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Abstract

Machine learning often involves structured optimization problems with an ℓ1-regularizer to encourage either sparsity or
interpretability. While the stochastic regularized dual averaging (RDA) method addresses the limitations of stochastic gradient
descent in structured optimization, its theoretical analysis focuses primarily on optimization errors, leaving the generalization
behavior to testing examples unexplored. This work bridges this gap by initializing the stability and generalization analysis of
stochastic RDA through the lens of algorithmic stability. We establish novel stability and generalization error bounds for three
distinct scenarios: convex and smooth losses, strongly convex and smooth losses, and nonsmooth, Lipschitz and convex losses.
Additionally, we derive new optimization error bounds for stochastic RDA by removing the bounded gradient assumption for
smooth problems. We also develop optimal excess risk bounds for ℓ1-regularized problems, which can be fast under a low-noise
condition.
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I. INTRODUCTION

MODERN machine learning problems often involve models and datasets of extremely large scale, posing significant
computational challenges for learning algorithms. The classic stochastic gradient descent (SGD) method [43], while

simple to implement, is known to have a key limitation: it struggles to effectively exploit problem structure when the loss
function includes a nonsmooth regularizer, such as the ℓ1-norm [17]. To address this limitation, the stochastic regularized dual
averaging (RDA) method was developed in [53], and has proven particularly effective in online learning and reinforcement
learning [18, 35]. Stochastic RDA operates by solving a minimization problem that incorporates the running average of all
past gradients and a potentially nonsmooth regularizer.

A substantial body of work has been dedicated to investigating the theoretical properties of stochastic RDA and its variants
[9, 10, 18, 22, 53]. In the original work [53], optimization error bounds for stochastic RDA were established for both convex
and strongly convex loss functions under the assumption of bounded gradients. These results were later extended in [9] to
encompass both convex and nonconvex differentiable loss functions. An adaptive variant of stochastic RDA was introduced
in [18], which leverages historical data to enable more informed gradient-based learning. For the specific case of regularized
least-squares regression, [22] demonstrated that stochastic RDA achieves a refined convergence rate without requiring strong
convexity assumptions. Furthermore, accelerated versions of stochastic RDA, which incorporate Nesterov’s momentum [38],
have been proposed in [10, 53]. These accelerated variants exhibit improved convergence rates compared to the standard
stochastic RDA method.

The aforementioned works primarily focus on the optimization errors of stochastic RDA, i.e., the performance of models
on the training dataset. However, in machine learning, the generalization behavior of models on unseen testing samples is of
greater interest. To our best knowledge, there is no generalization analysis of stochastic RDA. Motivated by this gap, we initiate
the generalization analysis of stochastic RDA by leveraging the concept of algorithmic stability [5], which is a fundamental
concept measuring the robustness of a learning algorithm under the perturbation of training examples. Our main contributions
are summarized as follows.

1. We consider a generalized stochastic RDA method with time-varying regularizers and derive stability bounds for stochastic
RDA under three distinct settings: (i) convex and smooth loss functions, (ii) strongly convex and smooth loss functions,
and (iii) convex, nonsmooth but Lipschitz continuous loss functions. Building on these stability bounds, we establish, for
the first time in the literature, corresponding generalization error bounds for stochastic RDA.

2. We establish optimization error bounds for stochastic RDA in both convex and strongly convex settings, removing the
bounded gradient assumption required in the original work [53]. By combining these optimization error bounds with our
generalization error results, we further derive excess population risk bounds for ℓ1-regularized problems.

3. The derived excess population risk bounds of stochastic RDA are optimal for all three settings. Our bounds are of order
O(1/

√
n) for convex loss functions and of order O(1/(nµ)) for µ-strongly convex and smooth loss functions, where n
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denotes the sample size. These results match the existing minimax lower bounds for statistical guarantees [1]. For convex
and smooth losses, our results are optimistic and can be improved to the order O(1/n) under a low-noise condition, i.e.,
there exists a model with a vanishing risk.

Technical contributions. It is important to note that existing stability analyses of SGD and its variants [23, 30] do not apply
to stochastic RDA due to the presence of nonsmooth regularizers and fundamentally different gradient aggregation schemes.
To address these challenges, we develop several new technical tools.

Our first technical contribution is a refined nonexpansiveness property for the proximal operator proxαr(·) associated with
the ℓ1-regularizer r(w) = λ∥w∥1 for any α, λ > 0, where proxαr(w) := argminw̃

{
αr(w̃) + 1

2∥w̃ −w∥2
}

. We prove that
(see Lemma 2)

∥ proxαr(αw)− proxαr(αw
′)∥2 ≤ α2

(
∥w −w′∥2 − ∥r′(proxαr(αw))− r′(proxαr(αw

′))∥2
)
, ∀w,w′ ∈ Rd, (I.1)

where r′ denotes a subgradient of r. Compared with the classical nonexpansiveness property [23]

∥ proxαr(αw)− proxαr(αw
′)∥ ≤ α∥w −w′∥, ∀w,w′ ∈ Rd, (I.2)

the improved bound Eq. (I.1) introduces an additional non-positive term that captures the difference between subgradients at
the proximal outputs.

This refinement is crucial for obtaining sharp stability bounds for stochastic RDA. To see this, note that stochastic RDA
can be written as wt+1 = proxtr̄t/βt

(−tst/βt), where r̄t is a scaled ℓ1-regularizer, st is the running average of stochastic
gradients, and βt > 0 is a parameter in the algorithm. In the stability analysis, we compare the iterates generated from two
neighboring datasets (i.e., datasets that differ by at most a single example). To this end, we may first estimate the change
of E[∥st − s′t∥2] and then use some nonexpansiveness property of proximal operators to control E[∥wt −w′

t∥2], where E[·]
denotes the expectation, {s′t} and {w′

t} are produced by the same algorithm on a neighboring dataset. We show in our analysis
that E[∥st+1 − s′t+1∥2] ≲

∑t
k=1

k2

βk(t+1)2E[∥r̄
′
k(wk+1)− r̄′k(w

′
k+1)∥2] + 1

nt L̂t (see Eq. (V.9)), where we ignore some constant
factors in ≲, and L̂t is a running average of training errors during the optimization process. Then if we directly apply the
classic nonexpansiveness property Eq. (I.2), we get E[∥wt+1 −w′

t+1∥2] ≲ 1
β2
t

∑t−1
k=1

k2

βk
E[∥r̄′k(wk+1) − r̄′k(w

′
k+1)∥2] +

tL̂t

nβ2
t

.

A problem of this approach is that the term 1
β2
t

∑t−1
k=1

k2

βk
E[∥r̄′k(wk+1)− r̄′k(w′

k+1)∥2] is difficult to control and may dominate
the bound unless we choose extremely small regularization parameters. To address this difficulty, we apply the improved
nonexpansiveness property Eq. (I.1) on wt+1 = proxtr̄t/βt

(−tst/βt) to obtain (see Theorem 3)

E[∥wt+1 −w′
t+1∥2] ≲

1

β2
t

t−1∑
k=1

k2

βk
E[∥r̄′k(wk+1)− r̄′k(w

′
k+1)∥2] +

tL̂t

nβ2
t

− t2

β2
t

E[∥r̄′t(wt+1)− r̄′t(w
′
t+1)∥2].

With the above improved bound, our second technical contribution is to show that 1
β2
t

∑t
k=1

k2

βk
E[∥r̄′k(wk+1)− r̄′k(w′

k+1)∥2]
can be partially offset by the negative term − t2

β2
t
E[∥r̄′t(wt+1)− r̄′t(w

′
t+1)∥2] if we focus on stability at averaged iterates. This

cancellation mechanism is the key to deriving effective stability bounds, which in turn yield optimal excess risk bounds for
averaged iterates under more flexible choices of the regularization parameters.

The rest of the paper is organized as follows: we discuss the related work in Section II and formulate the problem in Section
III. Then the stability and generalization analysis of stochastic RDA is established in Section IV, with the proofs for convex
and smooth losses provided in Section V. Section VI is devoted to numerical experiments, and Section VII concludes the
paper.

II. RELATED WORK

In this section, we review related work on algorithmic stability and dual averaging methods.
Algorithmic stability. Algorithmic stability is a fundamental concept in statistical learning theory to study the generalization

behavior of learning algorithms. The seminal work [5] introduced the uniform stability concept which is widely used to derive
high-probability generalization bounds [6, 20, 21]. This stability concept has been relaxed from different aspects, leading to
various stability measures such as the hypothesis stability, on-average stability and the on-average model stability [27, 28,
30, 46]. The work [23] pioneered the generalization analysis of SGD via algorithmic stability, which motivates increasing
interests in stability and generalization analysis of stochastic optimization algorithms [14, 26, 39, 40, 45, 54]. Recent progress
justifies algorithmic stability as an important tool to understand the generalization behavior of neural networks [42, 49, 51]
and transformers [15, 32]. Other than generalization, stability also has close connections to other performance metrics such as
privacy, fairness, and replicability [2, 7].

Dual averaging. The dual averaging (DA) method was initially introduced in [37] to optimize nonsmooth functions with
potentially convex constraints. It was later generalized by Xiao [53] to solve stochastic composite problems, leading to the
development of the stochastic RDA method. Stochastic RDA achieves convergence rates of order O(1/

√
t) with shrinking step

sizes O(1/
√
k) for convex problems and O(ln t/t) with a constant step size 1/µ for µ-strongly convex problems, where t
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denotes the iteration number. By incorporating Nesterov’s momentum technique [38], these rates can be further improved to
O(1/t2 + 1/

√
t) for convex problems and O(1/t2 + 1/t) for strongly convex problems [10, 53], which are optimal according

to the complexity theory [36]. For the specific case of least-squares regression, the work [22] demonstrates that stochastic RDA
can achieve the convergence rate of O(1/t) without requiring strong convexity assumptions. Additionally, stochastic RDA can
be combined with the alternating direction method of multipliers (ADMM) for solving convex online learning problems [48].
More recently, DA has been extensively studied in distributed and online settings [11–13, 19, 25, 34] for both convex and
nonconvex problems and has proven highly effective in manifold identification [16, 29].

III. PROBLEM SETUP

Let P be a probability measure defined on a sample space Z = X × Y , where X is an input space and Y is an output
space. Let S = {z1, . . . , zn} be a sequence of training examples drawn independently from P, from which we aim to learn
a model h : X 7→ Y for prediction. We consider parametric models where each model is parameterized by a parameter w in
a parameter space W := Rd. Let ℓ(w; z) be the loss incurred by applying w to do the prediction on z. We are interested in
minimizing the population risk

L(w) := Ez∼P[ℓ(w; z)],

where Ez[·] denotes the expectation w.r.t. z. Since the probability measure P is unknown, we consider its empirical approxi-
mation

LS(w) :=
1

n

n∑
i=1

ℓ(w; zi),

which is referred to as the empirical risk (training error). We always mean the Euclidean norm when mentioning ∥ · ∥.

A. Stability and Generalization

We often apply a learning algorithm to approximately minimize the training error. We denote by A(S) the output model
by applying an algorithm A to the dataset S. In statistical learning theory (SLT), we are especially interested in the relative
behavior of the output model A(S) as compared to the best model w∗ = argminw∈W L(w), which is measured by the excess
population risk L(A(S))−L(w∗). A standard approach to tackle the excess population risk is to consider the following error
decomposition [4]

ES,A[L(A(S))− L(w∗)] = ES,A[L(A(S))− LS(A(S))] + ES,A[LS(A(S))− LS(w
∗)],

where we use the identity E[LS(w
∗)] = L(w∗) since w∗ is independent of S. We refer to L(A(S)) − LS(A(S)) as the

generalization gap, which is the difference between testing and training on the output model. We refer to LS(A(S))−LS(w
∗)

as the optimization error, which measures the suboptimality of the output model as compared to w∗ in training. Generalization
gap is a term of central interest in SLT, while optimization error has been extensively studied in optimization theory [3].

We will leverage the algorithmic stability to study the generalization gap. Intuitively, we say an algorithm is stable if a
change of a single example does not lead to a significant change in the behavior of output models. Various stability concepts
have been introduced, including uniform stability [5], on-average stability [46] and on-average model stability [30]. In this
paper, we focus on the on-average model stability since it can imply fast rates without a Lipschitzness assumption.

Definition 1 (On-average Model Stability [30]). Let S = {z1, . . . , zn} and S′ = {z′1, . . . , z′n} be drawn independently from
P. For any i ∈ [n] := {1, . . . , n}, define

S(i) := {z1, . . . , zi−1, z
′
i, zi+1, . . . , zn}

as the set formed from S by replacing its i-th element with z′i. Let ϵ > 0. We say a randomized algorithm A is on-average
model ϵ-stable if ES,S′,A[

1
n

∑n
i=1 ∥A(S)−A(S(i))∥2] ≤ ϵ2.

Next, we recall the definitions of convexity, Lipschitz continuity, and smoothness as follows.

Definition 2 (Convexity, Lipschitzness and smoothness). Let g : W 7→ R be differentiable. Let σ ≥ 0, α > 0, and G > 0.
1) We say g is σ-strongly convex if

g(w) ≥ g(w′) + ⟨w −w′,∇g(w′)⟩+ σ

2
∥w −w′∥2, ∀w,w′ ∈ W.

We say g is convex if the above inequality holds with σ = 0.
2) We say g is G-Lipschitz continuous if |g(w)− g(w′)| ≤ G∥w −w′∥, ∀w,w′ ∈ W.
3) We say g is α-smooth if ∥∇g(w)−∇g(w′)∥ ≤ α∥w −w′∥, ∀w,w′ ∈ W.

Remark 1. We always assume that the loss function ℓ(·; z) is convex for all z ∈ Z in the upcoming sections. It should
be mentioned that our analysis applies directly to kernel learning problems and potentially to neural networks. In particular,
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consider a feature map ϕ : X → H and a model hw(x) = ⟨w, ϕ(x)⟩ for the kernel setting, where H is a reproducing kernel
Hilbert space and w ∈ H. Let the loss be ℓ(w; z) = ψ(hw(x), y), where ψ : R × R → R+ and z := (x, y). If ψ is convex
and smooth with respect to its first argument, then ℓ(·, z) is also convex and smooth. This condition is satisfied by many
commonly used losses, such as the logistic loss ψ(a, y) = log(1 + exp(−ay)) and the least square loss ψ(a, y) = 1

2 (a− y)2.
Therefore, our generalization results apply to kernel learning accordingly. Furthermore, although neural networks are typically
nonconvex, the analysis can be extended to stochastic RDA for neural networks by exploiting their weak convexity. A key
observation is that the weak convexity parameter decreases as the network width increases [33]. This weakly convex property
has already been used to extend stability-based generalization analyses of GD and SGD from convex problems (e.g., [23])
to overparameterized shallow neural networks (SNNs) (e.g., [31, 42, 49]). Similarly, our stability analysis for stochastic RDA
in the convex setting may also be extended to overparameterized SNNs. We leave a complete treatment of this extension as
future work.

