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Generalization Performance of Radial Basis
Function Networks

Yunwen Lei, Lixin Ding, and Wensheng Zhang

Abstract—This paper studies the generalization performance of
Radial Basis Function (RBF) networks by using local Rademacher
complexities. We propose a general result on controlling local
Rademacher complexities with the L;-metric capacity. We then
apply this result to estimate RBF networks’ complexities, based
on which a novel estimation error bound is obtained. An
effective approximation error bound is also derived by carefully
investigating the Holder continuity of the ¢, loss function’s
derivative. Furthermore, it is demonstrated that the RBF network
minimizing an appropriately constructed structural risk admits
a significantly better learning rate when compared to the existing
results. An empirical study is also performed to justify the
application of our structural risk in model selection.

Index Terms—Structural risk minimization, Learning theory,
Local Rademacher complexity, Radial basis function networks

I. INTRODUCTION

RTIFICIAL neural networks have proved to be effective

modeling strategies in approximating nonlinear relation-
ships between input and output variables [1], [2]. As com-
pared to traditional nonparametric estimation methods, neural
networks have an advantage of dimensionality reduction by
composition and thus have found great success in various
multivariate prediction problems [3]. Among different types
of artificial neural networks, Radial Basis Function (RBF)
networks have received considerable attention since they
constitute solutions for regularization problems using certain
standard smoothness functionals as stabilizers [1]. Estimating
the generalization performance of RBF networks is important
to understand the factors influencing models’ quality, as well
as to suggest possible ways to improve them [4], [5], [6]. This
paper investigates the learning ability of RBF networks under
the Structural Risk Minimization (SRM) principle. Our basic
strategy is to consider separately two contradictory factors
determining the generalization performance: approximation
errors and estimation errors.

Recent years have witnessed a great progress in under-
standing the approximation power of RBF networks. Park
and Sandberg [7] indicated that RBF networks with Gaussian
computational nodes admit universal approximation ability.
Namely, they are able to approximate with arbitrary accuracy
among all square integrable functions on compact subsets
of RY, where d is the input dimension. For band-limited
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functions with continuous derivatives up to order r > d/2,
Girosi and Anzellotti [8] used a probability trick to derive
an approximation error rate of the form k~'/2, where k is
the number of neurons. Girosi [9] pioneered the research of
applying tools in learning theory to obtain satisfactory approx-
imation error rates for more general kernel classes. Gnecco and
Sanguineti [10] refined this result by using the more advanced
tool called Rademacher complexity. The tractability issues in
RBF network approximation were treated by Kainen et al.
[11], [12]. Estimation errors for RBF networks have also been
extensively studied in Anthony and Bartlett [13], Niyogi and
Girosi [14], Haussler [15], Gyorfi et al. [16], using standard
complexity measures such as pseudo-dimensions and covering
numbers.

Some researchers also provided unified viewpoints to si-
multaneously consider approximation and estimation errors.
Barron [17] addressed the combined effect of the approx-
imation and estimation error on the overall accuracy of a
network as a prediction rule. However, his approach is based
on covering numbers under the supremum norm and therefore
the activation functions considered there are required to satisfy
the Holder condition. Niyogi and Girosi [4] removed this
restriction by using the more relaxed L;-metric capacity
instead. Unfortunately, their analysis relies on uniform devia-
tion bounds via a Hoeffding type inequality, which ignores
the information on variances and could only yield a sub-
optimal learning rate. Krzyzak and Linder [1] refined these
results by applying a ratio-type inequality under the squared
loss setting. However, there still exist some weaknesses that
could be improved in their discussion for the general ¢, loss

op(t) :==[t|P,p > 1L

(1) Under the ¢, loss, the discussion of the estimation error
in Krzyzak and Linder [1] is based on the uniform
(supremum) deviation argument. It may happen that the
established model stays far away from achieving this
supremum and therefore this deduction could only yield
a rather conservative result [18]. On the other hand,
most learning algorithms are inclined towards choosing
models with small expected errors and thus the uniform
deviation over sub-classes with small expected errors is
sufficient to control estimation errors [5]. A remarkable
concept called local Rademacher complexity has been
introduced into the learning theory community to capture
this speciality of learning algorithms [5], [19], [20]. Since
local Rademacher complexity allows us to concentrate our
attention to those sub-classes of primary interest, it always
yields considerably improved estimation error bounds
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when the variance-expectation relation holds [5], [18].

(2) Under the ¢, loss, Krzyzak and Linder [1] only exploited
the Holder continuity of ¢, to show that the approximation
error £(h}) — E(h*) decays as a linear function of the
distance ||h} — h*||'/2, where h* is the target function
and hj is defined as Eq. (9). However, recent studies
indicated that when the derivative <,0;7 is Holder continuous,
E(hy) — E(R*) can superlinearly decay as a function of
|h — h*||'/2 [21]. Consequently, it is worthwhile to
investigate the Holder continuity of (,9;) rather than that
of ¢, to derive improved approximation error rates.

In this paper we study these issues by providing novel
generalization error bounds for RBF networks under the SRM
principle. Our main scheme is to apply local Rademacher
complexities to refine the existing estimation error bounds
and to use the Holder continuity of <p;, to provide improved
approximation error bounds. For this purpose, we first offer
a general result on controlling local Rademacher complexities
with the L;-metric capacity. This bound is novel since it is
based on the L;-metric capacity rather than the traditional and
larger Lo-metric capacity. Then we apply this general result to
control RBF networks’ local Rademacher complexities, based
on which we derive an effective estimation error bound and
construct an appropriate structural risk. The approximation
power of RBF networks is investigated by exploiting the
Holder continuity of go;,. It is shown that the RBF network
minimizing our structural risk attains a favorable trade-off be-
tween approximation and estimation errors, yielding a learning
rate significantly better than that in Krzyzak and Linder [1].
We also present an empirical study to support our theoretical
deduction.

This paper is organized as follows. In Section II the problem
is formulated. The main theorem, as well as its superiority
to the results in Krzyzak and Linder [1], is presented in
Section III. Section IV addresses local Rademacher complex-
ity bounds. Section V tackles estimation and approximation
errors for RBF networks. An empirical study is provided in
Section VI. Section VII presents some conclusion remarks.

II. PROBLEM FORMULATION

Before formulating our problem we first introduce some
notations that will be used throughout this paper. Given a
set {Z1,...,7Z,}, the associated empirical measure P, is
defined as P, := % > 8z,, where d, is the Dirac measure
supported on the point Z; [22]. For a measure p and a
measurable function g, we use the notation ug = f gdy to
denote the expectation of g. Now, the empirical average of g
over Z1,...,Z, can be abbreviated as P, g = % Yo 9(Zy).

For a measure p and a number 1 < ¢ < oo, the no-
tation L,(x) means the class of functions with finite norm
IfllL, o) = [J1f]9%dp]*/. The infinity-norm of a function
is defined by || f|lco := sup, |f(z)|. By the notation sgn(x)
we mean the sign of z, ie., sgn(z) = 1 if z > 0 and —1
otherwise. For any d € N*t, we denote by S?*¢ the class
of non-negative definite d x d matrices. The minimum of two
numbers is denoted by a; Aas := min(ay, az). By ¢ we denote
constants independent of the sample size n, complexity index
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(number of neurons) &k and input dimension d, and their values
may change from line to line, or even within the same line.

