) ≲ F
1/2
S (W)

(√
L log3 nRS,n(F) +

(b log(2/δ)
n

) 1
2
)

+ L log3 nR2
S,n(F) +

b log(2/δ)

n
.
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We first control the loss function value. Since ℓ is nonnegative and L-smooth, it satisfies the self-
bounding inequality |ℓ′(a)| ≤

√
2Lℓ(a),∀a ∈ R. Moreover,

(Φ(W;x)−Φ(W′;x))2 ≤ m· 1
m

m∑
j=1

(
σ(x⊤wj)−σ(x⊤w′

j)
)2 ≤

m∑
j=1

∥wj−w′
j∥22 = ∥W−W′∥22.

Hence, for any (x, y) by the L-smoothness of ℓ we know

ℓ(yΦ(W;x))

≤ ℓ(yΦ(W∗;x)) + ℓ′(yΦ(W∗;x)) y(Φ(W;x)− Φ(W∗;x)) +
L

2
(Φ(W;x)− Φ(W∗;x))2

≤ ℓ(yΦ(W∗;x)) +
1

2L
|ℓ′(yΦ(W∗;x))|2 + L(Φ(W;x)− Φ(W∗;x))2

≤ 2ℓ(yΦ(W∗;x)) + L∥W −W∗∥22. (A.27)

Therefore, for any W ∈ W ,

f(W; z) ≤ 2f(W∗; z) + L∥W −W∗∥22 ≤ 2b∗ + LC(W∗) =: b.

Let ξi := f(W∗; zi). Then we have

Var(ξi) ≤ E[ξ2i ] ≤ b∗E[ξi] = b∗F (W∗). (A.28)

By Lemma 18, Lemma 19, and a union bound, the event E2 holds with probability at least 1 − δ.
Applying Bernstein’s inequality together with (A.28), we obtain

FS(W
∗)− F (W∗) ≤ 2b∗ log(2/δ)

3n
+

(
2b∗F (W∗) log(2/δ)

n

)1/2

.

Using Young’s inequality in the form uv ≤ u2+ 1
4v

2, with u =
√

F (W∗) and v =
( 2b∗ log(2/δ)

n

)1/2
,

we get (2b∗F (W∗) log(2/δ)

n

)1/2

≤ F (W∗) +
b∗ log(2/δ)

2n
. (A.29)

Therefore,

FS(W
∗) ≤ 2F (W∗) +

7b∗ log(2/δ)

6n
. (A.30)

Together with Eq.(4.2) and Eq. (4.13), the above inequality immediately implies the high-probability
bound

CS(W
∗) ≤ C(W∗) (A.31)

Similarly, using Young’s inequality uv ≤ 1
2u

2 + 1
2v

2 on the mixed term and absorbing constants,
we obtain

F (W)− 2FS(W) ≲ L log3 nR2
S,n(F) +

b log(2/δ)

n
, ∀W ∈ W. (A.32)

We are in a position to prove Theorem 6.

Proof of Theorem 6. By Theorem 2 and Eq. (A.31), on the event E1, for all t ∈ [T ],

∥Wt −W∗∥22 ≤ C(W∗), ∥Wt −W1∥2,∞ ≤ R̂1

(
C(W∗)

)
. (A.33)

Hence Wt ∈ W for all t ∈ [T ]. By (A.27), the uniform bound in Lemma 19 holds with b =
2b∗ + LC(W∗). On the event E2, Eq. (A.32) implies

F (Wt)− 2FS(Wt) = Õ
(
R2

S,n(F) +
b log(2/δ)

n

)
, ∀t ∈ [T ].

Using Lemma 5, we further obtain

F (Wt)− 2FS(Wt) = Õ
(C(W∗)

n
+

b log(2/δ)

n

)
, ∀t ∈ [T ].
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Summing over t = 1, . . . , T and multiplying by η, we get

η

T∑
t=1

F (Wt) = Õ
(
ηT

C(W∗)

n
+

ηT b log(2/δ)

n
+ η

T∑
t=1

FS(Wt)
)
.

By Theorem 2 and Eq. (A.31), we know η
∑T

t=1 FS(Wt) ≤ C(W∗). Therefore,

η

T∑
t=1

F (Wt) = Õ
(
ηT

C(W∗)

n
+

ηT b log(2/δ)

n
+ C(W∗)

)
.