Lemma 1 gives a quantitative connection between the generalization gap and the on-average stability for smooth problems
and Lipschitz continuous problems. Note that Lemma 1 includes a free parameter γ, which can be selected to optimize the
bounds.

Lemma 1 ([30]). Let S, S′, and S(i) be constructed as in Definition 1, and γ > 0.
(a) If for any z ∈ Z , the function w 7→ ℓ(w; z) is nonnegative and α-smooth, then

ES,A[L(A(S))− LS(A(S))] ≤
α

γ
ES,A[LS(A(S))] +

α+ γ

2n

n∑
i=1

ES,S′,A[∥A(S(i))−A(S)∥2].

(b) If for any z ∈ Z , the function w 7→ ℓ(w; z) is G-Lipschitz continuous, then

ES,A[L(A(S))− LS(A(S))] ≤
G2

2γ
+

γ

2n

n∑
i=1

ES,S′,A[∥A(S(i))−A(S)∥2].

B. Stochastic Regularized Dual Averaging

In this paper, we consider the stochastic regularized dual averaging (RDA) method [53], which is especially useful for
solving an optimization problem of a composite structure

FS(w) := LS(w) + r(w), (III.1)

where r : W 7→ R+ is a regularizer introduced to incorporate some prior information into the training process. A representative
regularizer is r(w) = λ∥w∥1, where λ > 0 is a regularization parameter and ∥·∥1 denotes the ℓ1-norm, i.e., ∥w∥1 =

∑d
i=1 |wi|

for w = (w1, . . . , wd)
⊤. The ℓ1 regularizer is effective in promoting a sparse solution. If LS(w) has a sparse minimizer, then

we can build an objective in Eq. (III.1) with r(w) = λ∥w∥1 and apply stochastic RDA to find such a minimizer. A sparse
solution is preferable due to its good interpretability as most of the components are zero [24].

We consider a generalized stochastic regularized dual averaging method, which allows time-varying regularizers rk : W 7→
R+, k ∈ [n]. For simplicity, we denote Rt(w) :=

∑t
k=1 rk(w) and r̄t(w) := Rt(w)/t. Let Ψ : W 7→ R be σ-strongly convex

w.r.t. a norm ∥ · ∥.

Definition 3 (Stochastic regularized dual averaging). Let w1 ∈ W be an initialization point and {βt} be a sequence of positive
numbers. At the t-th iteration, we randomly select jt according to the uniform distribution over [n] := {1, . . . , n} and build
wt+1 by solving the following minimization problem

wt+1 = argmin
w∈W

{〈1
t

t∑
τ=1

∇ℓ(wτ ; zjτ ),w
〉
+ r̄t(w) +

βtΨ(w)

t

}
. (III.2)

If rk(·) = r(·) for all k ∈ N, then Eq. (III.2) becomes

wt+1 = argmin
w∈W

{〈1
t

t∑
τ=1

∇ℓ(wτ ; zjτ ),w
〉
+ r(w) +

βtΨ(w)

t

}
,

which recovers the stochastic RDA considered in [53]. In this paper, we only consider Ψ(w) = 1
2∥w∥2 with ∥ · ∥ being the

Euclidean norm and rk being a scaled ℓ1-norm, i.e., rk(w) = λk∥w∥1 for some λk ≥ 0. Then, σ = 1.

IV. MAIN RESULTS

In this section, we present our main results on the stability and generalization of stochastic RDA. We consider three classes
of problems: (i) convex and smooth losses, (ii) strongly convex and smooth losses, and (iii) convex, nonsmooth, and Lipschitz
losses. Table I provides a comprehensive summary of our main results across these different settings.
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TABLE I: Summary of main results for stochastic RDA under different settings

Setting Main Results EPR Bound

Convex Smooth Lipschitz Stability Optimization EPR General Low-Noise Lower Bound [1]

✓ ✓ × Thm 3 Thm 4 Thm 5, Cor. 6 O
(√

L(w∗)/n
)

O
(
1/n

)
Ω
(√

1/n
)

µ-SC ✓ × Thm 7 Thm 8 Thm 9, Cor. 10 Õ
(
1/(µn)

)
– Ω

(
1/(µn)

)
✓ × ✓ Thm 11 [53] Thm 12, Cor. 13 O

(√
1/n

)
– Ω

(√
1/n

)
Note: µ-SC = µ-strongly convex, EPR = excess population risk, n = number of training samples. Õ(·) hides logarithmic terms. All results

assume rk(w) = λk∥w∥1 for EPR bounds. The lower bound is for a general case, i.e., without low-noise assumptions.

A. Convex and Smooth Loss

We first study the behavior of stochastic RDA when the loss function ℓ(·; z) is convex and α-smooth for all z ∈ Z . Since
Ψ(w) = ∥w∥2/2, we know

wt+1 = argmin
w∈W

{
⟨st,w⟩+ r̄t(w) +

βt
2t

∥w∥2
}

= argmin
w∈W

{
r̄t(w) +

βt
2t

∥∥w + tst/βt
∥∥2} = proxtr̄t/βt

(
− t

βt
st
)
, (IV.1)

where st := 1
t

∑t
τ=1 ∇ℓ(wτ ; zjτ ) is the average of the first t stochastic gradients and the proximal operator associated with a

regularizer r : W 7→ R+ is defined as

proxr(w) := argmin
w′∈W

{
r(w′) +

1

2
∥w′ −w∥2

}
, ∀w ∈ W.

Therefore, stochastic RDA can be efficiently implemented via the proximal operator, which can have a closed-form solution,
e.g., the soft-thresholding operator if r(w) = λ∥w∥1. For the stability analysis, we need to understand how the proximal
operator preserves the stability, which is achieved in the following lemma.

Lemma 2. Let r(w) = λ∥w∥1 and s, s′ ∈ W . Let

w = proxtr/β
(
− t

β
s
)
, w′ = proxtr/β

(
− t

β
s′
)
.

Then, we have

∥w −w′∥2 ≤ t2

β2

(
∥s− s′∥2 − ∥r′(w)− r′(w′)∥2

)
,

where r′ is a subgradient of r.

Remark 2. If r is convex, the proximal operator proxr(·) exhibits the nonexpansive property [23]

∥proxr(w1)− proxr(w2)∥ ≤ ∥w1 −w2∥, ∀w1,w2 ∈ W,

which implies that the distance between two points does not increase after taking a proximal operator. This shows that
∥ proxtr/β(tw1/β)−proxtr/β(tw2/β)∥ ≤ t

β ∥w1−w2∥ for general convex r. Lemma 2 improves this result for r(·) = λ∥ ·∥1
by showing that the square distance actually decreases by at least ∥r′(w) − r′(w′)∥2 after a proximal operator. As we will
see in the stability analysis, this improvement plays a crucial role in developing excess risk bounds with a larger class of
regularizers.

We now present stability bounds for stochastic RDA. The upper bounds involve a summation of the empirical errors at the
iterates, and improve if we find models with small training errors, which is consistent with existing analysis on SGD [30].
Furthermore, the upper bounds also involve a weighted summation of ∥R′

k(wk+1)−R′
k(w

(i)
k+1)∥2 (recall Rt is defined above

Definition 3). This shows that the regularizers affect the stability of stochastic RDA. To our knowledge, this gives the first
stability analysis for stochastic RDA. For brevity, we denote

∑t−2
k=1 ak = 0 if t ≤ 2.
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Theorem 3 (Stability bounds). Let S, S(i) be defined as in Definition 1. Let {wt}t≥1 and {w(i)
t }t≥1 be the sequence produced

by stochastic RDA applied to S and S(i), respectively. Assume each rk(w) is a scaled ℓ1-norm, and for any z ∈ Z , the map
w 7→ ℓ(w; z) is nonnegative, convex and α-smooth. If βk ≥ α for all k, then for any t ≥ 1, we have

E[∥wt −w
(i)
t ∥2] ≤ 2α

β2
t−1

t−2∑
k=1

1

βk
E[∥R′

k(wk+1)−R′
k(w

(i)
k+1)∥

2]− 1

β2
t−1

E[∥R′
t−1(wt)−R′

t−1(w
(i)
t )∥2]

+
16α

nβ2
t−1

(
1 +

2t

n

) t−1∑
k=1

E[LS(wk)]. (IV.2)

Remark 3. Our basic idea is to first control E[∥st − s
(i)
t ∥2] and then apply Lemma 2 to relate it to E[∥wt −w

(i)
t ∥2], where

s
(i)
t = 1

t

∑t
τ=1 ∇ℓ(w

(i)
τ ;S

(i)
jτ

) (S(i)
j denotes the j-th element in S(i)). This explains why we have the term − 1

β2
t−1

E[∥R′
t−1(wt)−

R′
t−1(w

(i)
t )∥2] in the stability bound (by Lemma 2). To control E[∥st − s

(i)
t ∥2], we use the following recurrent relationship∥∥st+1 − s

(i)
t+1

∥∥2 =
∥∥∥ t

t+ 1
(st − s

(i)
t ) +

1

t+ 1

(
∇ℓ(wt+1;Sjt+1

)−∇ℓ(w(i)
t+1;S

(i)
jt+1

)
)∥∥∥2.

If we expand the square function, we will encounter a term
〈
st − s

(i)
t ,∇ℓ(wt+1;Sjt+1

)−∇ℓ(w(i)
t+1;S

(i)
jt+1

)
〉
, which is further

related to −
〈
r̄′t(wt+1)− r̄′t(w

(i)
t+1),∇ℓ(wt+1;Sjt+1

)−∇ℓ(w(i)
t+1;S

(i)
jt+1

)
〉

by using an optimality condition. This term challenges
the stability analysis, and we have to use the Cauchy-Schartz inequality

−
〈
r̄′t(wt+1)− r̄′t(w

(i)
t+1),∇ℓ(wt+1;Sjt+1

)−∇ℓ(w(i)
t+1;S

(i)
jt+1

)
〉

≤
∥∥r̄′t(wt+1)− r̄′t(w

(i)
t+1)

∥∥∥∥∇ℓ(wt+1;Sjt+1)−∇ℓ(w(i)
t+1;S

(i)
jt+1

)
∥∥.

This explains why we involve a weighted summation of E[∥R′
k(wk+1) − R′

k(w
(i)
k+1)∥2] in the stability bound. Our stability

analysis is substantially different from existing stability analysis of SGD or its variants [23, 30]. We introduce several techniques
such as the improved nonexpansiveness of the proximal operator, the building of a recursion inequality by optimality condition
related to coercivity of gradient maps, as well as the resolution of a quadratic inequality.

Remark 4. The recent work [41] established notable deterministic stability bounds for minibatch SGD that apply to general
batch schedules, going beyond uniform sampling strategies. A natural question is whether similar deterministic bounds can
be derived for stochastic RDA with general sampling schemes. While one can obtain a deterministic bound using the identity∑n

i=1 I[jt=i] = 1 for any t ≥ 1 as in [41], where I[·] ∈ {0, 1} is the indicator function, the resulting bound is unfortunately not
tight. The key difficulty is that the analysis in Nikolakakis et al. [41] crucially relies on the nonexpansiveness of the gradient
descent operator w 7→ w− η∇ℓ(w; z), which does not directly extend to stochastic RDA due to the presence of time-varying
regularizers and the proximal mapping structure in Eq. (IV.1). One may instead build a recursive relation for ∥st − s

(i)
t ∥ via

the classical nonexpansiveness property Eq. (I.2), which results in the following deterministic bound for convex, α-smooth,
and G-Lipschitz losses with ℓ1-regularizers rk(w) = λk∥w∥1 for all k ≥ 1:

1

n

n∑
i=1

∥wt+2 −w
(i)
t+2∥ ≤ 1

n

n∑
i=1

t∑
k=1

2(dα)1/2
∑k

j=1 λj

β
1/2
k βt+1

+
2G(t+ 1)

nβt+1
.

However, this bound is not tight, as the first term on the right-hand side can dominate unless the regularization parameters
{λj} are chosen to be sufficiently small. In contrast, working with squared differences ∥st − s

(i)
t ∥2 allows us to exploit

the improved nonexpansiveness property in Lemma 2, which potentially leads to tighter stability bounds. Unfortunately, this
approach does not yield a deterministic bound for 1

n

∑n
i=1 ∥wt+1−w

(i)
t+1∥2, because the resulting bound involves the quadratic

term
(∑t

k=1 I[jk+1=i]

)2
. Unlike the linear case, one cannot simply use the identity

∑n
i=1 I[jt+1=i] = 1 to derive an effective

deterministic bound for the sum
∑n

i=1

(∑t
k=1 I[jk+1=i]

)2
.

Next, we study the decay of optimization errors for stochastic RDA, which applies to any convex regularizers.

Theorem 4 (Optimization error). Assume for any k and z, the map w 7→ rk(w) is convex, and w 7→ ℓ(w; z) is nonnegative,
convex, and α-smooth. Let {wt}t≥1 be the sequence produced by stochastic RDA applied to S. If {βk} is nondecreasing, then
we have

t∑
k=1

(
1− α

βk−1

)
EA[LS(wk)− LS(w)] ≤

t∑
k=1

EA[rk(w)− rk(wk+1)] +
βt∥w∥2

2
+

t∑
k=1

αLS(w)

βk−1
.
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Remark 5. Theorem 4 implies that
t∑

k=1

EA[LS(wk)− LS(w)] ≤
t∑

k=1

αEA[LS(wk)]

βk−1
+

t∑
k=1

EA[rk(w)− rk(wk+1)] +
βt∥w∥2

2
.