TABLE I
NOTATIONS
Z=Xx) | sample space Z with input space X and output space )
n,k | sample size and number of neurons, respectively
d,b | input dimension and output bound, respectively

Hy | the space of RBF networks with k nodes, Eq. (8)
Hyp | closure of ’H; in Eq. (14)

Fi. | the k-th loss class, Eq. (16)

]-—,;‘ the k-th shifted loss class, Eq. (17)

E(h) | generalization error (risk) of h, Eq. (1)
&>(h) | empirical error of h, Eq. (2)
Ez(hy) | the structural risk of hy, Eq. (10)

hi | ERM model in the class Hy, Eq. (9)
hn SRM model, Eq. (4)
hy, | best model in the class Hy, Eq. (9)
h* | target function, h* := argmin, E(h)
fr | an element in F}7 defined by Eq. (26)
P, | empirical measure
the class of non-negative definite d X d matrices
the minimum between a1 and a2
c | a constant independent of n, k and d
the sign of =
@p | Lp loss pp(t) = [t|P
ap, Bp | two constants given below Eq. (10)
Lg(p) | the function class with norm || fllz ¢ = [f |fladu)t/a

A. Learning and structural risk minimization

In the machine learning context, we are given an input space
X, an output space ) and a probability measure P defined on
Z = X x Y governing the sampling process [23]. When pre-
sented with a sequence of examples Z; = (X1,Y1),..., 2, =
(X,,Y,), the purpose of learning is to construct a prediction
rule h : X — Y such that it can perform the prediction as
accurately as possible [21], [24], [25]. The local error suffered
from using h(z) to predict y is quantified by ¢(h(z) — y),
where ¢ is a non-negative loss function. Consequently, the
quality of a prediction rule h is characterized by its general-
ization error (also called risk)

E(h) == /gp(h(X) —Y)dP. (1)

The function h* := argmin, £(h) with minimal risk is called
the target function, where the minimum is taken over all
measurable functions. Since the underlying measure P is often
unknown to us, the term £(h) cannot be directly used to guide
the learning process and as an alternative we use the empirical
error (empirical risk)

Exh) i= D plh(X:) ~ V) @

to approximate £ (h) [26], [27]. Under the famous Empirical
Risk Minimization (ERM) principle [26], one simply mini-
mizes the empirical risk over a pre-selected hypothesis space
7 to obtain the estimator h, that is, h := argming, ¢y £z (h).

As the empirical error can be optimistically biased com-
pared to the corresponding generalization error, the direct
minimization of &£,(h) may result in overfitting or underfit-
ting [1], [24]. To see this, we identify two factors determining
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the model’s generalization performance by recalling the fol-
lowing bias-variance decomposition [24], [28]:

EE(h)—E(h*) = (Ee(ﬁ)—gg{e(m + (}3%5(@—5@*)) .

3)
The first term is often called the estimation error, while the
second is the approximation error [24], [28]. The approxima-
tion error results from the insufficient representation power of
the associated hypothesis space, which can be made arbitrarily
small by expanding the searching space [17]. However, this is
bound to increase the estimation difficulty and therefore causes
a large estimation error [1]. Consequently, the performance of
ERM scheme is sensitive to the class H [23], [29].

An effective strategy to tackle this bias-variance phe-
nomenon is to employ the SRM principle [24], [26]. Unlike
ERM, SRM considers a sequence of classes Hy, k € NT with
increasing complexities and then builds a set of candidate
models fzk, one from each class Hy,k € NT. Now, the
structural risk £, (iLk) is established by adding a penalty term
reflecting H,’s complexity into &, (hy). The ultimate model

h, := argmin £, (ibk) (@)
hy,keN+

is derived by minimizing the structural risk over all candidate
prediction rules [1], [24]. It is well known that the success
of the SRM principle largely depends on the quality of the
constructed structural risk, which should balance the empirical
accuracy and the complexity of the candidate models [1], [26].

Theorem 1 ([24]). Assume that for each complexity index k €
N*, hy, minimizes the empirical risk over the k-th hypothesis
space Hy. Suppose that for every sample size n, there are
positive numbers k and vy such that for each k an estimate

Ly, i of E(ilk) is available which satisfies

Pr {g(izk) > Lo+ t} < ket (5)

for any t > 0. Assume that the model h,, is defined by

_ 2logk
h, = argming o+ Ez(hi), g

gz(hk) = Ln,k -+ .
Y

Then the generalization error can be controlled as follows

EE(h,) — E(R*) < mi
(hn) — €(h") < min

( inf E(h) — E(h*)

heEH

[E (Lt = E:0h)) +

) N 2log k + log(2ek)
Y

}. (©6)

Theorem 1 justifies the success of the SRM principle by
showing that the model minimizing a suitable structural risk
can automatically trade-off the approximation and estimation
errors. We choose to present it here since it is quite important
for the progression of our theoretical discussion. For example,
we will use Eq. (5) to guide the construction of our specific
structural risk. Furthermore, Eq. (6) allows us to consider sep-
arately the approximation and estimation errors when studying
the generalization performance of h,,.

B. Radial basis function networks

We consider here RBF networks with one hidden layer,
which can be characterized by a kernel K : RT — R. The
sample space is of the form Z := X x Y C R x [~b,b],
where d is the input dimension and b is a positive number. A
RBF network with k nodes considered here takes the form [1]

k
h(z) = szK ([x — ci]TAi[x — cl]) + wo, @)

where wyg,...,w, are real numbers called weights,
c1,...,¢c; € R? are centroids and Aj,..., A, are non-
negative definite d x d matrices determining the receptive
field of the kernel function K [1], [2]. Here z” denotes
the transpose of the vector . Some typical kernels include
the Gaussian kernel K(¢) = e~!, the exponential kernel
K(t) = e V' and the inverse multi-quadratic kernel
K(t) = (1 +t)~'/2 [16]. Neural networks are trained under
the SRM principle and the k-th hypothesis space consists
of functions that can be expressed as Eq. (7) with k£ nodes
satisfying the weight condition Zf:o |w;| < b. That is,

k k
Hy = {ZWK ([m —ci|T Aj[x — ci]) + wp : Z lw;| < b}-

i=0
A ®)
The candidate models hy, k € NT are constructed by mini-
mizing the empirical error in the associated hypothesis spaces
under the ¢, loss ¢, (t) := [¢t|P,p > 1. In order to explicitly
indicate the dependence on the class, we use hj and iLk to
denote the minimizer of the risk and empirical risk over the
k-th class, respectively. That is,
hy, = argmin £(h)
heH

and

hy = argmin&,(h). (9)

heH
It should be noted that dependencies of some notations, e.g.,
b}, hi, E(h), E-(h), on the parameter p are hidden for brevity.