Dividing both sides by ηT proves (4.22).

We now prove the generalization result of SGD with the realizability assumption.

Proof of Theorem 7. We work on the event E1 ∩ E2. Choose W∗ := W1/T . By Assumption 3,

FS(W
1/T ) ≤ 1

T
, ∥W1/T −W1∥2 ≤ g

( 1

T

)
. (A.34)

Since ℓ is Lipschitz continuous, Φ(W1;x) = 0, σ is 1-Lipschitz, |aj | = 1/
√
m, and ∥x∥2 = 1, we

have

sup
z

f(W1/T ; z) ≤ sup
z

(
ℓ(yΦ(W1/T ;x))− ℓ(yΦ(W1;x))

)
+ ℓ(0)

≤ G sup
x

∣∣Φ(W1/T ;x)− Φ(W1;x)
∣∣+ ℓ(0)

≤ G√
m

m∑
j=1

∥w1/T
j −w1,j∥2 + ℓ(0)

≤ G∥W1/T −W1∥2 + ℓ(0) ≤ Gg
( 1

T

)
+ ℓ(0). (A.35)

Hence, we may take b∗ = Gg(1/T ) + ℓ(0). By Eq. (A.30) with W∗ = W1/T , together with
FS(W

1/T ) ≤ 1/T , we obtain

F (W1/T ) ≤ 2

T
+

7b∗ log(2/δ)

6n
. (A.36)

By Eq. (4.13), Eq. (A.34), and Eq. (A.36),

C(W1/T ) = 2∥W1 −W1/T ∥22 + 4ηT
(
2F (W1/T ) +

7b∗ log(2/δ)

6n

)
+ 36η2G2 log2

2T

δ

≲ g2
( 1

T

)
+ ηT

( 1

T
+

b∗ log(2/δ)

n

)
+ η2G2 log2

2T

δ
. (A.37)

Using the stepsize assumption and ηT ≍ n, we get

C(W1/T ) ≲ g2
( 1

T

)
+ b∗ log(1/δ). (A.38)

Applying Theorem 6 with W∗ = W1/T , we obtain

1

T

T∑
t=1

F (Wt) = Õ
(C(W1/T )

n
+

b∗ log(2/δ)

n
+

C(W1/T )

ηT

)
.

Combining this with (A.38), (A.35), and ηT ≍ n, we conclude

1

T

T∑
t=1

F (Wt) = Õ
(g2(1/T )

n

)
.

The proof is complete.
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Proof of Corollary 8. By Corollary 4, under the stated assumptions, the event E1 holds and the
bounds (4.8), (4.9), and (4.10) hold simultaneously for all t ∈ [T + 1] with probability at least
1− 3δ. By Eq. (A.35), we may choose b∗ = Gg(1/T )+ ℓ(0). By the argument above, the event E2

holds with probability at least 1 − δ. Therefore, by a union bound, E1 ∩ E2 holds with probability
at least 1− 4δ. Applying Theorem 7, we obtain

1

T

T∑
t=1

F (Wt) = Õ
(g2(1/T )

n

)
.

In particular, if g(ϵ) ≲ log(1/ϵ), then g2(1/T ) ≲ log2 T , which is absorbed into the Õ(·) notation,
and thus 1

T

∑T
t=1 F (Wt) = Õ(1/n). The proof is complete.

A.3 Proofs on NTK Separability

In this subsection, we present the proofs of the connection with NTK separability. The proof of
Lemma 9 is identical to the corresponding NTK realizability argument in the gradient descent
setting[21], since it depends only on the NTK separability assumption, the construction of Wϵ,
and symmetric initialization, but not on the optimization algorithm. We therefore omit the details.

A.3.1 Additional derivation for NTK separability

We provide the derivation of the population-radius bound used in Section 4. Recall that

α =
2 log T

γ
, W1/T = W1 + αv∗.

By Lemma 9,

FS(W
1/T ) ≤ 1

T
, ∥W1/T −W1∥2 = α, ∥W1/T −W1∥2,∞ ≤ αβ.

Thus, by the definition of CS(·),

CS(W
1/T ) ≤ 2α2 + 4η + 36η2G2 log2

2T

δ
=: C̄T .