If we set rk(·) = r(·) for all k ≥ 1, it follows that

1

t

t∑
k=1

EA[LS(wk) + r(wk)− LS(w)− r(w)] ≤
t∑

k=1

αEA[LS(wk)]

tβk−1
+
r(w1)

t
+
βt∥w∥2

2t
. (IV.3)

The convergence rates of 1
t

∑t
k=1 EA[LS(wk)+ r(wk)−LS(w)− r(w)] were studied in [53]. If ℓ is G-Lipschitz continuous,

the following bound was established in [53]

1

t

t∑
k=1

EA[LS(wk) + r(wk)− LS(w)− r(w)] ≤ βt∥w∥2

t
+
G2

2t

t∑
k=1

1

βk
. (IV.4)

Eq. (IV.3) and Eq. (IV.4) achieve similar rates, with the main difference that Eq. (IV.3) replaces G2 in Eq. (IV.4) by the quantity
αE[LS(wk)]. In this way, instead of imposing a Lipschitzness assumption, we assume smoothness of the loss function, which
enables us to relate the gradient norm to the function value via the self-bounding property (Lemma 15). Furthermore, Eq. (IV.4)
implies a convergence rate of at most O(1/

√
t). In contrast, our analysis involves a weighted summation of training errors

in the upper bound and implies fast convergence rates under a low-noise condition. Specifically, consider βk ≡ β > 0 for
simplicity. Then, applying rk(·) = r(·) in Theorem 4 gives

t∑
k=1

(
1− α

β

)
EA[LS(wk)] ≤

t∑
k=1

LS(w) +

t∑
k=1

EA[r(w)− r(wk+1)] +
β∥w∥2

2
. (IV.5)

If we assume β ≥ 2α, r(·) ≥ 0, and that there exists a wS ∈ W satisfying FS(wS) := LS(wS)+r(wS) ≲ 1/t and ∥wS∥ ≲ 1,
then setting w = wS in Eq. (IV.5) implies

t∑
k=1

EA[LS(wk)] ≤ 2

t∑
k=1

LS(wS) + 2

t∑
k=1

EA[r(wS)− r(wk+1)] + β∥wS∥2

≤ 2t
[
LS(wS) + r(wS)

]
+ β∥wS∥2 ≲ 1.

We plug the above inequality back into Eq. (IV.3) to obtain

1

t

t∑
k=1

EA[LS(wk) + r(wk)− LS(w)− r(w)] ≤ α

tβ

t∑
k=1

EA[LS(wk)] +
r(w1)

t
+
β∥w∥2

2t
≲

1

tβ
+

1 + β∥w∥2

t
.

Then we can choose β ≍ 1 and w = wS to show that

1

t

t∑
k=1

EA[LS(wk) + r(wk)] ≲ 1/t.

This gives a convergence rate faster than O(1/
√
t) in Eq. (IV.4). Generally, we are minimizing FS by stochastic RDA, and

therefore it is expected that EA[LS(wk)] becomes smaller as the algorithm proceeds. Then our convergence rate involving
EA[LS(wk)] benefits from small training errors.

We can plug the stability bounds into Lemma 1 to derive generalization bounds, which, together with the optimization error
bounds in Theorem 4, imply the following excess risk bounds. We consider an average of iterates, which is a standard choice
for stochastic RDA [53]. The risk bound is optimistic in the sense that it involves L(w∗), which can be fast if L(w∗) is small.

Theorem 5 (Excess population risk). Assume that each rk is a scaled ℓ1-norm, and for any z ∈ Z , the map w 7→ ℓ(w; z) is
nonnegative, convex, and α-smooth. Let {wt}t≥1 be the sequence produced by stochastic RDA applied to S with {βk} being
nondecreasing and βk ≥ 2α for all k. For simplicity, let T (i)

k := E[∥R′
k(wk+1)−R′

k(w
(i)
k+1)∥2], and define

At =

t∑
k=1

α

βk−1
, θk =

1− α/βk−1

t−At
, w̄t =

t∑
k=1

θkwk, ξk :=

t−2∑
j=k

αθj+2

β2
j+1βk

− θk+1

2β2
k

.

Then for any t ≥ 1 and γ > 0, we have

E[L(w̄t)− L(w∗)] ≲
Rt(w

∗) + βt∥w∗∥2 +AtL(w
∗)

t−At
+
Rt(w

∗) + βt∥w∗∥2 + tL(w∗)

(t−At)γ

+ (1 + γ)
[ 1
n

n∑
i=1

t−2∑
k=1

ξkT
(i)
k +

1

nβ2
t

(
1 +

t

n

)(
Rt(w

∗) + βt∥w∗∥2 + tL(w∗)
)]
.
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Theorem 5 considers a general setting with general choices of βk. To simplify the results, we assume βk ≡ β > 0 and
derive Corollary 6.

Corollary 6. Let the assumptions in Theorem 5 hold and rk(w) = λk∥w∥1 for all k ≥ 1.
1. If L(w∗) ≥ 1

n , we can take t ≍ n, β = 2α
√
L(w∗)n ≥ 2α, γ =

√
nL(w∗), and

λk ≤

{
n−3/2

√
L(w∗)/d, if k < t−

√
nL(w∗),

1, if t−
√
nL(w∗) ≤ k ≤ t

to derive E[L(w̄t)− L(w∗)] ≲
√
L(w∗)/n.

2. If L(w∗) < 1
n , we can take t ≍ n, β = 2α, γ ≍ 1, and

λk ≤

{
n−2d−1/2, if k < t− 2,

1, if t− 2 ≤ k ≤ t

to derive E[L(w̄t)− L(w∗)] ≲ 1/n.

Remark 6. Corollary 6 specifies how to choose the parameters t, β, γ, and {λk} to obtain excess population risk (EPR) bounds
of order O(

√
L(w∗)/n) when L(w∗) ≥ 1/n, and a faster rate of order O(1/n) when L(w∗) < 1/n. Thus, the bound improves

as L(w∗) decreases in the regime L(w∗) ≥ 1/n, and reaches the limit rate of order O(1/n) once L(w∗) < 1/n. Bounds that
depend explicitly on L(w∗) are often referred to as optimistic bounds [47]. Such bounds were first established for empirical risk
minimization with smooth losses [47] and later derived for SGD in convex and smooth settings via stability analysis [30]. Our
result shows that similar optimistic rates also hold for stochastic RDA. The intuition behind these rates is as follows. If L(w)
is small, then we know from the self-bounding property of α-smooth and nonnegative functions Ez[∥∇ℓ(w; z)∥2] ≤ 2αL(w)
that the variance of stochastic gradients is also small (low noise). This small variance allows stochastic learning algorithms
to achieve faster convergence rates in the low-noise case; e.g., SGD achieves an O(1/t) convergence rate in interpolation
settings [50]. Our stability bound in Theorem 3 depends on the cumulative quantity

∑t−1
k=1 E[LS(wk)], which benefits from

such faster decay of the training loss. Consequently, we can achieve faster EPR bounds for problems with a smaller L(w∗).
The risk bound of order O(1/

√
n) is minimax optimal in the general case. Therefore, our stability and optimization analysis

imply optimal EPR bounds.

Remark 7. The two-phase selection of λk in Corollary 6 arises naturally from the structure of the EPR bound in Theorem 5,
which involves a term (1 + γ) 1n

∑n
i=1

∑t−2
k=1 ξkT

(i)
k . The coefficient ξk transits from positive to negative as k increases.

Specifically, when βk ≡ β is constant, we have

ξk =
1

tβ2

(α(t− k − 1)

β
− 1

2

)
,

which decreases in k and becomes negative for sufficiently large k. In particular, in the general case L(w∗) ≥ 1/n, choosing
β = 2α

√
L(w∗)n implies that the transition (ξk = 0) occurs at k0 = t −

√
nL(w∗). In the low-noise case L(w∗) < 1/n,

setting β = 2α yields a transition at k1 = t− 2. In the first phase (when ξk > 0), the term T
(i)
k is active in the EPR bound.

Since T (i)
k ≤ 4(

∑k
j=1 λj)

2d for ℓ1 regularizers (see Eq. (V.22)), we need to choose small λk’s to control the contribution of∑t−2
k=1 ξkT

(i)
k to the overall bound. In the second phase (when ξk ≤ 0), the term T

(i)
k becomes inactive and can be ignored,

allowing us to use large λk’s without affecting the desired rate.

B. Strongly Convex and Smooth Loss

In this section, we focus on the behavior of stochastic RDA when the loss function ℓ(·; z) is µ-strongly convex and α-smooth
for all z ∈ Z . For simplicity, we assume

ℓ(w; z) ≥ µ

2
∥w∥2, ∀w ∈ W, z ∈ Z. (IV.6)

Define ℓ̃(w; z) := ℓ(w; z)− µ
2 ∥w∥2 and L̃S(w) := 1

n

∑n
i=1 ℓ̃(w; zi). Then in view of Eq. (III.1), we can rewrite it as

FS(w) = LS(w)− µ

2
∥w∥2︸ ︷︷ ︸

L̃S(w)

+ r(w) +
µ

2
∥w∥2︸ ︷︷ ︸

r̃(w)

. (IV.7)

Denote s̃t := 1
t

∑t
τ=1 ∇ℓ̃(wτ ;Sjτ ), r̃k(w) := rk(w) + µ

2 ∥w∥2, and R̃t(w) :=
∑t

k=1 r̃k(w). Inspired by the reformulation
(IV.7), we employ the stochastic RDA in the following way

wt+1 = argmin
w∈W

{
⟨s̃t,w⟩+ R̃t(w)

t
+
βt
2t

∥w∥2
}
. (IV.8)
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Theorem 7 (Stability bounds). Let S, S(i) be defined as in Definition 1. Let {wt}t≥1 and {w(i)
t }t≥1 be the sequence produced

by stochastic RDA applied to S and S(i), respectively. Assume each rk(w) is a scaled ℓ1-norm, and for any z ∈ Z , the map
w 7→ ℓ(w; z) is nonnegative, µ-strongly convex, α-smooth, and satisfies Eq. (IV.6). If βk ≥ α−µ for all k, then for any t ≥ 1,
we have

E[∥wt −w
(i)
t ∥2] ≤ 2(α− µ)(

βt−1 + µ(t− 1)
)2 t−2∑

k=1

1

βk + µk
E[∥R′

k(wk+1)−R′
k(w

(i)
k+1)∥

2]

− 1(
βt−1 + µ(t− 1)

)2E[∥R′
t−1(wt)−R′

t−1(w
(i)
t )∥2] + 16(α− µ)

n
(
βt−1 + µ(t− 1)

)2(1 + 2t

n

) t−1∑
k=1

E[LS(wk)].

Remark 8. With appropriate choices of regularizers {rk(·)}, we can show that 1
n

∑n
i=1 E[∥wt−w

(i)
t ∥2] ≲ 1/(µn)2 for n ≲ t,

which implies that stochastic RDA is on-average model stable regardless of t. To see this, let βk ≡ β = max{µ, 2(α − µ)},
we can show the following result based on Theorem 8

t∑
k=1

E[LS(wk)] ≲ Rt(w
∗) + β∥w∗∥2 + µ∥w1∥2 + tL(w∗).

Assume rk(w) := λk∥w∥1 and n ≲ t. If the sequence {λk} satisfies that
∑k

j=1 λj ≲
√
µk/n for all k, then E[∥R′

k(wk+1)−
R′

k(w
(i)
k+1)∥2] ≲ (

∑k
j=1 λj)

2 ≲ µk2/n2 and Rt(w
∗) ≲

∑t
k=1 λk ≲ t. Then we know

1(
βt−1 + µ(t− 1)

)2 t−2∑
k=1

1

βk + µk
E[∥R′

k(wk+1)−R′
k(w

(i)
k+1)∥

2] ≲
1

µ2t2

t∑
k=1

µk2

µkn2
≲

1

(µn)2
,

1

n
(
βt−1 + µ(t− 1)

)2(1 + 2t

n

) t−2∑
k=1

E[LS(wk)] ≲
1

nµ2t2
t

n
(t+ 1 + t) ≲

1

(µn)2
.

Therefore, we derive from Theorem 7 that 1
n

∑n
i=1 E[∥wt −w

(i)
t ∥2] ≲ 1

(µn)2 . This is consistent with the stability bounds of
SGD in the strongly convex case [23], and we remove the Lipschitzness assumption there.

Theorem 8 (Optimization error). Assume for any k and z, the map w 7→ rk(w) is convex, and w 7→ ℓ(w; z) is nonnegative,
µ-strongly convex, α-smooth, and satisfies Eq. (IV.6). Let {wt}t≥1 be the sequence produced by stochastic RDA applied to S.
If {βk} is nondecreasing, then

t∑
k=1

(
1− α− µ

βk−1 + µ(k − 1)

)
EA[LS(wk)− LS(w)]

≤
t∑

k=1

EA[rk(w)− rk(wk+1)] +
βt∥w∥2 + µ∥w1∥2

2
+

t∑
k=1

(α− µ)LS(w)

βk−1 + µ(k − 1)
.

Remark 9. The optimization error bound established here differs from that obtained in the convex and smooth setting in
several aspects: (i) the coefficient α in Theorem 4 is replaced by α − µ due to the use of the self-bounding property of ℓ̃
rather than ℓ; (ii) the coefficient βk−1 in Theorem 4 is substituted with βk−1 + µ(k − 1) since the operator maxw{⟨x,w⟩ −
βt

2 ∥w∥2 − R̃t(w)} becomes 1
βt+µt -smooth due to the strong convexity of R̃t(w); and (iii) an additional term µ∥w1∥2/2 is

introduced on the RHS of the optimization error. This happens because using the formulation Eq. (IV.8), we have a summation
µ
2

∑t
k=1(∥wk∥2 − ∥wk+1∥2), which simplifies to

µ

2
(∥w1∥2 − ∥wt+1∥2) ≤

µ∥w1∥2

2
.

Furthermore, if we set rk(·) = r(·) for all k, then Theorem 8 implies that

1

t

t∑
k=1

EA[LS(wk) + r(wk)− LS(w)− r(w)] ≤
t∑

k=1

(α− µ)EA[LS(wk)]

t(βk−1 + µ(k − 1))
+
r(w1)

t
+
βt∥w∥2 + µ∥w1∥2

2t
.

If we treat EA[LS(wk)] as constants, then by taking βk ≡ µ, we recover the convergence rate of O(ln(t)/t) established in
[53] without the Lipschitzness assumption.