III. MAIN RESULTS

The purpose of this paper is to study the generalization
performance of RBF networks under the SRM principle (4)
with the following specific structural risk:

Ex(hi) = E(W*) + By [Ex(he) = E(0")]
+c ((kd2 logn)ﬁ +2log k) n” T (10)

Here the constants are o, = 2/pAland 8, =2if 1 <p <
2,8, =p/(p—2) if p > 2. Since £(h*) and &, (h*) remain as
constants for all candidate models fzk, k € NT, the structural
risk (10) can also be reformulated as follows:

E.(hy) = gz(ﬁk)+ﬂi ((kd2 logn) ™= + 2log k:) n T,

’ (11)
Theorem 2 shows that the risk of the SRM model under the
structural risk (10) is indeed within a constant factor of the
risk of the best model in the optimal class, i.e., almost as good
as if the optimal class has been previously indicated by an

“oracle” [30]. Theorem 2 is proved in part D of the appendix.
A real-valued function f defined on an interval [a1, as] is said
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to be of bounded variation if there exists a number V' such
that Y 1", |f(xi) — f(xi—1)| < V for all knots a1 < z1 <
To < o < Ty < ag,Vm € Nt [13].

Theorem 2 (Main result). Suppose that the examples Z; =
(X, Y;),i=1,2,...,n are independently drawn according to
a probability measure P defined on Z := X x [—b,b],b > 0,
where X C R is the input space and d is the input dimension.
Assume that the loss function is ¢p,,p > 1 and the kernel K
is of bounded variation satisfying the condition sup, |K(t)| <
1. Then for the prediction rule h,, minimizing the structural
risk (10), the term EE(h,,) — E(h*) can be upper bounded by

min | B, (E(AL) — E(h*)) + c(kd®n = logn) =57 |.
keNt

Here the definitions of 8, and o, can be found below Eq. (10).

The key point in proving Theorem 2 is to show that the
structural risk (10) is an appropriate upper bound of &(hy) in
the sense of Eq. (5). It is well known that the behavior of £ (hy)
heavily relies on the size of the class H, which will be studied
via the tool called local Rademacher complexity in Section I'V.
With this complexity bound at hand, Section V-A will apply a
Talagrand type inequality to show that the structural risk (10)
indeed meets the assumption (5).

Remark 1. For the case p # 2,p > 1, Krzyzak and Linder [1]
constructed the structural risk of the form!

- . . 2]
Ez(hy) = gz(hk)'Jr'C\/]ﬁL;?gﬁ

and indicated that the prediction rule under the associated
SRM principle satisfies the bound

12)

_ *\ < mi
E(hy) —E(R") < in

kd?logn
[cng+wmm—emm
(I3)
As compared to this result, Theorem 2 provides an exponen-
tially faster learning rate in the sense that the exponent of n
is much smaller. Although k appears as a linear term in our
bound when 1 < p < 2, one should note that this is indeed
not a big drawback since the case k < n is the one of primary
interest. As we will see, Theorem 2 can yield a significantly
faster learning rate than that can be derived from Eq. (13)

when the target function admits some degree of regularity.

Remark 2. The underlying reason for failing to get these im-
proved rates in Krzyzak and Linder [1] is that their discussion
is based on a Hoeffding type inequality, which is bound to
control the universal deviation of empirical means from their
expectations over the entire class and can only lead to the
conservative rate c(n~'/2). As a comparison, our improvement
is attributed to the following three strategies:

(1) The use of local Rademacher complexity rather than the
global counterpart allows us to concentrate our attention
to functions that are likely to be picked out by learning

'Krzyzak and Linder [1] did not consider the effect of d since the input
dimension is treated as a constant hidden in the big O notation. However,
a closer look of their deduction would recover the exact form of d in
Eq. (12), (13).
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algorithms, typically constituting a subset of the original
class with small risks.

The variance-expectation relation of the associated shifted
loss class, which we will consider in Section V-A, shows
that functions in this subset always admit small variances.
Consequently, to study the generalization performance of
the prediction rule it suffices to consider a sub-class of
functions with small variances.

The application of a Talagrand type inequality (Theo-
rem 6) permits us to exploit this information on variances
to get refined learning rates.

(@)

3

When the target function h* satisfies some regularity con-
dition, one can control the approximation error £(hj,) —E(h*)
by a function of k£ and thus obtain explicit error bounds for
the SRM model h,,. In this paper, the smoothness condition
on h* is formulated by assuming that it belongs to H;. Here
H, is the closure of 7—[; in Lop,(Px) with

H; = {Ztlsz([m—Cz]TAl[fE—Cz]) Tt > O,th =1,
=1

i=1

|mgaqeR{&eSW{mew}.u®

The approximation error will be controlled in Section V-B by
using the Holder continuity of ga; to relate it to the metric
distance ||hy, — h*[|L,,,(Px), Which is more convenient to
approach in approximation theory. The proof of Corollary 3
is given in part D of the appendix.

Corollary 3. Under the same condition of Theorem 2 and if
we further assume that h* € Hy, then

dlogn | 77252
Og”> . (19

n

Eamggmﬂgc<

where d is the input dimension, n is the sample size and p
indicates the loss function.

Remark 3. Under the special case p = 2, Krzyzak and
Linder [1] derived the learning rate (n~'d?logn)'/2. How-
ever, Krzyzak and Linder only offered the learning rate
(n"'d?logn)'/* for the general loss function (1 < p < 2).
In comparison with these results, it can be clearly seen that
the bound presented in Corollary 3 is much improved. Indeed,
the exponent ﬁ A 3p”_ 5 in Corollary 3 is always larger than
1/4 for any 1 < p < 2 (for the special case p = 2, our
learning rate recovers the result in Krzyzak and Linder [1]).
The reason for this improvement consists in two independent
aspects: (1) this corollary is based on a refined estimation
error bound established in Theorem 2; (2) using the Holder
continuity of ap; we derive the following refined inequality on
approximation error (see Eq. (44)):

E(h) —EM) < 2h— 5 pos
which is much better than the relationship [1]
E(h) = E(h) < cllh = h*[|L,(px)

based on the Holder continuity of ¢,,.
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IV. LOCAL RADEMACHER COMPLEXITY BOUNDS

As a first step to show that the structural risk (10) meets
Eq. (5), we need to consider the complexity of the loss class

Fio=Frp=[MX)=YPP:heH], keNt. (16)

We use local Rademacher complexity to measure the size
of function classes, as it can capture the key property of
learning algorithms and can yield a significant improvement on
error analysis when the variance-expectation assumption holds.
However, as shown in Bartlett et al. [5], the local Rademacher
complexity analysis applied to Fj; can only yield an error
bound of the form &(hy) < c&.(hi) + o(1),¢ > 1, which
is non-consistent if infpcy, £(h) > 0. This problem can be
circumvented by applying local Rademacher complexity to,
instead of the class Fy, the shifted loss class F;:

Fii=Fp,=[h(X)=Y]P = |h*(X)=Y|": he )], keN".

7
Note that in Egs. (16), (17), dependencies on p are suppressed
for brevity. This section aims to estimate local Rademacher
complexity bounds for the shifted loss classes (17). Section V
will illustrate how to use these results to obtain satisfactory
learning rates. The definition of Rademacher complexity can
be traced back to Hans Rademacher and it was first proposed
as an effective complexity measure by Koltchinskii [31].