Since ℓ is Lipschitz continuous, Φ(W1;x) = 0 by symmetric initialization, σ is 1-Lipschitz, |aj | =
1/

√
m, and ∥x∥2 = 1, we have

sup
z

f(W1/T ; z) ≤ α+ log 2. (A.39)

Hence we may take b∗ = α+ log 2.

By Eq. (A.30) with W∗ = W1/T , together with FS(W
1/T ) ≤ 1/T , we obtain

F (W1/T ) ≤ 2

T
+

7b∗ log(2/δ)

6n
. (A.40)

Therefore, by the definition of C(·),

C(W1/T ) = 2∥W1 −W1/T ∥22 + 4ηT
(
2F (W1/T ) +

7b∗ log(2/δ)

6n

)
+ 36η2G2 log2

2T

δ

≲ α2 + ηT
( 1

T
+

b∗ log(2/δ)

n

)
+ η2G2 log2

2T

δ
. (A.41)

This is the population-radius bound used in the proof of Theorem 11.

Proof of Lemma 10. By Lemma 9, with probability at least 1− δ,

FS(W
1/T ) ≤ 1

T
, ∥W1/T −W1∥2,∞ ≤ αβ.

Hence, (4.27) implies CS(W
1/T ) ≤ C̄T . Since R̂1(·) is increasing, we know

R̂1(CS(W
1/T )) ≤ R̂1(C̄T ) ≤ R1, ∥W1/T −W1∥2,∞ ≤ αβ ≤ R1.

23



Thus, the lower bound in Definition 3(ii) holds. Moreover, by the assumptions of the lemma,

R1C̄T = max{R̂1(C̄T ), αβ} C̄T ≤
√
π

16
.

Since CS(W
1/T ) ≤ C̄T , it follows that R1 CS(W

1/T ) ≤
√
π

16 , which is the upper bound in Defini-
tion 3(ii).

Finally, by Lemma 1 and the width condition, Definition 3(i) holds with probability at least 1 − δ.
A union bound completes the proof.

Proof of Theorem 11. By Lemma 9, Assumption 3 holds with

g(ϵ) ≲
log(1/ϵ)

γ
, which implies g(1/T ) ≲

log T

γ
.

Lemma 10 shows that E1 holds with probability at least 1 − 2δ. By the construction of E2, that
event holds with probability at least 1− δ. Applying Theorem 7 and then using g(1/T ) ≲ log T/γ,
we get

1

T

T∑
t=1

F (Wt) = Õ
(g2(1/T )

n

)
= Õ

( 1

nγ2

)
.

The probability follows by combining Lemma 10, the event E2, and the high-probability optimiza-
tion event from Theorem 2, followed by a union bound.

B Future directions

Several directions remain open. First, extending the present analysis beyond shallow ReLU networks
would require new tools for controlling activation changes and localization across different archi-
tectures. For smooth activations, the localization framework is expected to extend more directly,
since changes in a smooth activation function can be controlled through standard smoothness argu-
ments. For example, Lemma 3.1 of [41] shows that SNNs with a smooth activation function satisfy a
self-bound weak convexity condition, which is then used to derive risk bounds of order Õ(1/(nγ2))
for GD. This suggests that the self-bounded weak convexity condition could also be used to ex-
tend our analysis to smooth activation functions. For convolutional neural networks, the Euclidean
localization condition ∥W − W1∥2,∞ alone may not fully exploit the convolutional structure. A
suitable extension would likely require filter-wise localization conditions and complexity estimates
adapted to convolutional architectures. For ResNets and other deep architectures, the extension is
more challenging, as perturbations may propagate across layers. New techniques or additional struc-
tural assumptions may therefore be needed to control this accumulation. Second, the optimization-
dependent localization framework may apply beyond standard SGD, including variance-reduced
methods, momentum-based methods, and adaptive-gradient algorithms. Understanding whether
similar high-probability population-risk guarantees can be obtained for these algorithms is an in-
teresting direction. Third, while our NTK-separable setting provides a clean structural condition for
fast rates, recent work on feature learning and representation dynamics suggests that sharper guar-
antees may be possible beyond the near-initialization regime. Developing high-probability analyses
that capture such feature-learning effects remains an important open problem.
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