Theorem 9 (Excess population risk). Assume that each rk is a scaled ℓ1-norm, and for any z ∈ Z , the map w 7→ ℓ(w; z)
is nonnegative, µ-strongly convex, α-smooth, and satisfies Eq. (IV.6). Let {wt}t≥1 be the sequence produced by stochastic
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RDA applied to S with {βk} being nondecreasing and βk ≥ 2(α − µ) for all k. For simplicity, let T (i)
k := E[∥R′

k(wk+1) −
R′

k(w
(i)
k+1)∥2], β̃k := βk + µk, and define

Ãt =

t∑
k=1

α− µ

β̃k−1

, θ̃k =
1− (α− µ)/β̃k−1

t− Ãt

, w̄t =

t∑
k=1

θ̃kwk, ξ̃k :=

t−2∑
j=k

(α− µ)θ̃j+2

β̃2
j+1β̃k

− θ̃k+1

2β̃2
k

.

Then for any t ≥ 1 and γ > 0, we have

E[L(w̄t)− L(w∗)] ≲
Rt(w

∗) + βt∥w∗∥2 + µ∥w1∥2 + ÃtL(w
∗)

t− Ãt

+
Rt(w

∗) + βt∥w∗∥2 + µ∥w1∥2 + tL(w∗)

(t− Ãt)γ

+ (1 + γ)
[ 1
n

n∑
i=1

t−2∑
k=1

ξ̃kT
(i)
k +

1

nβ̃2
t

(
1 +

t

n

)(
Rt(w

∗) + βt∥w∗∥2 + µ∥w1∥2 + tL(w∗)
)]
.

Then we proceed to consider βk ≡ β and rk(w) = λk∥w∥1, and establish Corollary 10, where we assume µ is not too
small and satisfies n−1

√
ln(n) ≲ µ.

Corollary 10. Let the assumptions in Theorem 9 hold and rk(w) = λk∥w∥1 for all k ≥ 1. If n−1
√

ln(n) ≲ µ, then we can
take t ≍ n, β = max{2(α− µ), µ}, γ ≍ µn, and

λk ≤


√
µ ln(n)

n
√
d

, if k <
8(α− µ)

µ+ 8(α− µ)
t,√

ln(n)

µ2n
, if

8(α− µ)

µ+ 8(α− µ)
t ≤ k ≤ t

to derive E[L(w̄t)]− L(w∗) ≲ ln(n)
µn .

Remark 10. Corollary 10 demonstrates the selection criteria for t, β, γ and {λk} to achieve an excess risk bound of order
O(ln(n)/(µn)) for learning with strongly convex and smooth loss functions. Note that a practical choice of µ is µ ≍ 1/

√
n.

This choice implies that λk ≲
√
ln(n) holds for the latter half of λk’s. As compared with Corollary 6 where the last

O(
√
t) terms of λk’s are relatively large, the transition here occurs at a time step linear in t, thereby providing greater

flexibility in choosing {λk}. This enhanced flexibility stems from the observation that the weight 1
βk+µk in the summation∑t−2

k=1
1

βk+µkE[∥R
′
k(wk+1)−R′

k(w
(i)
k+1)∥2] decreases more rapidly due to the additional linear term µk. Moreover, if we omit

the logarithmic term, the risk bound of order O(1/µn) is minimax optimal in strongly convex settings. Consequently, our
stability and optimization analysis suggests nearly optimal excess risk bounds.

C. Convex, Lipschitz and Nonsmooth Loss

In this section, we focus on the behavior of stochastic RDA when the loss function ℓ(·; z) is convex but possibly nonsmooth,
in which case ∇ℓ represents a subgradient. To this end, we assume the subgradients are uniformly bounded, that is, there exists
a constant G > 0, such that

∥∇ℓ(w; z)∥ ≤ G, ∀w ∈ W, z ∈ Z. (IV.9)

Theorem 11 (Stability bounds). Let S, S(i) be defined in Definition 1. Let {wt}t≥1 and {w(i)
t }t≥1 be the sequence produced

by stochastic RDA applied to S and S(i), respectively. Assume each rk(w) is a scaled ℓ1-norm, and for any z ∈ Z , the map
w 7→ ℓ(w; z) is convex and satisfies the bounded gradient assumption in Eq. (IV.9). Then for any t ≥ 1, we have

E[∥wt −w
(i)
t ∥2] ≤ 8G

β2
t−1

t−2∑
k=1

E[∥R′
k(wk+1)−R′

k(w
(i)
k+1)∥]−

1

β2
t−1

E[∥R′
t−1(wt)−R′

t−1(w
(i)
t )∥2]

+
16G2t2

n2β2
t−1

+
8G2t

β2
t−1

. (IV.10)

Remark 11. In contrast to the smooth case, we do not have the self-bounding property and the coercivity of gradients in the
nonsmooth setting. This adds difficulty to the stability analysis of stochastic RDA. To address this, we leverage the monotonicity
of the (sub)gradient for convex ℓ:〈

wt+1 −w
(i)
t+1,∇ℓ(wt+1; z)−∇ℓ(w(i)

t+1; z)
〉
≥ 0, ∀z ∈ Z.

This approach, however, leads to a weaker stability bound that includes an additional term 8G2t/β2
t−1.

We combine the stability bounds in Theorem 11 and existing optimization error bounds [53] together to derive excess risk
bounds in the nonsmooth and Lipschitz case.
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Theorem 12 (Excess population risk). Assume that each rk is a scaled ℓ1-norm, and for any z ∈ Z , the map w 7→ ℓ(w; z)
is convex and satisfies the bounded gradient assumption in Eq. (IV.9). Let {wt}t≥1 be the sequence produced by stochastic
RDA applied to S with {βk} being nondecreasing. For simplicity, denote P (i)

k := E[∥R′
k(wk+1) − R′

k(w
(i)
k+1)∥] and w̄t =

1
t

∑t
k=1 wk. Then for any t ≥ 1 and γ > 0, we have

E[L(w̄t)− L(w∗)] ≲
1

γ
+ γ

[ 1

nt

n∑
i=1

t−2∑
k=1

[( t−2∑
j=k

4G

β2
j+1

)
P

(i)
k − 1

2β2
k

(
P

(i)
k

)2]
+

t2

n2β2
t−1

+
t

β2
t−1

]
+ r̄t(w

∗) +
βt∥w∗∥2

t
+

1

t

t∑
k=1

1

βk−1
.

Theorem 12 considers a general setting with general choices of βk. In what follows, we assume βk ≡ β and derive
Corollary 13.

Corollary 13. Let the assumptions in Theorem 12 hold and rk(w) = λk∥w∥1 for all k ≥ 1. Then we can take t ≍ n2,
β ≍ n3/2 , γ =

√
n, and

λk ≤

{
n−2d−1/2, if k ≤ t− 2,

n3/2, if t− 2 < k ≤ t,

to derive E[L(w̄t)− L(w∗)] ≲ 1/
√
n.

Remark 12. Corollary 13 provides guidelines for selecting t, β, γ and {λk} to attain an excess risk bound of order O(1/
√
n),

which is minimax optimal. While the result established in Corollary 6 requires t ≍ n, achieving an excess risk bound of the
same order necessities t ≍ n2 in nonsmooth contexts. This discrepancy arises from the absence of the self-bounding property
and the coercivity of gradients, causing the excess population risk established in Theorem 12 to include an additional term
γt/β2

t−1, which deteriorates the overall bound if t ≍ n.

V. PROOFS FOR CONVEX AND SMOOTH PROBLEMS

A. Proofs on Stability Bounds

We first prove Lemma 2 to show the stability-promoting property for the proximal operator of ℓ1-norm. Note that this
proximal operator associated with r(w) = λ∥w∥1 can be expressed by the soft-thresholding operator.

Proof of Lemma 2. Note that both ∥ · ∥2 and ∥ · ∥1 are decomposable functions along the coordinates. Therefore, it suffices to
consider the one-dimensional case W = R1. According to the definition of w and w′, we know that

w =


−ts/β − tλ/β, if − s ≥ λ

0, if |s| ≤ λ

−ts/β + tλ/β, if − s ≤ −λ.
w′ =


−ts′/β − tλ/β, if − s′ ≥ λ

0, if |s′| ≤ λ

−ts′/β + tλ/β, if − s′ ≤ −λ.
(V.1)

Note that
w = argmin

w̃

{ tr(w̃)

β
+

1

2

∥∥w̃ +
ts

β

∥∥2}.
By the first-order optimality condition, we know that tr′(w)/β+w+ ts/β = 0 and tr′(w′)/β+w′+ ts′/β = 0. This together
with Eq. (V.1) implies

r′(w) =


λ, if − s ≥ λ

−s, if |s| ≤ λ

−λ, if − s ≤ −λ.
r′(w′) =


λ, if − s′ ≥ λ

−s′, if |s′| ≤ λ

−λ, if − s′ ≤ −λ
(V.2)

and

β2(w −w′)2/t2 =
(
s+ r′(w)− s′ − r′(w′)

)2
= (s− s′)2 + (r′(w)− r′(w′))2 + 2(s− s′)(r′(w)− r′(w′)).

It suffices to show that
(s− s′)(r′(w)− r′(w′)) ≤ −(r′(w)− r′(w′))2. (V.3)

We prove this inequality by considering several cases. Due to the symmetry, we can assume that s ≤ s′.
1) If |s| ≤ λ and |s′| ≤ λ, then Eq. (V.2) implies r′(w) = −s and r′(w′) = −s′. Therefore, we know

(s− s′)(r′(w)− r′(w′)) = −(s− s′)2 = −(r′(w)− r′(w′))2.
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2) If s > λ and s′ > λ, then Eq. (V.2) implies r′(w)− r′(w′) = 0 and Eq. (V.3) holds.
3) If s < −λ and s′ < −λ, then Eq. (V.2) implies r′(w)− r′(w′) = 0 and Eq. (V.3) holds.
4) If −s > λ and |s′| ≤ λ, then Eq. (V.2) implies r′(w) = λ and r′(w′) = −s′. Therefore, we know

(s− s′)(r′(w)− r′(w′)) = (s− s′)(λ+ s′) ≤ (−λ− s′)(λ+ s′) = −(r′(w)− r′(w′))2,

where we have used the inequality s < −λ and λ+ s′ ≥ 0.
5) If −s > λ and −s′ < −λ, then Eq. (V.2) implies r′(w) = λ and r′(w′) = −λ. Therefore, we know

(s− s′)(r′(w)− r′(w′)) = 2(s− s′)λ ≤ −4λ2 = −(r′(w)− r′(w′))2.

6) If |s| ≤ λ and s′ > λ, then Eq. (V.2) implies r′(w) = −s and r′(w′) = −λ. Therefore, we know

(s− s′)(r′(w)− r′(w′)) = −(s′ − s)(λ− s) ≤ −(λ− s)2 = −(r′(w)− r′(w′))2,

where we have used the inequality λ− s > 0.
Therefore, Eq. (V.3) holds for all the cases. The proof is completed.

To prove Theorem 3, we introduce two lemmas. The following lemma controls the solution of a quadratic inequality. We
omit the proof for brevity.

Lemma 14. Let a, b ≥ 0. If x2 ≤ ax+ b, then x2 ≤ a2 + 2b.

The following lemma establishes the self-bounding property for smooth and nonnegative functions, meaning that the gradients
can be bounded by the function values.

Lemma 15 (Self-bounding property [47]). For z ∈ Z , if the function w → ℓ(w; z) is nonnegative and α-smooth, then
∥∇ℓ(w; z)∥2 ≤ 2αℓ(w; z).

Proof of Theorem 3. For simplicity, we denote

st =
1

t

t∑
τ=1

∇ℓ(wτ ;Sjτ ), s
(i)
t =

1

t

t∑
τ=1

∇ℓ(w(i)
τ ;S

(i)
jτ

),

where Sj = zj , S(i)
jτ

= zjτ if jτ ̸= i, and S(i)
jτ

= z′i if jτ = i. Similar to Eq. (IV.1), we have

w
(i)
t+1 = argmin

w∈W

{
⟨s(i)t ,w⟩+ r̄t(w) +

βt
2t

∥w∥2
}
= proxtr̄t/βt

(
− t

βt
s
(i)
t

)
.

From Lemma 2, we know that (recall that Rt is defined above Definition 3)

∥wt+1 −w
(i)
t+1∥2 ≤ t2

β2
t

∥st − s
(i)
t ∥2 − 1

β2
t

∥R′
t(wt+1)−R′

t(w
(i)
t+1)∥2. (V.4)

Note that Eq. (IV.2) holds for t = 1 as w1 = w
(i)
1 . According to the definition of st and s(i)t , we know for any t ≥ 1

st+1 =
t

t+ 1
st +

1

t+ 1
∇ℓ(wt+1;Sjt+1

)

and therefore ∥∥st+1 − s
(i)
t+1

∥∥2 =
∥∥∥ t

t+ 1
(st − s

(i)
t ) +

1

t+ 1

(
∇ℓ(wt+1;Sjt+1)−∇ℓ(w(i)

t+1;S
(i)
jt+1

)
)∥∥∥2

=
t2

(t+ 1)2
∥st − s

(i)
t ∥2 + 1

(t+ 1)2
∥∥∇ℓ(wt+1;Sjt+1

)−∇ℓ(w(i)
t+1;S

(i)
jt+1

)
∥∥2

+
2t

(t+ 1)2
〈
st − s

(i)
t ,∇ℓ(wt+1;Sjt+1

)−∇ℓ(w(i)
t+1;S

(i)
jt+1

)
〉
. (V.5)

From the optimality condition, it is clear that

st + r̄′t(wt+1) +
βt
t
wt+1 = 0, s

(i)
t + r̄′t(w

(i)
t+1) +

βt
t
w

(i)
t+1 = 0,

where r̄′t(·) denotes a subgradient. Therefore,〈
st − s

(i)
t ,∇ℓ(wt+1;Sjt+1)−∇ℓ(w(i)

t+1;S
(i)
jt+1

)
〉

=−
〈
r̄′t(wt+1)− r̄′t(w

(i)
t+1),∇ℓ(wt+1;Sjt+1)−∇ℓ(w(i)

t+1;S
(i)
jt+1

)
〉

− βt
t

〈
wt+1 −w

(i)
t+1,∇ℓ(wt+1;Sjt+1

)−∇ℓ(w(i)
t+1;S

(i)
jt+1

)
〉

≤∥r̄′t(wt+1)− r̄′t(w
(i)
t+1)∥∆

(i)
t − βt

t

〈
wt+1 −w

(i)
t+1,∇ℓ(wt+1;Sjt+1

)−∇ℓ(w(i)
t+1;S

(i)
jt+1

)
〉
,
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where we introduce
∆

(i)
t = ∥∇ℓ(wt+1;Sjt+1)−∇ℓ(w(i)

t+1;S
(i)
jt+1

)∥.