Definition 1 (Rademacher complexities). Let F be a class of
functions on a probability space (Z,P) and let Zy,...,Z,
be n points independently drawn from P. Suppose that

01,...,0p are n independent Rademacher random variables,
ie, Pr{o; =1} = Pr{o; =—-1} = 1/2. Introduce the
notation
1 n
R, F =sup — » o0,f(Z;).

The Rademacher complexity ER,F is the expectation of
R, F, and the empirical Rademacher complexity

EoRnF :=E[R,F|Z1,..., Zy)

is defined as the conditional expectation of R, F.

Local Rademacher complexities differ from the standard
Rademacher complexities in that the supremum is taken over
a subset of the original class rather than the whole class.
The subsets considered here are defined by the Lo(P) norm
or the Ly(P,) norm. To be precise, we consider here local
Rademacher complexities of the form

EeR. {f € F:Pf*<r} or ER,{fecF:Pf*<r}

Local Rademacher complexities can be viewed as functions
of r and they allow us to filter out those functions with large
variances, which are of little interest since learning algorithms
are unlikely to select them [32].

Unfortunately, in the vast majority of cases, the direct
computation of (local) Rademacher complexity is extremely
difficult if not impossible [22]. The way to bypass this obstacle
is to firstly relate it to other complexity measures such as
covering numbers and then use these auxiliary concepts to
estimate it indirectly.

Definition 2 (Covering numbers). Let (G, d) be a metric space
and let F be a subset of G. For any ¢ > 0, we say that
{91,---,9m} C G is an e-cover of F if

sup \in d(f,g:) < e
The covering number N (¢, F,d) is defined as the cardinality
of a minimal e-cover of F. When G is a normed space with
norm ||-||, we also denote by N (e, F, ||-||) the covering number
of F with respect to the metric d(f,g) := || f — ¢l

For any probability measure P, we have the following rela-
tionship among covering numbers under different metrics [22]:

N, Fll - Nz,py) SN, Foll - ll,p))s V1 <p<q. (I8)

In order to remove the dependence on the involved probability
measure, we introduce the following L,-metric capacity (L,-
norm covering numbers) by ranging P, over all empirical
measures supported on n points [4]:

N(e Fo Nl - llp) = supsup N (e, 7 || - [z, p.)).

Estimating Rademacher complexities is a classical theme
in learning theory. The first breakthrough in this direction is
marked by Dudley’s entropy integral [33], which captures in
an elegant form the relationship between covering numbers
and Rademacher complexities. Mendelson [22] extended this
classical result to the local Rademacher complexity setting
and provided some novel results for classes satisfying general
entropy assumptions. These discussions always involve the Lo-
metric capacity. In this section we generalize these results by
illustrating how to use L;i-norm covering numbers to control
local Rademacher complexities. To our best knowledge, this
is the first result on estimating local Rademacher complexities
via Li-norm covering numbers.

b, where b is a positive number. Then for any r > 0 and sample
size n, local Rademacher complexity can be controlled by:

Theorem 4. Let F be a function class with sup sc r || floo <

26+8blogx\f(e,f, - 1l1)

PfP<rl <
ER.{f e F:Pf 77”}76125 .

n

+(2@+ﬁ)\/210g/\/(6,]‘-»“‘1)].

Proof. We first introduce a new random variable

Y,:= sup P,f%

feF:Pf2<r
The definition of Y, implies that for any sample, a function
f € F with Pf? < r would automatically satisfy the
inequality P, f? < Y,. Consequently, the following inclusion
relationship holds almost surely:

{fef:Pf2gr}c{fef:PanYT}. (19)
Moreover, Y, meets the following inequality [22, Lemma 3.6]

EY, <7 +4bER,{f € F: Pf* <r}. (20)
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Putting Egs. (19), (20) and Lemma 11 together, we have

ER,{f e F:Pf*<r}
=EE,R,{fcF:Pf?<r} <EE,R,{fcF:P,f?<Y,}

T+ T wogme,f, ||-|L1<Pn>>|

n

<e+E

< e+ (V2be + EYT,)\/NOgN(Ea}" [

n

< e+ (Vabe+ i+ WER,{f €F: Pf2 < 1))
WA

n

, Ve > 0,

where in the deduction process we have used Jensen’s inequal-
ity E1/Y,. < +/EY,.. The above inequality can be viewed as a
quadratic inequality of \/ER, {f € F : Pf? < r} and a direct
calculation yields that

8blog (e, F, || - |1)
n

_,'_(2@_'_ \/;)\/QIOg./\/'(E,]:, H ) Hl)

n

ER, {f € F: Pf?> <r} <2+

The desired inequality follows by taking the infimum over
e> 0. O

Remark 4. As compared to the existing results, our approach
may admit the following superiorities:

(1) It may happen that the estimation of Li-norm covering
numbers is simpler than that of Ls-norm covering num-
bers. For example, Krzyzak and Linder [1] only discussed
L;-norm covering numbers for RBF networks. Some other
examples include the class of uniformly bounded convex
functions, for which Guntuboyina and Sen [34] obtained
optimal L;-norm covering number bounds and indicated
that the extension of this result to Ls-norm covering
numbers requires more involved arguments. Therefore, our
result may be more convenient to use.

As shown in Eq. (18), Lj-norm covering numbers are
always smaller than Ly-norm covering numbers. Con-
sequently, our result may yield a tighter bound when
N (e, F,| - |]1) is much smaller than N (e, F, || - ||2)-

The deduction presented here is simple, while the analysis
based on the entropy integral in Mendelson [22] is more
involved. To be precise, Mendelson obtained the following
entropy integral by resorting to chaining arguments based
on the Lo-metric capacity:

2

3)

VY, .
ER.{fc F:Pf2<r} < cIE/ log? A(e, ., ||-[l2)de.
0

(2D
Notice that the random variable /Y, appears as the upper
limit of the integral in Eq. (21) and the basic inequality
available to us is a bound on EY, given by Eq. (20).
Consequently, one needs some involved strategy to apply
Eq. (20) to estimate the integral in Eq. (21). Mendelson’s
tricky strategy is to bound the integral in Eq. (21) by
a function of Y, in which the variable Y, appears in a
simpler term. Furthermore, this constructed function turns
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out to be increasing and concave with respect to Y., to
which Eq. (20) can be readily applied. Notice that the
construction of this function is not easy and requires some
additional effort. As a comparison, one can clearly see
that the variable /Y, always occurs as a linear term in
our deduction and its expectation can be simply bounded
by the inequality E\/Y, < EY,.

We are now in a position to present local Rademacher
complexity bounds for the shifted loss class (17). The proof,
which is given in part A of the appendix, relies on the
complexity bounds in Theorem 4 and the L;-norm covering
number bounds given by Krzyzak and Linder [1].

Theorem 5. If K is of bounded variation and satisfies the
condition sup, |K(t)| < 1, then for any input dimension d,
sample size n, complexity index k and r > 0, the local
Rademacher complexity of the shifted loss class F; satisfies:

kd?1 k21
ER.{f € F} : Pf2§r}§cl nOgn+\/T nog"] .

V. GENERALIZATION PERFORMANCE OF RADIAL BASIS
FUNCTION NETWORKS

This section discusses the generalization performance of
RBF networks by considering separately the estimation and
approximation errors. We first apply local Rademacher com-
plexity bounds in Theorem 5 and a Talagrand-type inequal-
ity (Theorem 6) to tackle the estimation error bounds, based on
which one can show that the structural risk (10) indeed meets
the condition (5). Then the approximation power of RBF net-
works is treated via classical results in approximation theory.
The generalization performance of RBF networks is justified
by plugging the obtained estimation and approximation error
bounds into Eq. (6).

A. Controlling the estimation error

Our discussion on estimation error bounds is based on
Theorem 6 due to Bousquet [18] and Blanchard et al. [30],
which shows that if the uniform deviation of the empirical
processes indexed by sub-classes can be controlled by a sub-
root function ¢, then the uniform deviation over the whole
class can also be dominated by the fixed point of ¢.

Definition 3 ([22]). A function ¢ : [0,00) — [0, 00) is called
sub-root if it is nondecreasing and if r — ¢(r)/+/r is non-
increasing over r > 0.

It can be checked that any sub-root function ¢ admits a
unique positive number r* satisfying ¢(r*) = r*. We will
refer to such r* as the fixed point of ¢ in the remainder [5].

Theorem 6 ([30]). Let F be a class of measurable, square
integrable functions such that Pf — f < b,Vf € F. Assume
that the convex hull of F contains the zero function. Let w(f)
be a non-negative functional with Var(f) < w(f),vf € F.
Let ¢ be a sub-root function with unique fixed point r* such
that the following inequality holds:

E sup Vr > r*.

feEFw(f)<r
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Then, for any t > 0 and M > 1/7, the following inequality
holds with probability at least 1 — e~t:

w(f) (M 4+ 9b)t

Pf = Puf < =7 +50Mr" + L VfeF. (23)

The sub-classes in Theorem 6 are defined through a non-
negative functional w(f), which will be fixed as the specific
choice w(f) := Pf? in this paper. To estimate the term
M~1w(f) in Eq. (23), we need an additional assumption
called the Bernstein condition.

Definition 4 (Bernstein condition [18]). Let 0 < o« < 1 and
B > 0 be two given constants. We say that F is an («, B)-
Bernstein class with respect to the probability measure P if

Pf*<B(Pf)*, VfeF. (24)

Bernstein condition (24) ensures that variances of functions
in F can be controlled through their expectations, which is
essential for us to get improved learning rates via the local
Rademacher complexity technique. The intuitive example for
extracting such condition is the famous Bernstein inequality,
where the variance-expectation relation plays a significant role
in deriving sharp bounds [22]. Lemma 13 in part B of the
appendix guarantees the Bernstein condition for the shifted
loss class (17). The estimation error bounds for the prediction
rule Ay, can be controlled by the following theorem, whose
proof is given in part B of the appendix.

Theorem 7. Let P be a probability measure defined on Z :=
X x [=b,b] C€ RY x [~b,b],d € NT,b > 0, from which the
examples Z; = (X;,Y;),1 = 1,2,...,n are independently
drawn. Assume that the loss function is ¢p,,p > 1, the kernel
K is of bounded variation and satisfies that sup, |K(t)| < 1.
Then for the hypothesis space defined as Eq. (8) and any t > 0,
with probability at least 1 — et there holds

(kd2logn)21ap (1)]
- =2 +t — ,
n n

) 25)
where o, = 2/p A1 and f, is an element in F}; defined by

Fi(z) = @p(hi(@) —y) —p(h*(2) —y), k€NT. (26)

Pfkéﬁppnfk‘FC

B. Controlling the approximation error

Our approximation error bounds for RBF networks are
based on Theorem 8 due to Wu et al. [21], which implies
that for a loss function ¢ with a Holder continuous derivative,
the term E(h) — £(h*) can be approached by studying the
distance between h and h* under the metric | - ||z, (p)-

Definition 5. Let I C R be an interval with nonempty interior.
A function ¢ : I — R is called Holder continuous with
exponent @ (0 < aw < 1) and constant ¢g on [ if

lo(y) — ¢(@)] < coly — =%, Ve,yel.  (27)

Theorem 8 ([21]). Assume that |y — h(z)] < M and
ly — h*(x)] < M almost surely. If the loss function ¢
is differentiable on [—M, M| and its derivative is Holder
continuous with exponent o and constant cq, then we have

* Co * (| 14
h)—&(h*) < h—~h
E(h) —&(h") < +a|| |

1 Lita(P)

Under the assumption h* € Hj;, we have the following
approximation error rates. The definition of H; can be seen
from Eq. (14). The proof is given in part C of the appendix.

Theorem 9. If the target function h* belongs to Hj, and the
kernel K is uniformly bounded in the sense that sup, |K(t)| <
1, then for the loss function ¢,,p > 1 there holds

2Ap
E(hy) —E(hr) < Bt (\%) : 28)

~ 2Ap
where c,_1 =2 if p<2and c,—1 = (p—1)(2b)P~2 if p > 2.

Remark 5. Eq. (28) is an example of dimension-independent
bound since the involved convergence rate does not depend
on the input dimension d, which, at first glance, may seem
inconsistent with the curse of dimensionality: approximation
will become harder as the input dimension increases. However,
this is indeed not the case since the information on d is hidden
in the assumption that h* € H;,. To clearly see the role of the
dimension here, we consider the special case K (t) = e™¢, A =
o~ (I is the identify matrix and o € R*). For any r >
d/2,q € [1,00), the Bessel-potential space (LT",|| - ||ar)
is defined as the set of functions f that can be expressed as
f = w * B, where * stands for the convolution operator,
w € Ly(Ag) (Ao is the Lebesgue measure) and 3, is the r-th
Bessel potential with 3,(s) = (14 |s||2)~"/2 being its Fourier
transform. Expressing S, in an integral formula as Eq. (12)
in Kainen et al. [11] and applying Theorem 2.4 in Kainen
et al. [11] to control the variational norm of any h* € L1",
one can show that h* € H, if

b2 |lwlp, ()2 Y?0(r/2 = d/2)/T(r/2),  (29)

where I'(z) := [~ t*~'e~"dt is the Gamma function. There-
fore, the condition h* € H; indeed hides the information
on d, which places an appropriate constraint on the target
function to allow for a dimension-independent error rate.
Furthermore, restating the regularity condition in other ways
would automatically reveal the role of the dimension in the
approximation process [11], [35]. For example, by assuming
h* = wxfB, € LY" with w satisfying Eq. (29), one can recover
the following dimension-dependent error rate [11], [36]

* * pCp71
— <
E(m)—€(n") < =

VED(r/2)

To let the above inequality be nontrivial, we need to impose the
constraint r > d (since [ t*"'e~'dt = oo if 2 < 0). Since
the space L'" will become more and more constrained as 7
increases, one needs to place a much stronger smoothness as-
sumption on the target function to attain similar approximation
error rates for large d, justifying the curse of dimensionality.
For a fixed ¢y > 0 and the degree r4 := d + ¢g, the factor