We plug this inequality back into Eq. (V.5), and derive∥∥st+1 − s
(i)
t+1

∥∥2 ≤ t2

(t+ 1)2
∥st − s

(i)
t ∥2 + (∆i

t)
2

(t+ 1)2
+

2t∥r̄′t(wt+1)− r̄′t(w
(i)
t+1)∥∆

(i)
t

(t+ 1)2

− 2βt
(t+ 1)2

〈
wt+1 −w

(i)
t+1,∇ℓ(wt+1;Sjt+1

)−∇ℓ(w(i)
t+1;S

(i)
jt+1

)
〉
. (V.6)

By Young’s inequality, we know

2t∥r̄′t(wt+1)− r̄′t(w
(i)
t+1)∥∆

(i)
t

(t+ 1)2
≤ αt2

βt(t+ 1)2
∥r̄′t(wt+1)− r̄′t(w

(i)
t+1)∥2 +

βt(∆
i
t)

2

α(t+ 1)2
.

It then follows that∥∥st+1 − s
(i)
t+1

∥∥2 ≤ t2

(t+ 1)2
∥st − s

(i)
t ∥2 + (∆i

t)
2

(t+ 1)2
+

αt2

βt(t+ 1)2
∥r̄′t(wt+1)− r̄′t(w

(i)
t+1)∥2

+
βt(∆

i
t)

2

α(t+ 1)2
− 2βt

(t+ 1)2
〈
wt+1 −w

(i)
t+1,∇ℓ(wt+1;Sjt+1

)−∇ℓ(w(i)
t+1;S

(i)
jt+1

)
〉
.

We first assume jt+1 ̸= i and then Sjt+1 = S
(i)
jt+1

. By the coercivity of ℓ [23], we know that〈
wt+1 −w

(i)
t+1,∇ℓ(wt+1;Sjt+1

)−∇ℓ(w(i)
t+1;S

(i)
jt+1

)
〉
≥ 1

α

(
∆

(i)
t

)2
.

We combine the above two inequalities to derive that∥∥st+1 − s
(i)
t+1

∥∥2 ≤ t2

(t+ 1)2
∥st − s

(i)
t ∥2 + αt2

βt(t+ 1)2
∥r̄′t(wt+1)− r̄′t(w

(i)
t+1)∥2, (V.7)

where we have used the following inequality due to βt ≥ α

(∆i
t)

2

(t+ 1)2
+

βt(∆
i
t)

2

α(t+ 1)2
≤

( α

(t+ 1)2
+

βt
(t+ 1)2

)〈
wt+1 −w

(i)
t+1,∇ℓ(wt+1;Sjt+1)−∇ℓ(w(i)

t+1;S
(i)
jt+1

)
〉

≤ 2βt
(t+ 1)2

〈
wt+1 −w

(i)
t+1,∇ℓ(wt+1;Sjt+1

)−∇ℓ(w(i)
t+1;S

(i)
jt+1

)
〉
.

We then consider jt+1 = i. In this case, we have∥∥st+1 − s
(i)
t+1

∥∥ =
∥∥∥ t

t+ 1
(st − s

(i)
t ) +

1

t+ 1

(
∇ℓ(wt+1;Sjt+1

)−∇ℓ(w(i)
t+1;S

(i)
jt+1

)
)∥∥∥

≤ t

t+ 1
∥st − s

(i)
t ∥+ 1

t+ 1
△̃(i)

t , (V.8)

where we introduce
△̃(i)

t := ∥∇ℓ(wt+1; zi)−∇ℓ(w(i)
t+1; z

′
i)∥.

It then follows that ∥∥st+1 − s
(i)
t+1

∥∥2 ≤ t2

(t+ 1)2
∥st − s

(i)
t ∥2 + (△̃(i)

t )2

(t+ 1)2
+

2t

(t+ 1)2
∥st − s

(i)
t ∥△̃(i)

t .

We combine the above two cases and take expectations over both sides to get (note the event jt+1 = i happens with probability
1/n)

E[∥st+1 − s
(i)
t+1∥2] ≤

t2

(t+ 1)2
E[∥st − s

(i)
t ∥2] + α

βt(t+ 1)2
E[∥R′

t(wt+1)−R′
t(w

(i)
t+1)∥2]

+
E[(△̃(i)

t )2]

(t+ 1)2n
+

2t

n(t+ 1)2
E[∥st − s

(i)
t ∥△̃(i)

t ].

Since E[XY ] ≤ (E[X2])
1
2 (E[Y 2])

1
2 for any random variables X and Y , we further get

E[∥st+1 − s
(i)
t+1∥2] ≤

t2

(t+ 1)2
E[∥st − s

(i)
t ∥2] + α

βt(t+ 1)2
E[∥R′

t(wt+1)−R′
t(w

(i)
t+1)∥2]

+
E[(△̃(i)

t )2]

(t+ 1)2n
+

2t

n(t+ 1)2
(
E[∥st − s

(i)
t ∥2]

) 1
2
(
E[(△̃(i)

t )2]
) 1

2 .
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We apply the above inequality recursively and derive

E[∥st+1 − s
(i)
t+1∥2] ≤

1

(t+ 1)2
E[∥s1 − s

(i)
1 ∥2] +

t∑
k=1

α

βk(k + 1)2
E[∥R′

k(wk+1)−R′
k(w

(i)
k+1)∥

2]

t∏
k′=k+1

(k′)2

(k′ + 1)2

+

t∑
k=1

E[(△̃(i)
k )2]

(k + 1)2n

t∏
k′=k+1

(k′)2

(k′ + 1)2
+

t∑
k=1

2k

n(k + 1)2
(
E[∥sk − s

(i)
k ∥2]

) 1
2
(
E[(△̃(i)

k )2]
) 1

2

t∏
k′=k+1

(k′)2

(k′ + 1)2
.

Since w1 = w
(i)
1 , we have

E[∥s1 − s
(i)
1 ∥2] = E[∥∇ℓ(w1;Sj1)−∇ℓ(w(i)

1 ;S
(i)
j1

)∥2] = 1

n
E[(△̃(i)

0 )2].

It then follows that

E[∥st+1 − s
(i)
t+1∥2] ≤

t∑
k=1

α

βk(t+ 1)2
E[∥R′

k(wk+1)−R′
k(w

(i)
k+1)∥

2]

+

t∑
k=0

E[(△̃(i)
k )2]

(t+ 1)2n
+

t∑
k=1

2k

n(t+ 1)2
(
E[∥sk − s

(i)
k ∥2]

) 1
2
(
E[(△̃(i)

k )2]
) 1

2 .

We can rewrite the above inequality as

(t+ 1)2E[∥st+1 − s
(i)
t+1∥2] ≤

t∑
k=1

α

βk
E[∥R′

k(wk+1)−R′
k(w

(i)
k+1)∥

2]

+

t∑
k=0

E[(△̃(i)
k )2]

n
+

t∑
k=1

2k

n

(
E[∥sk − s

(i)
k ∥2]

) 1
2
(
E[(△̃(i)

k )2]
) 1

2 .

Denote Ct,i := maxk∈[t+1]

(
k2E[∥sk − s

(i)
k ∥2]

) 1
2 . It then follows that

(t + 1)2E[∥st+1 − s
(i)
t+1∥2] ≤

t∑
k=1

α

βk
E[∥R′

k(wk+1) − R′
k(w

(i)
k+1)∥

2] +

t∑
k=0

E[(△̃(i)
k )2]

n
+

t∑
k=1

2Ct,i

n

(
E[(△̃(i)

k )2]
) 1

2 .

Since the right-hand side is an increasing function of t, we further get

C2
t,i ≤

t∑
k=1

α

βk
E[∥R′

k(wk+1)−R′
k(w

(i)
k+1)∥

2] +

t∑
k=0

E[(△̃(i)
k )2]

n
+

t∑
k=1

2Ct,i

n

(
E[(△̃(i)

k )2]
) 1

2 .

Solving the above quadratic inequality of Ct,i gives (by Lemma 14)

C2
t,i ≤

t∑
k=1

2α

βk
E[∥R′

k(wk+1)−R′
k(w

(i)
k+1)∥

2] +
t∑

k=0

2E[(△̃(i)
k )2]

n
+

( t∑
k=1

2

n

(
E[(△̃(i)

k )2]
) 1

2

)2

≤
t∑

k=1

2α

βk
E[∥R′

k(wk+1)−R′
k(w

(i)
k+1)∥

2] +

t∑
k=0

2E[(△̃(i)
k )2]

n
+

4t

n2

( t∑
k=1

E[(△̃(i)
k )2]

)
≤

t∑
k=1

2α

βk
E[∥R′

k(wk+1)−R′
k(w

(i)
k+1)∥

2] +
( 2

n
+

4t

n2

) t∑
k=0

E[(△̃(i)
k )2],

where we use the Cauchy-Schwarz inequality to derive the second inequality. By the self-bounding property (Lemma 15), we
know that

E[(△̃(i)
k )2] ≤ 2E[∥∇ℓ(wk+1; zi)∥2 + ∥∇ℓ(w(i)

k+1; z
′
i)∥2]

≤ 4αE[ℓ(wk+1; zi) + ℓ(w
(i)
k+1; z

′
i)] = 8αE[ℓ(wk+1; zi)] = 8αE[LS(wk+1)],

where we have used the following identity due to the symmetry of the algorithm

E[ℓ(wk+1; zi)] =
1

n

n∑
i=1

E[ℓ(wk+1; zi)] := E[LS(wk+1)].
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It then follows that

E[∥st+1 − s
(i)
t+1∥2] ≤

t∑
k=1

2α

βk(t+ 1)2
E[∥R′

k(wk+1)−R′
k(w

(i)
k+1)∥

2] +
16α

(t+ 1)2n

(
1 +

2t

n

) t+1∑
k=1

E[LS(wk)], (V.9)

which together with Eq. (V.4) proves Eq. (IV.2). We can slightly improve the result if t = 2. Indeed, by Eq. (V.4) and
w1 = w

(i)
1 , we know

E[∥w2 −w
(i)
2 ∥2] ≤ 1

β2
1

E[∥s1 − s
(i)
1 ∥2]− 1

β2
1

E[∥R′
1(w2)−R′

1(w
(i)
2 )∥2]

=
1

β2
1

E[∥∇ℓ(w1;Sj1)−∇ℓ(w(i)
1 ;S

(i)
j1

)∥2]− 1

β2
1

E[∥R′
1(w2)−R′

1(w
(i)
2 )∥2]

≤ 8α

nβ2
1

E[ℓ(w1; zi)]−
1

β2
1

E[∥R′
1(w2)−R′

1(w
(i)
2 )∥2]

=
8α

nβ2
1

E[LS(w1)]−
1

β2
1

E[∥R′
1(w2)−R′

1(w
(i)
2 )∥2], (V.10)

where we use the self-bounding property to obtain the second inequality. The proof is now completed.

B. Proofs on Optimization Error Bounds
For the convergence analysis, we follow the analysis in [53] to prove Theorem 4. We first introduce several useful concepts

and tools in optimization theory. The Moreau envelope of r : W 7→ R is defined by

Mr(w) := min
w′∈W

{
r(w′) +

1

2
∥w′ −w∥2

}
, ∀w ∈ W.

It has been shown in [44] that Mr(w) is differentiable everywhere, with its gradient given by

∇Mr(w) = w − proxr(w), ∀w ∈ W. (V.11)

Proof of Theorem 4. Let g0 = 0 and gt =
∑t

k=1 ∇ℓ(wk; zjk) for t ≥ 1. Define

Mt(x) := max
w∈W

{
⟨x,w⟩ − βt

2
∥w∥2 −Rt(w)

}
.

By the definition of Mt(·), we have that

⟨−gt,w⟩ −Rt(w) = ⟨−gt,w⟩ −Rt(w)− βt
2
∥w∥2 + βt

2
∥w∥2 ≤Mt(−gt) +

βt
2
∥w∥2. (V.12)

Note that

Mt(x) = − min
w∈W

{βt
2
∥w − 1

βt
x∥2 +Rt(w)

}
+

1

2βt
∥x∥2

= −βtMRt/βt
(x/βt) +

1

2βt
∥x∥2,

where MRt/βt
(·) denotes the Moreau envelope of the function 1

βt
Rt(·). Therefore, it follows from Eq. (V.11) that

∇Mt(x) = proxRt/βt
(x/βt)−

x

βt
+
x

βt
= proxRt/βt

(x/βt),

and hence Mt(·) is (1/βt)-smooth by the nonexpansive property of the proximal operator. From the definition of wt+1, we
know that

wt+1 = argmin
w∈W

{
⟨gt,w⟩+ βt

2
∥w∥2 +Rt(w)

}
= argmin

w∈W

{βt
2
∥w +

1

βt
gt∥2 +Rt(w)

}
= proxRt/βt

(−gt/βt) = ∇Mt(−gt).
On the other hand, it follows from the definition of wt+1 and βt ≥ βt−1 that

Mt(−gt) = ⟨−gt,wt+1⟩ −
βt
2
∥wt+1∥2 −Rt(wt+1)

= ⟨−gt,wt+1⟩ −
βt−1

2
∥wt+1∥2 −Rt−1(wt+1) +

1

2
(βt−1 − βt)∥wt+1∥2 − rt(wt+1)

≤ max
w∈W

{
⟨−gt,w⟩ − βt−1

2
∥w∥2 −Rt−1(w)

}
+

1

2
(βt−1 − βt)∥wt+1∥2 − rt(wt+1)

≤Mt−1(−gt)− rt(wt+1). (V.13)



IEEE TRANSACTIONS ON INFORMATION THEORY 16

Rearranging the terms in Eq. (V.13), we have from the 1
βk−1

-smoothness of Mk−1(·) and self-bounding property of ℓ that

Mk(−gk) + rk(wk+1) ≤Mk−1(−gk)

≤Mk−1(−gk−1) + ⟨∇Mk−1(−gk−1), gk−1 − gk⟩+
1

2βk−1
∥gk−1 − gk∥2

=Mk−1(−gk−1)− ⟨∇ℓ(wk; zjk),wk⟩+
1

2βk−1
∥∇ℓ(wk; zjk)∥2

≤Mk−1(−gk−1)− ⟨∇ℓ(wk; zjk),wk⟩+
α

βk−1
ℓ(wk; zjk). (V.14)

Rearranging the terms in Eq. (V.14) gives

⟨∇ℓ(wk; zjk),wk⟩+ rk(wk+1) ≤Mk−1(−gk−1)−Mk(−gk) +
α

βk−1
ℓ(wk; zjk). (V.15)

Summing up Eq. (V.15) for k = 1, . . . , t, and noting M0(−g0) =M0(0) = 0, we get
t∑

k=1

(⟨∇ℓ(wk; zjk),wk⟩+ rk(wk+1)) ≤M0(−g0)−Mt(−gt) +
t∑

k=1

α

βk−1
ℓ(wk; zjk)

= −Mt(−gt) +
t∑

k=1

α

βk−1
ℓ(wk; zjk)

≤ ⟨gt,w⟩+Rt(w) +
βt∥w∥2

2
+

t∑
k=1

α

βk−1
ℓ(wk; zjk), (V.16)

where we have used Eq. (V.12) in the last step. By the convexity of ℓ, we further get
t∑

k=1

(
ℓ(wk; zjk)− ℓ(w; zjk)

)
≤

t∑
k=1

⟨∇ℓ(wk; zjk),wk −w⟩ =
t∑

k=1

⟨∇ℓ(wk; zjk),wk⟩ − ⟨gt,w⟩

≤ Rt(w) +
βt∥w∥2

2
+

t∑
k=1

α

βk−1
ℓ(wk; zjk)−

t∑
k=1

rk(wk+1).