2
o-a2P(ra/2—d/2)]*"

I(ra/2)
involving d decays exponentially fast as d increases, showing

the hyper-tractability behavior for approximation by RBF
networks [11, 12].

k)(Td, d) =

2N
<||w||L1(AU)2d/2F(7“/2 - d/2>> Y
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Remark 6. It is interesting to describe the class of problems
that can be addressed by RBF networks with guaranteed
approximation error rates, i.e., to illustrate the class of func-
tions belonging to . Using Theorem 8.2 in Girosi and
Anzellotti [8] one can show that functions g with the integral
representation

g(x) = /Rd2+d K ([z — ' Alz — c]) M(dcdA)

are indeed members of H,. Here \ is a signed measure
on R¥+4 with variation ||A|| < b. For the case K(t) =
e7t,t € RT and A = 071,60 > 0, other than the Bessel-
potential spaces considered in Remark 5, Niyogi and Girosi [4]
indicated that H,, contains the Sobolev space H>*™1(2m > d)
consisting of functions whose derivatives up to order 2m are
integrable. One can also see here that the assumption h* € Hp
imposes stronger constraints as d increases.

VI. SIMULATION STUDY

This section aims to justify the effectiveness of the previous
theoretical analysis from an empirical perspective. Specifically,
we will consider the application of the structural risk (11) in
selecting an appropriate complexity index k£ and compare its
behavior with other model selection methods. Instead of the
general RBF networks of the form (7), the networks to our
attention here take the specific form

k
h(zx) = Zu}ie_W"—Cill2 + wo, (30)

i=1
which allow us to use the standard function newrb in the Mat-
lab Neural Network Toolbox to train networks. The notation
|| - ]| in Eq. (30) means the Euclidean norm. We consider
here some specific £, loss functions with 1 < p < 2, which
are more robust, or equivalently less sensitive to “outliers”
(bad observations), than the standard squared loss. Values of p
close to one are of great importance for robust neural network
regression [1]. Concretely, Darken et al. [37] indicated the
superiority of ¢; 5 to ¢5 since ¢; o is relatively insensitive to
“outliers”. We do not consider the squared loss here since
Krzyzak and Linder [1] obtained a structural risk similar to
ours in this case.

As our purpose is to compare different model selection
methods rather than the accurate construction of RBF net-
works, we consider here a two-stage approximation method
to train RBF networks under the general £, loss, 1 < p < 2.
At the first stage, the centroids ¢y, ..., c; are approached by
the function newrb in Matlab, which is exclusively designed
for the squared loss. Once the centroids are derived, the calcu-
lation of the coefficients w; is indeed a L,, regression problem
and, perhaps more important, a convex optimization problem.
We use CVX [38], a package for specifying and solving convex
programs, to identify the coefficients w; at the second stage.
The constraint on the coefficients as Zf:o |w;| < b is ignored
here since our main focus is to study the effect of k£ on
the generalization performance. Also, the parameter b relies
on the target function’s regularity assumption, which is often
unknown to us.
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regggssion-problem with 1D-sinc functiog| being the target function.

SRM SRM' AIC SRM
The success of a model selection method heavily relies on
a criterion to assess the associated models’ quality. Instead of

the structural risk (11), we use the following structural risk

SRM' AIC

SRM(fy) = Ex (h) + (k(‘”nl)H log n> e

where A > 0 is a constant. The distinction between Eq. (11)
and Eq. (31) clonsists in two aspects: firstly, the negligible term
2logk -n < in Eq. (11) is removed here; secondly?, the
term kd? in Eq. (11) is replaced by k(d + 1) + 1. Empirical
studies imply that A = o2 (o2 is the variance of the noise
e in Eq. (35)) is an appropriate choice and, in this case, the
structural risk (31) reduces to (since o), = 1 if 1 < p < 2)

SRM(hy) := Ex(hy) + w

logn - o2, (32)
which coincides with the Bayesian Information Criterion
(BIC). This fact provides a possible justification of our theo-
retical discussion as it recovers the well-known BIC proposed
from a Bayesian viewpoint. To illustrate the efficiency of
the structural risk (32), we perform an empirical comparison
between it and two other model selection methods: one based

2 An intuitive interpretation is that the number of parameters is k(d-+1)41
for functions of the form (30), while that for general RBF networks is ckd?.
Indeed, for the specific RBF networks (30), analyzing in a similar way one
can show that the term kd? in Eq. (11) should be replaced by k(d + 1) + 1.
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SRM SRM AIC 0 SRM SRM' AIC
on the analysis in Krzyzak and Linder [1] (SRM ) and one
based on Akaike Information Criterion (AIC) [39]:

SRM (i) = £. () + \/ U

. - 2k(d+1)+2
AIC(hy) = E.(hy,) + A+ D+2 (34)
n
Note that the structural risk (33) is derived from Eq. (12) by
replacing kd? and ¢ with k(d + 1) + 1 and o2, respectively.
The empirical comparison is performed in a controlled

manner, for which the data is independently generated from

y:fp(w)+€

where z follows the uniform distribution over X and e follows
the normal distribution with expectation 0 and variance o2.
We consider here two specific regression problems, where the

corresponding target functions are

(33)

1D-sinc function: f,(z) =2 'sinz € [-10, 10},
7 4 2
2D-sinc function:  f,(z) = SV TS € [-5,5)°.

Vg + 3
We choose the noise variance o2 in a way to let the Signal-
Noise-Ratio (SNR) equal to 4, where SNR is defined as the

ratio of the variance of the true output value f,(x) to the
variance of the noise € [39]. For simplicity, we assume that

2 is accessible to us and thus all the criteria (32), (33), (34)
can be directly computed from the data.

For each regression problem, we generate a training set
by independently drawing n points from Eq. (35). Then
the complexity index k is ranged over the specified set
{2,4,6,...,36}. For each temporarily fixed k, the associated
RBF network hj is established by our two-stage approxima-
tion method, resulting in a sequence of candidate models. For
each model selection method, the quality of the candidate
models is assessed by the corresponding criterion (SRM,
SRM/, AIC), and the one with the best quality is identified
as the ultimate model. The generalization performance of
the model chosen by a model selection method is measured
through the test error:

Ttest

Zlh

where ((z7,1,),- -, (:cmw, ynm)) is the test sample indepen-
dently drawn from Eq. (35). Now, the test error and the
complexity index k of the chosen model are recorded. We
always set nest = H00.

The above experimental procedure is repeated 100 times,
with each trial an independent random realization of n = 50
training points. The empirical distribution of these test errors,
as well as the corresponding complexity indices, are displayed
via the standard box plot, with marks at 95-th, 75-th, 50-th,
25-th and 5-th percentile of the empirical distribution.

Fig. 1 exhibits the relative behavior of different model
selection methods under the 1D-sinc function and different
loss functions (p = 1.2,1.4,1.6), while Fig. 2 displays their
performance for the 2D-sinc function. Both SRM and AIC
work well for all the regression problems and all considered
¢, loss functions. As a comparison, SRM' performs relatively
poorly in the case p = 1.2 and p = 1.4. It can also be
clearly seen that SRM favors the simplest model, which is
mostly consistent with the principle of Occam’s razor: among
all hypotheses consistent with the facts, choose the simplest.