We take expectations on both sides and get
t∑

k=1

EA[LS(wk)− LS(w)] ≤ Rt(w) +
βt∥w∥2

2
+

t∑
k=1

αEA[LS(wk)]

βk−1
−

t∑
k=1

EA[rk(wk+1)].

That is, we have
t∑

k=1

(
1− α

βk−1

)
EA[LS(wk)− LS(w)] ≤ Rt(w) +

βt∥w∥2

2
+

t∑
k=1

αLS(w)

βk−1
−

t∑
k=1

EA[rk(wk+1)].

The proof is completed.

C. Proofs on Excess Risk Bounds

We combine the stability and convergence analysis to prove the excess risk bounds of stochastic RDA.

Proof of Theorem 5. We first bound 1
n

∑n
i=1 E[∥w̄t − w̄

(i)
t ∥2]. It follows from Theorem 3 that for t ≥ 3

1

n

n∑
i=1

E[∥wt −w
(i)
t ∥2] ≤ 2α

nβ2
t−1

n∑
i=1

t−2∑
k=1

T
(i)
k

βk
− 1

nβ2
t−1

n∑
i=1

T
(i)
t−1 +

16α

nβ2
t−1

(
1 +

2t

n

) t∑
k=1

E[LS(wk)].

Moreover, we have E[∥w1 −w
(i)
1 ∥2] = 0 and

E[∥w2 −w
(i)
2 ∥2] ≤ 8α

nβ2
1

E[LS(w1)]−
T

(i)
1

β2
1
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from Eq. (V.10). Therefore, by the convexity of ∥ · ∥2, we have

1

n

n∑
i=1

E[∥w̄t − w̄
(i)
t ∥2] ≤ 1

n

n∑
i=1

t∑
j=1

θjE[∥wj −w
(i)
j ∥2]

≤ 1

n

n∑
i=1

t∑
j=3

[2αθj
β2
j−1

j−2∑
k=1

T
(i)
k

βk
− θj
β2
j−1

T
(i)
j−1

]
− θ2
nβ2

1

n∑
i=1

T
(i)
1 +

16α

nβ2
t−1

(
1 +

2t

n

) t∑
k=1

E[LS(wk)]

=
1

n

n∑
i=1

[ t∑
j=3

j−2∑
k=1

2αθjT
(i)
k

β2
j−1βk

−
t−1∑
k=1

θk+1

β2
k

T
(i)
k

]
+

16α

nβ2
t−1

(
1 +

2t

n

) t∑
k=1

E[LS(wk)]

=
1

n

n∑
i=1

[ t−2∑
j=1

j∑
k=1

2αθj+2T
(i)
k

β2
j+1βk

−
t−1∑
k=1

θk+1

β2
k

T
(i)
k

]
+

16α

nβ2
t−1

(
1 +

2t

n

) t∑
k=1

E[LS(wk)]

=
1

n

n∑
i=1

[ t−2∑
k=1

( t−2∑
j=k

2αθj+2

β2
j+1βk

)
T

(i)
k −

t−1∑
k=1

θk+1

β2
k

T
(i)
k

]
+

16α

nβ2
t−1

(
1 +

2t

n

) t∑
k=1

E[LS(wk)]

≤ 2

n

n∑
i=1

t−2∑
k=1

ξkT
(i)
k +

16α

nβ2
t−1

(
1 +

2t

n

) t∑
k=1

E[LS(wk)].

Then combining Lemma 1 Part (a) and the above inequality together, we get (note βk ≥ 2α)

E[L(w̄t)− LS(w̄t)]

≤ α

γ
E[LS(w̄t)] +

α+ γ

2n

n∑
i=1

E[∥w̄t − w̄
(i)
t ∥2]

≤ α

γ
E[LS(w̄t)] + (α+ γ)

[ 1
n

n∑
i=1

t−2∑
k=1

ξkT
(i)
k +

8α

nβ2
t−1

(
1 +

2t

n

) t∑
k=1

E[LS(wk)]
]

≤ α

γ
E[LS(w̄t)] + (α+ γ)

[ 1
n

n∑
i=1

t−2∑
k=1

ξkT
(i)
k +

16α

nβ2
t−1

(
1 +

2t

n

) t∑
k=1

(
1− α

βk−1

)
E[LS(wk)]

]
. (V.17)

By Theorem 4 and E[LS(w)] = L(w), we know
t∑

k=1

(
1− α

βk−1

)
E[LS(wk)− LS(w)] ≤ Rt(w) +

βt∥w∥2

2
+

t∑
k=1

αL(w)

βk−1
. (V.18)

Setting w = w∗ leads to
t∑

k=1

(
1− α

βk−1

)
E[LS(wk)] ≲ Rt(w

∗) + βt∥w∗∥2 + tL(w∗). (V.19)

By the convexity of LS , we have from Eq. (V.19) that

E[LS(w̄t)] ≤
t∑

k=1

θkE[LS(wk)] ≲
Rt(w

∗) + βt∥w∗∥2 + tL(w∗)

t−At
.

Plugging Eq. (V.19) and the above inequality into Eq. (V.17) implies

E[L(w̄t)− LS(w̄t)] ≲
Rt(w

∗) + βt∥w∗∥2 + tL(w∗)

(t−At)γ

+ (1 + γ)
[ 1
n

n∑
i=1

t−2∑
k=1

ξkT
(i)
k +

1

nβ2
t

(
1 +

t

n

)(
Rt(w

∗) + βt∥w∗∥2 + tL(w∗)
)]
. (V.20)

On the other hand, we have from Eq. (V.18) that

E[LS(w̄t)]− L(w∗) ≲
Rt(w

∗) + βt∥w∗∥2 +AtL(w
∗)

t−At
. (V.21)
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Combining Eq. (V.20) and Eq. (V.21), we have

E[L(w̄t)− L(w∗)] ≲
Rt(w

∗) + βt∥w∗∥2 +AtL(w
∗)

t−At
+
Rt(w

∗) + βt∥w∗∥2 + tL(w∗)

(t−At)γ

+ (1 + γ)
[ 1
n

n∑
i=1

t−2∑
k=1

ξkT
(i)
k +

1

nβ2
t

(
1 +

t

n

)(
Rt(w

∗) + βt∥w∗∥2 + tL(w∗)
)]
.

The proof is completed.

For k ≥ 1, let rk(w) = λk∥w∥1 with λk > 0, then Rt(w) =
(∑t

k=1 λk
)
∥w∥1. From the fact ∥R′

t(w)∥∞ ≤
∑t

k=1 λk, we
know

∥R′
t(w)∥2 ≤

( t∑
k=1

λk
)2
d, ∀w ∈ W

which further implies that

T
(i)
k ≤ 4

( k∑
j=1

λj
)2
d. (V.22)

Proof of Corollary 6. Since βk ≡ β, we know θk ≡ 1
t , At =

αt
β and

ξk =
1

tβ2

(α(t− k − 1)

β
− 1

2

)
. (V.23)

It follows from Theorem 5 that

E[L(w̄t)− L(w∗)] ≲

∑t
k=1 λk + β + αtL(w∗)/β

t− αt/β
+

∑t
k=1 λk + β + tL(w∗)

(t− αt/β)γ

+ (1 + γ)
[ d

tβ2

t−2∑
k=1

max
{α(t− k − 1)

β
− 1

2
, 0
}( k∑

j=1

λj
)2

+
1

nβ2

(
1 +

t

n

)( t∑
k=1

λk + β + tL(w∗)
)]
, (V.24)

where we have used Eq. (V.22) and Eq. (V.23). We first consider the case L(w∗) ≥ 1
n . From the condition on {λk} and t, we

know that
t∑

k=1

λk ≤ (t−
√
nL(w∗))n−

3
2

√
L(w∗)/d+

√
nL(w∗) ≲

√
nL(w∗).

Therefore, we have∑t
k=1 λk + β + αtL(w∗)/β

t− αt/β
≲

√
nL(w∗)

n−
√
n

2
√

L(w∗)

≤
√
nL(w∗)

n− n/2
≍

√
L(w∗)

n
, (V.25)

∑t
k=1 λk + β + tL(w∗)

(t− αt/β)γ
≲

√
nL(w∗) + nL(w∗)

n
√
nL(w∗)

=
1

n
+

√
L(w∗)

n
≍

√
L(w∗)

n
, (V.26)

1 + γ

nβ2

(
1 +

t

n

)( t∑
k=1

λk + β + tL(w∗)
)
≲

√
nL(w∗)

n2L(w∗)
(
√
nL(w∗) + nL(w∗)) ≍

√
L(w∗)

n
. (V.27)

Moreover, note that for k ≥ t−
√
nL(w∗), we have α(t−k−1)

β ≤ α
√

nL(w∗)

2α
√

nL(w∗)
≤ 1

2 . Therefore, we have

(1 + γ)d

tβ2

t−2∑
k=1

max
{α(t− k − 1)

β
− 1

2
, 0
}( k∑

j=1

λj
)2

=
(1 + γ)d

tβ2

⌊t−
√

nL(w∗)⌋∑
k=1

(α(t− k − 1)

β
− 1

2

)( k∑
j=1

λj
)2

≲
d
√
nL(w∗)

n2L(w∗)
· αn2

2α
√
nL(w∗)

·
(
nn− 3

2

√
L(w∗)/d

)2

≍ 1

n
≤

√
L(w∗)

n
, (V.28)
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Dataset a9a dna gisette mnist mushrooms phishing poker rcv1 w6a
n 32561 2000 6000 60000 8124 11055 25010 23149 17188
d 123 180 5000 780 112 68 10 47236 300

TABLE II: Summary of datasets used in the experiments. Here, ‘n’ stands for the sample size and ‘d’ denotes the number of
features.

where we have used λj = n−3/2
√
L(w∗)/d, if j < t−

√
nL(w∗). Plugging Eq. (V.25) - (V.28) into Eq. (V.24) gives

E[L(w̄t)− L(w∗)] ≲
√
L(w∗)/n.

Next, we consider the case L(w∗) < 1
n . From the condition on {λk} and t, we know that

t∑
k=1

λk ≤ (t− 3)n−2d−1/2 + 3 ≲ 1.

Therefore, we have∑t
k=1 λk + β + αtL(w∗)/β

t− αt/β
≍

∑t
k=1 λk + β + tL(w∗)

(t− αt/β)γ
≲

1 + nL(w∗)

n− n/2
≍ 1

n
, (V.29)

(1 + γ)d

tβ2

t−2∑
k=1

max
{α(t− k − 1)

β
− 1

2
, 0
}( k∑

j=1

λj
)2

≲
d

n

t−3∑
k=1

t− k − 2

2

( k∑
j=1

λj
)2

≲
d

n
n2(nn−2d−1/2)2 ≍ 1

n
, (V.30)

1 + γ

nβ2

(
1 +

t

n

)( t∑
k=1

λk + β + tL(w∗)
)
≲

1

n
(1 + nL(w∗)) ≍ 1

n
. (V.31)

Plugging Eq. (V.29) - (V.31) in Eq. (V.24) gives

E[L(w̄t)− L(w∗)] ≲ 1/n,

which completes the proof.

VI. SIMULATION RESULTS

In this section, we conduct some experiments on stochastic RDA to support our theory. Specifically, we consider the ℓ1-
regularized logistic regression problem, where the loss function is given by

ℓ(w; z) := log(1 + exp(−y⟨w,x⟩)).

Here, z = (x, y) ∈ Rd ×{−1, 1} represents the data sample, where x ∈ Rd corresponds to the feature vector and y ∈ {−1, 1}
represents the label. We use 9 real datasets from the LIBSVM library [8], whose information is summarized in Table II. We
convert multi-class labeled datasets into binary class labeled datasets by assigning the first half of class labels to positive
labels and the second half to negative labels. Subsequently, 80% of each dataset is randomly selected as the training set S,
from which we perturb a single example to generate a neighboring dataset S′. We apply stochastic RDA (see Eq. (III.2)) with
the same parameters on datasets S and S′ and generate two sequences of iterates {wt}t≥1 and {w′

t}t≥1. Subsequently, we
compute the empirical distance dt := ∥wt − w′

t∥2 at each iteration to verify the stability of stochastic RDA. For parameter
setting, we choose βk = β

√
k with β ∈ {5, 10, 40, 200} and set β0 = β1. Moreover, we fix the regularization parameters as

λk ≡ λ = 10−4. To ensure robustness, we conduct 100 repetitions of the experiments for each dataset and report the average
and standard deviation of {dt} against the number of passes (defined as the iteration number t divided by the sample size n).

In Figure 1, we present the evolution of {dt} for the logistic loss with four sequences of {βk}. We observe that dt is
increasing w.r.t. t and decreasing w.r.t. β, which is consistent with our stability bounds established in Theorem 3.

To provide stronger validation of Theorem 3, we conduct additional experiments that directly compare the theoretical stability
bound with the empirical distance dt. In particular, we train the ℓ1-regularized logistic regression model on datasets dna and
mushrooms using stochastic RDA for 100 epochs. We set βk = β

√
k with β = 10 and λk ≡ 10−4, and approximate

expectations using 100 independent runs. All other experimental settings are kept consistent with those in the previous
experiment.

For each dataset, Figure 2 reports the comparison between the empirical distance dt and the theoretical upper bound, with
both mean values and standard deviations. From the results, we observe that the theoretical bound consistently upper bounds
dt throughout the training process. Moreover, the difference decreases as the iteration progresses, indicating that the bound
becomes tighter over time. These findings provide strong empirical validation of our stability analysis in Theorem 3.
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(a) a9a (b) dna (c) gisette

(d) mnist (e) mushrooms (f) phishing

(g) poker (h) rcv1 (i) w6a

Fig. 1: Empirical distance ∥wt −w′
t∥2 as a function of the number of passes for the logistic loss.

(a) dna (b) mushrooms

Fig. 2: Comparison between the empirical distance ∥wt −w′
t∥2 and the theoretical stability bound established in Theorem 3.

VII. CONCLUSION

In this paper, we initiate the generalization analysis of the stochastic RDA method by leveraging the concept of algorithmic
stability. We derive stability bounds of stochastic RDA for three distinct classes of loss functions: (i) convex and smooth, (ii)
strongly convex and smooth, and (iii) convex, Lipschitz and nonsmooth losses. These stability bounds enable us to establish,
for the first time, generalization error bounds for stochastic RDA. Furthermore, we provide new optimization error bounds
for stochastic RDA in both convex and strongly convex settings, eliminating the bounded gradient assumption in the existing
work. By unifying the generalization and optimization analyses, we derive excess population risk bounds for ℓ1-regularized
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problems that match existing minimax lower bounds. These contributions provide a deeper understanding of the generalization
behavior of stochastic RDA and pave the way for further research into the stability and generalization of stochastic learning
algorithms in machine learning.
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APPENDIX

A. Proofs on Strongly Convex and Smooth Problems

In this section, we present proofs for strongly convex and smooth problems. Our basic idea is to reduce the problem into a
convex and smooth problem, and then we can apply our previous results to derive the stated bounds. To this end, we introduce
the following lemma.

Lemma A.16 ([52, Exercise 8, Chapter 2]). Suppose that f : Rd → R is a µ-strongly convex function with L-Lipschitz
continuous gradient. Then the function q(x) := f(x)− µ

2 ∥x∥
2 is convex with (L− µ)-Lipschitz continuous gradients.

1) Proofs on Stability Bounds: We first present the proof of Theorem 7 on stability analysis of stochastic RDA.

Proof of Theorem 7. It follows from Lemma A.16 and Eq. (IV.6) that ℓ̃ is nonnegative, convex, and (α− µ)-smooth. Hence,
the self-bounding property of ℓ̃ (Lemma 15) implies that

∥∇ℓ̃(wk; zjk)∥2 ≤ 2(α− µ)ℓ̃(wk; zjk). (A.1)

Besides, notice that Eq. (IV.8) can be equivalently written as

wt+1 = argmin
w∈W

{
⟨s̃t,w⟩+ r̄t(w) +

βt + µt

2t
∥w∥2

}
.

Then imitating the proof of Theorem 3, and replacing βt by βt + µt, we can derive

E[∥wt −w
(i)
t ∥2] ≤ 2(α− µ)(

βt−1 + µ(t− 1)
)2 t−2∑

k=1

1

βk + µk
E[∥R′

k(wk+1)−R′
k(w

(i)
k+1)∥

2]

− 1(
βt−1 + µ(t− 1)

)2E[∥R′
t−1(wt)−R′

t−1(w
(i)
t )∥2] + 16(α− µ)

n
(
βt−1 + µ(t− 1)

)2(1 + 2t

n

) t−1∑
k=1

E[L̃S(wk)].

Hence the result follows by noting that L̃S(w) ≤ LS(w). The proof is completed.

2) Proofs on Optimization Error Bounds: We now turn to the convergence analysis. As for the stability analysis, we also
leverage the optimization analysis in Theorem 4 to conduct the convergence analysis for strongly convex problems.

Proof of Theorem 8. Let g̃0 = 0 and g̃t =
∑t

k=1 ∇ℓ̃(wk; zjk) for t ≥ 1. Define

M̃t(x) := max
w∈W

{
⟨x,w⟩ − βt

2
∥w∥2 − R̃t(w)

}
= max

w∈W

{
⟨x,w⟩ − βt + µt

2
∥w∥2 −Rt(w)

}
.

Following similar arguments as in the proof of Theorem 4, we know that M̃t(·) is 1
βt+µt -smooth. Then imitating Eq. (V.13)-

(V.16) and noting the self bounding property in Eq. (A.1), we can correspondingly establish that
t∑

k=1

(⟨∇ℓ̃(wk; zjk),wk⟩+ r̃k(wk+1)) ≤ ⟨g̃t,w⟩+ R̃t(w) +
βt∥w∥2

2
+

t∑
k=1

α− µ

βk−1 + µ(t− 1)
ℓ̃(wk; zjk).

By the convexity of ℓ̃, we further get
t∑

k=1

(
ℓ̃(wk; zjk)− ℓ̃(w; zjk)

)
≤

t∑
k=1

⟨∇ℓ̃(wk; zjk),wk −w⟩ =
t∑

k=1

⟨∇ℓ̃(wk; zjk),wk⟩ − ⟨g̃t,w⟩

≤ R̃t(w) +
βt∥w∥2

2
+

t∑
k=1

α− µ

βk−1 + µ(t− 1)
ℓ̃(wk; zjk)−

t∑
k=1

r̃k(wk+1).
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Taking expectations over both sides leads to
t∑

k=1

EA[L̃S(wk)− L̃S(w)] ≤ R̃t(w) +
βt∥w∥2

2
+

t∑
k=1

(α− µ)EA[L̃S(wk)]

βk−1 + µ(t− 1)
−

t∑
k=1

E[r̃k(wk+1)]. (A.2)

Plugging L̃S(w) = LS(w)− µ
2 ∥w∥2, R̃t(w) = Rt(w) + µt

2 ∥w∥2, and r̃k(w) = rk(w) + µ
2 ∥w∥2 into Eq. (A.2) further gives

t∑
k=1

EA[LS(wk)− LS(w)]

≤Rt(w) +
βt∥w∥2

2
+

t∑
k=1

(α− µ)EA[L̃S(wk)]

βk−1 + µ(t− 1)
−

t∑
k=1

E[rk(wk+1)] +
µ

2

t∑
k=1

(∥wk∥2 − ∥wk+1∥2)

≤
t∑

k=1

EA[rk(w)− rk(wk+1)] +
βt∥w∥2 + µ∥w1∥2

2
+

t∑
k=1

(α− µ)EA[LS(wk)]

βk−1 + µ(k − 1)
.

Then the result follows after rearranging the terms. The proof is completed.

3) Proofs on Excess Risk Bounds: In this subsection, we present the proof on excess risk bounds. We first prove Theorem 9,
and then derive Corollary 6 by taking specific values for the parameters.

Proof of Theorem 9. We first bound 1
n

∑n
i=1 E[∥w̄t − w̄

(i)
t ∥2]. It follows from Theorem 7 that

1

n

n∑
i=1

E[∥wt −w
(i)
t ∥2] ≤ 2(α− µ)

nβ̃2
t−1

n∑
i=1

t−2∑
k=1

T
(i)
k

β̃k
− 1

nβ̃2
t−1

n∑
i=1

T
(i)
t−1 +

16(α− µ)

nβ̃2
t−1

(
1 +

2t

n

) t∑
k=1

E[LS(wk)].

Then, following similar arguments as in the proof of Theorem 5, we can derive

1

n

n∑
i=1

E[∥w̄t − w̄
(i)
t ∥2] ≤ 2

n

n∑
i=1

t−2∑
k=1

ξ̃kT
(i)
k +

16(α− µ)

nβ̃2
t−1

(
1 +

2t

n

) t∑
k=1

E[LS(wk)].

Then combining Lemma 1, Part (a) and the above inequality together, we get (note β̃k ≥ βk ≥ 2(α− µ))

E[L(w̄t)− LS(w̄t)] ≤
α

γ
E[LS(w̄t)] +

α+ γ

2n

n∑
i=1

E[∥w̄t − w̄
(i)
t ∥2]

≤α
γ
E[LS(w̄t)] + (α+ γ)

[ 1
n

n∑
i=1

t−2∑
k=1

ξ̃kT
(i)
k +

8(α− µ)

nβ̃2
t−1

(
1 +

2t

n

) t∑
k=1

E[LS(wk)]
]

≤α
γ
E[LS(w̄t)] + (α+ γ)

[ 1
n

n∑
i=1

t−2∑
k=1

ξ̃kT
(i)
k +

16(α− µ)

nβ̃2
t−1

(
1 +

2t

n

) t∑
k=1

(
1− α− µ

β̃k−1

)
E[LS(wk)]

]
. (A.3)

By Theorem 8 and E[LS(w)] = L(w), we know
t∑

k=1

(
1− α− µ

β̃k−1

)
E[LS(wk)− LS(w)] ≤ Rt(w) +

βt∥w∥2 + µ∥w1∥2

2
+

t∑
k=1

(α− µ)L(w)

β̃k−1

.

Setting w = w∗ gives
t∑

k=1

(
1− α− µ

β̃k−1

)
E[LS(wk)] ≲ Rt(w

∗) + βt∥w∗∥2 + µ∥w1∥2 + tL(w∗). (A.4)

By the convexity of LS , we have from Eq. (A.4) that

E[LS(w̄t)] ≤
t∑

k=1

θ̃kE[LS(wk)] ≲
Rt(w

∗) + βt∥w∗∥2 + µ∥w1∥2 + tL(w∗)

t− Ãt

. (A.5)

Plugging Eq. (A.4) and (A.5) into Eq. (A.3) further gives

E[L(w̄t)− LS(w̄t)] ≲
Rt(w

∗) + βt∥w∗∥2 + µ∥w1∥2 + tL(w∗)

(t− Ãt)γ

+ (1 + γ)
[ 1
n

n∑
i=1

t−2∑
k=1

ξ̃kT
(i)
k +

1

nβ̃2
t

(
1 +

t

n

)(
Rt(w

∗) + βt∥w∗∥2 + µ∥w1∥2 + tL(w∗)
)]
. (A.6)



IEEE TRANSACTIONS ON INFORMATION THEORY 23

On the other hand, we have from Eq. (A.5) that

E[LS(w̄t)]− L(w∗) ≲
Rt(w

∗) + βt∥w∗∥2 + µ∥w1∥2 + ÃtL(w
∗)

t− Ãt

. (A.7)

Combining Eq. (A.6) and Eq. (A.7), we have

E[L(w̄t)− L(w∗)] ≲
Rt(w

∗) + βt∥w∗∥2 + µ∥w1∥2 + ÃtL(w
∗)

t− Ãt

+
Rt(w

∗) + βt∥w∗∥2 + µ∥w1∥2 + tL(w∗)

(t− Ãt)γ

+ (1 + γ)
[ 1
n

n∑
i=1

t−2∑
k=1

ξ̃kT
(i)
k +

1

nβ̃2
t

(
1 +

t

n

)(
Rt(w

∗) + βt∥w∗∥2 + µ∥w1∥2 + tL(w∗)
)]
.

The proof is completed.

Proof of Corollary 10. We start with the following inequality

Ãt =

t∑
k=1

α− µ

β + µ(k − 1)
=
α− µ

µ

t∑
k=1

1

β/µ− 1 + k
≤ α− µ

β
+
α− µ

µ

∫ t

1

1

β/µ− 1 + x
dx

≤ α− µ

β
+
α− µ

µ
ln
(µ(t− 1)

β
+ 1

)
. (A.8)

Then it follows from the basic inequality ln(1 + x) ≤ x and β ≥ 2(α− µ) that

1

t− Ãt

≤ 1

t− α−µ
β − α−µ

µ ln(µ(t−1)
β + 1)

≤ 1

t− α−µ
β − α−µ

µ
µ(t−1)

β

=
1

(1− α−µ
β )t

≤ 2

t
(A.9)

Plugging β ≥ µ in Eq. (A.8), we know Ãt ≲
ln(t)
µ . Then applying Theorem 9, together with Eq. (V.22) and Eq. (A.9), we can

derive

E[L(w̄t)− L(w∗)] ≲
µ
∑t

k=1 λk + µ+ ln(t)L(w∗)

µt
+

∑t
k=1 λk + 1 + tL(w∗)

tγ

+ (1 + γ)
[
d

t−2∑
k=1

ξ̃k
( k∑
j=1

λj
)2

+
1

nβ̃2
t

(
1 +

t

n

)( t∑
k=1

λk + 1 + tL(w∗)
)]
. (A.10)

From the condition on {λk} and t, we know that
t∑

k=1

λk ≤
√
µ ln(n)

n
√
d

t+

√
ln(n)

nµ2

µ

µ+ 8(α− µ)
t ≲

√
ln(n)

µ
.

Therefore, we have (note n−1
√

ln(n) ≲ µ)

µ
∑t

k=1 λk + µ+ ln(t)L(w∗)

µt
≲

√
ln(n) + µ+ ln(n)

µn
≍ ln(n)

µn
, (A.11)∑t

k=1 λk + 1 + tL(w∗)

tγ
≲
µ−1

√
ln(n) + 1 + n

µn2
≍ 1

µn
+

√
lnn

µ2n2
≲

1

µn
, (A.12)

1 + γ

nβ̃2
t

(
1 +

t

n

)( t∑
k=1

λk + 1 + tL(w∗)
)
≲

µn

µ2nt2
(µ−1

√
ln(n) + 1 + n) ≲

1

µn
. (A.13)

On the other hand, we know from Eq. (A.9) that θ̃k ≤ 1
t−Ãt

≤ 2
t for all k ≤ t. Moreover, the condition β ≥ 2(α−µ) implies

that
θ̃k ≥ 1− (α− µ)/β

t
≥ 1− 1/2

t
=

1

2t
.