Eest (B - Y | )

nlest

VII. CONCLUSIONS

This paper studies the generalization performance of RBF
networks under the SRM principle and general loss functions.
We propose a general local Rademacher complexity bound
involving the L-metric capacity rather than the traditional Lo-
metric capacity. We then apply this general result to the RBF
network setting to derive substantially improved estimation
error bounds. Effective approximation error bounds are also
presented by carefully investigating the Holder continuity of
the associated loss function’s derivative. It is shown that the
RBF network minimizing an appropriate structural risk attains
a significantly faster learning rate when compared to the
existing results. We also perform an empirical study to justify
the application of our structural risk in model selection.
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APPENDIX

A. Proofs on local Rademacher complexity bounds

Lemma 10 ([18]). If F is a finite class with cardinality N,
then for any sample size n and r > 0 there holds:

2rlog N
EyRp{f € F: Pof2 <r} </~
n

Lemma 11. Let n be the sample size, r and b two positive
numbers. For any function class F with sup ez || fllc < b,
we have the following complexity bounds:

E;R{fE€EF:Pf?<r}<
e+ (Ve + iy LT ||L1<Pn>>| |

n

inf
e>0

Proof. We temporarily fix any parameter ¢ > 0. Let F* be
a minimal e-cover of the class F with respect to the norm
Il Il (p,)- Denote by

Fro=Af € F>  flleap,) < V2be+/r}

a subset of F~. For any f € F, we define f* as the closest
element to f in F*:

fA = argmin ||f - g”Ll(Pn)'
geF~H

For any f, g with || f]lcc < b, |lgllcc < b, we know that

15 =91 = [ 19 = oA <2015~ glu,ir,

Without loss of generality, one can always assume that the set
F* is also uniformly bounded by b. Now, for any element
f € F with P, f? < r, it follows from the triangle inequality
and the definition of f# that
14 Lapy S WS = Fllzaen) + 1 1zacp)
< /2052 = fllraeny + I llnace,)
< V2be + /7.

That is, for any f € F with P, f? < r we have f* € F2.
By the definition of Rademacher complexity, we derive that

(36)

E-R,{f € F: P, f? < r}

n
=E, sup
FEF:Paf2<r | M
S Sup ”f - fAHLl(Pn) + IEUI{nJ:TA

fEF:Py f2<r

§6+(v2b6+\/;)\/21%|}—r|,

where the last step follows from Lemma 10. The proof is
complete since the above inequality holds for any ¢ > 0. [

=Y (DT (XM D o (X)
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Proof of Theorem 5. Let V' be the total variation of K. For
the hypothesis space (8), Krzyzak and Linder [1, Lemma 4]
derived the following covering number bounds:

2e(b + €) > h
€

N(e, H || - 1) < (€2(d2 + d + 3))°*H (

§ (Ve(b+6)>2(k+1)(d2+d+2)
€

2 2(k+1)
< (62(d2 +d+3)V2e(Ve) +d+2)

<2b> (k+1)(2d%+2d+5)
>< JR—

€

if e <b.

Using the above inequality and the structural result [1], [22]  e0s

N(&, Fii 1) = N (e, Fiy 1) < N e/ (p(20)P 1), M |-

one can show that

Nle, Fisll- ) < (€(@ + d+ 3)v2e(Ve)' +4+2)
. (p(%)p)(k+1)(2d2+2d+5)

€

2(k+1)

2(k+1)
= \/ﬁ(al2 +d+ 3)(Ve)d2+d+2(pgpbp)(2d2+2d+5)/2

=A

. 2
= (k+1)(2d>+2d+5)
The above inequality can be rewritten as follows:

log N'(€, Fi, || - [[1) < 2(k + 1) log A
+ (k +1)(2d? + 2d + 5) log(1/e).

It can be directly checked that the class F; is uniformly
bounded by (2b)P. Consequently, one can apply Theorem 4
here to derive the following inequality for any 0 < e < b

ER,{f € Fi : Pf* <1} < 2+ (21220 + V7
X M%ﬂ log A +2(2d? + 2d + 5) log(1/e)

L 8Dk + 1)

[2log A + (2d°® + 2d + 5) log(1/e)].

Taking the assignment ¢ = n~! in the above inequality (we
assume that n~1 < b for brevity), we have

2 2
ER,{feFr: Pf2<r}<c lkd ;ogn . \/@1 |

D 609

B. Proofs on estimation error bounds 610

Our proof on estimation error bounds heavily relies on the e
variance-expectation relation for functions in the class (17). ei2
For this purpose we first recall the following lemma due i3
to Bartlett et al. [40] and Mendelson [41], which shows that e
the shifted loss class (17) is indeed an («, B)-Bernstein class, &5
provided that the involved hypothesis space Hj, is convex. 616
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Lemma 12 ([41, Theorem 6.1]). Suppose that the hypothesis
space H is convex and the loss function ©,(t) satisfies the
condition |p,(h(z) —y)| < M,Yh € H,(z,y) € Z for some
positive constant M. Then the associated shifted loss class

F = {pp(h(2) —y) — pplhiu(x) —y) : h € H}

is an (o, B)-Bernstein class, where o, = 2/p AN 1,B is a
constant depending on p and M and h};, := argminy, 4, E(h).

However, H; does not satisfy the convexity assumption
in our specific problem and therefore Lemma 12 cannot be
directly applied. Fortunately, with a little additional work, we
can obtain Lemma 13 at our rescue.

Lemma 13. Suppose that the response variable Y takes values
in the region [—b, b] with probability 1. Then, the shifted loss
class F} is an («y, B)-Bernstein class, where a,, = 1 A 2/p
and B is a constant depending on p and b.

Proof. Introduce the auxiliary function class

Hp = {h is a measurable function defined on X : ||A|loc < b}.

The convexity of H,, follows from the above definition. For any
function h, it can be verified that h, := max(—b, min(b, h))
is a better function for modeling the data in the sense E(hy) <
E(h). Indeed, one can even show that the inequality |hy(z) —
y| < |h(z)—y| holds for any y with |y| < b. Consequently, the
target function h* lies in H; and thus one can apply Lemma 12
to show that

Ty = {ep(h(z) —y) — pp(h*(z) —y) : h € Hy}

is an (v, B)-Bernstein class for some constant B. As a subset
of Fy, Fj is also an (o, B)-Bernstein class. O

With these preparations, we can now prove Theorem 7 on
estimation error bounds. Since the exponent « in Eq. (24) may
vary when p takes different values, we consider two cases (1 <
p < 2 and p > 2) to proceed with our proof.

Proof of Theorem 7. According to Lemma A.5 in [5], the
deviation of empirical means from their expectations can be
controlled by the associated Rademacher complexity. There-
fore, we can obtain from Theorem 5 that

(P—Py)f| <2ER,{f € Fy : Pf><r}

2 [rked?
<e [k‘d logn n rkd logn] -
n n

Introduce the sub-root function

kd?logn rkd? logn
o(r):=c [ - +14/ - .

The fixed point r* of ¢(r) can be calculated by solving a
quadratic function, which can be further bounded by

E sup
FEFPf2<r

*

2
< ckd logn. 37)
n

Furthermore, functions in F; always satisfy the inequalities

Pf—f<22b)? and Var(f) < Pf?, Vf e Fr.

Applying Theorem 6 with w(f) = Pf? and F = F}, with

probability at least 1 — e~* there holds:

50M ckd? logn n (M+18(2b)P)t
n

Pfy < Pufu+M ' PfE+ "

(38)
where fk is defined by Eq. (26). Now we can continue our
proof by distinguishing two cases according to the value of p:

CASE 1 < p < 2. In this case, Lemma 13 guarantees the
existence of B satisfying Pf? < BPf,Vf € F; and therefore
Eq. (38) reduces to

BPf,  50Mckd®logn (M + 18(2b)?)t
- + :
M n n

Since the above inequality holds for any M > 1/7, one can
take the assignment M = 2B to give (we assume B > 1/14)

200Bckd? logn n 2(2B + 18(2b)P)t
n n

Pfi < Pufi +

Pfu < 2P, fu+ . (39)

CASE p > 2. For such p, Lemma 13 implies that the
inequality Pf2 < B(Pf)?/? holds for some B > 0 and any
f € Fj;. Now, it follows directly from Eq. (38) that

Pl < Pafict (P I)?"

N 50M ckd? logn n (M +18(2b)P)t
n n

R g :\2/ p/2 _2 E p/(p—2)
SPnfk+p|:(Pfk)2p:| + (1 AT

50M ckd? 1 M + 18(20)P)t
| S0Mckdlogn (M +15(20)")

)

n n
(40)
where we have used the Holder inequality [23]
plta? ¢ >ab, Vp l+qt=1,a,b,p,q>0.

Eq. (40) can be reformulated as follows

p/(p—2)
o P o B\?
ri<-L p =
fk:_p72 fk+(M>

50pMckd?logn  p(M + 18(2b)7)t
n(p —2) n(p —2)

Plugging M = (kn~'d?logn)®=2/(2=2p) into the above
inequality, we have

. . . 2logn ) 72
P, < P Pofo+ (B + 50pc kd* logn
p—2 p—2 n

p—2 P
18p(20)Pt pt 1 =2 (1)) -2
— .4
+n(p—2) +p—2 kd?logn n @

Eq. (39) and Eq. (41) can be written in a compact form as
Eq. (25), where c is a constant independent of n, k and d. [

C. Proofs on the approximation error bounds

To apply Theorem 8 in our context we need to check
the Holder continuity of the signed power function ¢ (x) :=
sgn(z)|z|*, which is justified by the following lemma.
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Lemma 14. The signed power function (x) =
sgn(z)|z|*, o > 0 defined on [—M, M| is Hélder continuous
with exponent 1 N\ o and constant c., where c, = 2 if
O<a<landcy=aM*>"'ifa>1.

Proof. We consider two cases according to the value of a.

CASE 0 < a < 1. For such q, it can be directly checked
that the power function t(z) := z* defined on [0, c0) satisfies
the following inequality

(x+y)* <z +y* <2@+y)*, Vr,yel0,00). (42)

Indeed, the first inequality follows from the sub-additive
property of ¥ (x), whereas the second inequality is due to the
non-negativity of z,y.

For numbers z,y with x -y > 0, Eq. (42) implies that

2| = |z —y +y|* <[z —y|* + [yl
yl* = ly —z+2z[* < |z —y|* + |=|"

These two basic inequalities yield that
|sgn(z)|z|* —sgn(y)ly|®| < |z —yl*.
For numbers z,y with x -y < 0, the desired inequality

[sgn(x)]x|* — sgn(y)ly|*| < 2w —y|*

is equivalent to |z|*+|y|* < 2 (|z] + |y|)* (note that |[z—y| =
|z| + |y|), which follows from the right-hand side of Eq. (42).

CASE a > 1. In this case, it can be verified that ¢(z) =
sgn(x)|z|* is differentiable and the derivative is uniformly
bounded in that ¢’ ()| < aM®~ Yz € [—M, M]. Conse-
quently, the Holder continuity of v (z) can be established by

0@) o) = | [ ¥ 0] < adr e -y,
O

Proof of Theorem 9. For the target function h* in H,, the
monotonicity of the norm || - ||z, (p,) With respect to p and
Lemma 1 in Barron [36] guarantee the existence of a function
hi € Hj, such that

1Pk = B[ 1an, () < I — Bl Ly(py) < 0V/1/E

Note that |y — h(z)| < 2b,Vh € Hy, and |y —h*(z)| < 2b hold
almost surely. Lemma 14 implies that @;(m) = sgn(z)-p|r[P~1
is Holder continuous with exponent 1 A (p — 1) and constant
pcp—1. Consequently, it follows from Theorem 8 that

(43)

E(hy) — E(n*) < B2L iy — o2

~ 2ADp Lanp(Px)? (44)

which, coupled with h}’s definition and Eq. (43), yields that

* * 7 * pcp—l b e
Ehi) — () < (i) - £0) < B (\/E) .

IEEE TRANSACTIONS ON NEURAL NETWORKS AND LEARNING SYSTEMS

D. Proofs on the generalization error bounds

Proof of Theorem 2. Theorem 7 implies that the following
inequality holds with probability at least 1 — e™*

E(hi) < E(*) + By |Ex(hn) — (")

[ (kd2 1ogn) o (1)—]
c _— +t|— .
n n

Consequently, for the estimate L, ;, defined as

Ly = E(h")+Bp |:5z(ilk) - 5z(h*)} +c(kd?n~" log n)ﬁ7

the inequality (5) holds with x = 1 and v = ¢t/ 2-ap),
Now the term L,, , — £, (hi) can be upper bounded by

(ﬂp - 1)5z(ilk) + g(h*) — /Bpgz(h/*) + C(kd2n71 IOg n)ﬁ

Taking the expectation on both sides and using the ERM
property £, (hi) < E,(h}), we get

E Lok = E(h)| < (8, = 1) (£(h}) — E(h7))
+ ¢(kd*n"! log n)ﬁ

It can be directly verified that the structural risk defined by
Eq. (10) is indeed L, x + 27y 'logk. Plugging the above
inequality into Eq. (6) yields the following result

BE(h,) -~ £(n°) < min |8, (£(17) ~ £(1°)

+ ¢(kd*n~"* logn) = 4 (2log k + log(2€))en = ] .

O

Proof of Corollary 3. For the case 1 < p < 2, we can derive
from Theorem 9 and Theorem 2 that

EE(hy,) —E(R) < mkin [chk_% + ckd*n~'log n]

2 e
Sc(d logn) 7
n

where in the second inequality we simply take the choice k =
(d?>n~"logn)=2/P+2),

The case p > 2 can be analogously addressed by taking
k = (d?>n~'logn)?/=3P) in the deduction:

EE(hy,) —E(R") < mkin [b’pck_l + c(kd*n"!log n)%%}

< c(d®n logn) T 2.
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