Hence, we further derive that (note β̃j+1 ≥ β̃k for j ≥ k)

ξ̃k ≤ 2(α− µ)

t

t−2∑
j=k

1

β̃2
j+1β̃k

− 1

4tβ̃2
k

≤ 2(α− µ)

tβ̃2
k

( t−2∑
j=k

1

β̃j+1

− 1

8(α− µ)

)
. (A.14)

Since β̃k ≥ µ+ µk = µ(k + 1), we have from the inequality ln(1 + x) ≤ x that
t−2∑
j=k

1

β̃j+1

≤
t∑

j=k+2

1

µj
≤

∫ t

k+1

1

µx
dx =

1

µ
ln

( t

k + 1

)
≤ t− k

µk
.
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Then if k ≥ 8(α−µ)
µ+8(α−µ) t, we know from Eq. (A.14) that ξ̃k ≤ 0. For k < 8(α−µ)

µ+8(α−µ) t, it follows from θ̃k ≤ 2/t and β̃k ≥ µ(k+1)
that

ξ̃k ≲
1

tβ̃k

t−2∑
j=k

1

β̃2
j+1

≤ 1

µ2tβ̃k

t−2∑
j=k

1

(j + 2)2
≤ 1

µ3kt

∫ t

k+1

x−2dx ≲
1

µ3k2t
.

Therefore, we can further derive that

(1 + γ)d

t−2∑
k=1

ξ̃k
( k∑
j=1

λj
)2

≲ µnd

⌊
8(α−µ)

µ+8(α−µ)
t
⌋∑

k=1

1

µ3k2t

(
k

√
µ ln(n)

n
√
d

)2

≲
ln(n)

µn
. (A.15)

Plugging Eq. (A.11) - (A.13) and Eq. (A.15) into Eq. (A.10) gives

E[L(w̄t)− L(w∗)] ≲
ln(n)

µn
,

which completes the proof.

B. Proofs on Convex, Lipschitz and Nonsmooth Problems

In this section, we present the proofs for convex, Lipschitz and nonsmooth problems.
1) Proofs on Stability Bounds: We first present the proof of stability bounds. Unlike the smooth case, we use the monotonicity

of gradients for convex functions.

Proof of Theorem 11. Recall the notations st, s
(i)
t , and ∆

(i)
t introduced in the proof of Theorem 3. We start from the following

inequality (i.e., Eq. (V.6))∥∥st+1 − s
(i)
t+1

∥∥2 ≤ t2

(t+ 1)2
∥st − s

(i)
t ∥2 + (∆

(i)
t )2

(t+ 1)2
+

2t∥r̄′t(wt+1)− r̄′t(w
(i)
t+1)∥∆

(i)
t

(t+ 1)2

− 2βt
(t+ 1)2

〈
wt+1 −w

(i)
t+1,∇ℓ(wt+1;Sjt+1

)−∇ℓ(w(i)
t+1;S

(i)
jt+1

)
〉
.

Note we have from Eq. (IV.9) that

∆
(i)
t =

∥∥∇ℓ(wt+1;Sjt+1
)−∇ℓ(w(i)

t+1;S
(i)
jt+1

)
∥∥ ≤

∥∥∇ℓ(wt+1;Sjt+1
)
∥∥+

∥∥∇ℓ(w(i)
t+1;S

(i)
jt+1

)
∥∥ ≤ 2G.

Then it follows that∥∥st+1 − s
(i)
t+1

∥∥2 ≤ t2

(t+ 1)2
∥st − s

(i)
t ∥2 + 4G2

(t+ 1)2
+

4Gt

(t+ 1)2
∥r̄′t(wt+1)− r̄′t(w

(i)
t+1)∥

− 2βt
(t+ 1)2

〈
wt+1 −w

(i)
t+1,∇ℓ(wt+1;Sjt+1

)−∇ℓ(w(i)
t+1;S

(i)
jt+1

)
〉
.

We first assume jt+1 ̸= i and then Sjt+1
= S

(i)
jt+1

. The convexity of ℓ implies that〈
wt+1 −w

(i)
t+1,∇ℓ(wt+1;Sjt+1)−∇ℓ(w(i)

t+1;S
(i)
jt+1

)
〉
≥ 0,

and hence we derive∥∥st+1 − s
(i)
t+1

∥∥2 ≤ t2

(t+ 1)2
∥st − s

(i)
t ∥2 + 4G2

(t+ 1)2
+

4Gt

(t+ 1)2
∥r̄′t(wt+1)− r̄′t(w

(i)
t+1)∥.

We then consider jt+1 = i. In this case, we have∥∥st+1 − s
(i)
t+1

∥∥ =
∥∥∥ t

t+ 1
(st − s

(i)
t ) +

1

t+ 1

(
∇ℓ(wt+1;Sjt+1

)−∇ℓ(w(i)
t+1;S

(i)
jt+1

)
)∥∥∥

≤ t

t+ 1
∥st − s

(i)
t ∥+ 2G

t+ 1
,

which gives the following inequality∥∥st+1 − s
(i)
t+1

∥∥2 ≤ t2

(t+ 1)2
∥st − s

(i)
t ∥2 + 4G2

(t+ 1)2
+

4Gt

(t+ 1)2
∥st − s

(i)
t ∥.
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We combine the above two cases and take expectations over both sides to get

E
[∥∥st+1 − s

(i)
t+1

∥∥2] ≤ t2

(t+ 1)2
E[∥st − s

(i)
t ∥2] + 4G2

(t+ 1)2

+
4G

(t+ 1)2
E[∥R′

t(wt+1)−R′
t(w

(i)
t+1)∥] +

4Gt

n(t+ 1)2
(
E[∥st − s

(i)
t ∥2]

) 1
2 .

We apply the above inequality recursively and derive

E[∥st+1 − s
(i)
t+1∥2] ≤

t∑
k=1

4G2

(k + 1)2

t∏
k′=k+1

(k′)2

(k′ + 1)2
+

t∑
k=1

4G

(k + 1)2
E[∥R′

k(wk+1)−R′
k(w

(i)
k+1)∥]

t∏
k′=k+1

(k′)2

(k′ + 1)2

+

t∑
k=1

4Gk

n(k + 1)2
(
E[∥sk − s

(i)
k ∥2]

) 1
2

t∏
k′=k+1

(k′)2

(k′ + 1)2
+

1

(t+ 1)2
E[∥s1 − s

(i)
1 ∥2].

It then follows from E[∥s1 − s
(i)
1 ∥2] = E[∥∇ℓ(w1;Sj1)−∇ℓ(w(i)

1 ;S
(i)
j1

)∥2] ≤ 4G2 that

E[∥st+1 − s
(i)
t+1∥2] ≤ 4G2(t+ 1)

(t+ 1)2
+

t∑
k=1

4G

(t+ 1)2
E[∥R′

k(wk+1) − R′
k(w

(i)
k+1)∥] +

4G

n(t+ 1)2

t∑
k=1

k
(
E[∥sk − s

(i)
k ∥2]

) 1
2 .

We can rewrite the above inequality as

(t+ 1)2E[∥st+1 − s
(i)
t+1∥2] ≤ 4G2(t+ 1) + 4G

t∑
k=1

E[∥R′
k(wk+1)−R′

k(w
(i)
k+1)∥] +

4G

n

t∑
k=1

k
(
E[∥sk − s

(i)
k ∥2]

) 1
2 . (A.16)

Denote Ct,i := maxk∈[t+1]

(
k2E[∥sk − s

(i)
k ∥2]

) 1
2 . Since the right-hand side of Eq. (A.16) is an increasing function of t, we

further get

C2
t,i ≤ 4G

t∑
k=1

E[∥R′
k(wk+1)−R′

k(w
(i)
k+1)∥] + 4G2(t+ 1) +

4GtCt,i

n
.

Solving the above quadratic inequality of Ct,i gives (by Lemma 14)

C2
t,i ≤ 8G

t∑
k=1

E[∥R′
k(wk+1)−R′

k(w
(i)
k+1)∥] + 8G2(t+ 1) +

16G2t2

n2
.

It then follows that

E[∥st+1 − s
(i)
t+1∥2] ≤

8G

(t+ 1)2

t∑
k=1

E[∥R′
k(wk+1)−R′

k(w
(i)
k+1)∥] +

16G2

n2
+

8G2

t+ 1
,

which together with Eq. (V.4) proves the result Eq. (IV.10). We can slightly improve the result if t = 2. Indeed, by Eq. (V.4)
and w1 = w

(i)
1 , we know

E[∥w2 −w
(i)
2 ∥2] ≤ 1

β2
1

E[∥s1 − s
(i)
1 ∥2]− 1

β2
1

E[∥R′
1(w2)−R′

1(w
(i)
2 )∥2]

=
1

β2
1

E[∥∇ℓ(w1;Sj1)−∇ℓ(w(i)
1 ;S

(i)
j1

)∥2]− 1

β2
1

E[∥R′
1(w2)−R′

1(w
(i)
2 )∥2]

≤ 1

nβ2
1

(
2E[∥∇ℓ(w1; zi)∥2] + 2E[∥∇ℓ(w(i)

1 ; z′i)∥2]
)
− 1

β2
1

E[∥R′
1(w2)−R′

1(w
(i)
2 )∥2]

=
4G2

nβ2
1

− 1

β2
1

E[∥R′
1(w2)−R′

1(w
(i)
2 )∥2]. (A.17)

The proof is now completed.

2) Proofs on Excess Risk Bounds: We recall the following optimization error bounds for stochastic RDA in the convex and
nonsmooth case.

Lemma A.17 (Optimization error [53]). Assume the map w 7→ rk(w) is convex for any k, and for any z ∈ Z , w 7→ ℓ(w; z)
is convex and satisfies the bounded gradient assumption in Eq. (IV.9). Let wt be the sequence produced by stochastic RDA
applied to S. If {βk} is nondecreasing, then

t∑
k=1

EA[LS(wk)− LS(w)] ≤
t∑

k=1

EA[rk(w)− rk(wk+1)] + βt∥w∥2 +
t∑

k=1

G2

2βk−1
.
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We combine the stability bounds in Theorem 11 and Lemma A.17 to get the excess risk bounds. We first prove Theorem 12
for general cases, and then prove Corollary 13 for excess risk bounds with specific parameters.

Proof of Theorem 12. We first bound 1
n

∑n
i=1 E[∥w̄t− w̄

(i)
t ∥2]. Note that E[X2] ≥ (E[X])2 for any random variable X . Then

it follows from Theorem 11 that for t ≥ 3

1

n

n∑
i=1

E[∥wt −w
(i)
t ∥2] ≤ 8G

nβ2
t−1

n∑
i=1

t−2∑
k=1

P
(i)
k − 1

nβ2
t−1

n∑
i=1

(
P

(i)
t−1

)2
+

16G2t2

n2β2
t−1

+
8G2t

β2
t−1

.

Moreover, we have E[∥w1 −w
(i)
1 ∥2] = 0 and

E[∥w2 −w
(i)
2 ∥2] ≤ 4G2

nβ2
1

−
(
P

(i)
1

)2
β2
1

from Eq. (A.17). Therefore, by convexity of ∥ · ∥2, we have

1

n

n∑
i=1

E[∥w̄t − w̄
(i)
t ∥2] ≤ 1

nt

n∑
i=1

t∑
j=1

E[∥wj −w
(i)
j ∥2]

≤ 1

nt

n∑
i=1

t∑
j=3

[ 8G

β2
j−1

j−2∑
k=1

P
(i)
k − 1

β2
j−1

(
P

(i)
j−1

)2]− 1

ntβ2
1

n∑
i=1

(
P

(i)
1

)2
+

16G2t2

n2β2
t−1

+
8G2t

β2
t−1

=
1

nt

n∑
i=1

[ t∑
j=3

j−2∑
k=1

8GP
(i)
k

β2
j−1

−
t−1∑
k=1

1

β2
k

(
P

(i)
k

)2]
+

16G2t2

n2β2
t−1

+
8G2t

β2
t−1

=
1

nt

n∑
i=1

[ t−2∑
j=1

j∑
k=1

8GP
(i)
k

β2
j+1

−
t−1∑
k=1

1

β2
k

(
P

(i)
k

)2]
+

16G2t2

n2β2
t−1

+
8G2t

β2
t−1

.

Exchanging the order of summation in the above inequality further gives

1

n

n∑
i=1

E[∥w̄t − w̄
(i)
t ∥2] ≤ 1

nt

n∑
i=1

[ t−2∑
k=1

( t−2∑
j=k

8G

β2
j+1

)
P

(i)
k −

t−1∑
k=1

1

β2
k

(
P

(i)
k

)2]
+

16G2t2

n2β2
t−1

+
8G2t

β2
t−1

≤ 1

nt

n∑
i=1

t−2∑
k=1

[( t−2∑
j=k

8G

β2
j+1

)
P

(i)
k − 1

β2
k

(
P

(i)
k

)2]
+

16G2t2

n2β2
t−1

+
8G2t

β2
t−1

.

Then combining Lemma 1 Part (b) and the above inequality together, we get

E[L(w̄t)− LS(w̄t)] ≤
G2

2γ
+

γ

2n

n∑
i=1

E[∥w̄t − w̄
(i)
t ∥2]

≤G
2

2γ
+ γ

[ 1

nt

n∑
i=1

t−2∑
k=1

[( t−2∑
j=k

4G

β2
j+1

)
P

(i)
k − 1

2β2
k

(
P

(i)
k

)2]
+

8G2t2

n2β2
t−1

+
4G2t

β2
t−1

]
. (A.18)

On the other hand, we have from Lemma A.17 and convexity of LS that

E[LS(w̄t)]− L(w∗) ≤ 1

t

t∑
k=1

E[LS(wk)− LS(w
∗)] ≤ r̄t(w

∗) +
βt∥w∗∥2

t
+
G2

2t

t∑
k=1

1

βk−1
. (A.19)

Combining Eq. (A.18) and Eq. (A.19), we have

E[L(w̄t)− L(w∗)] ≲
1

γ
+ γ

[ 1

nt

n∑
i=1

t−2∑
k=1

[( t−2∑
j=k

4G

β2
j+1

)
P

(i)
k − 1

2β2
k

(
P

(i)
k

)2]
+

t2

n2β2
t−1

+
t

β2
t−1

]
+ r̄t(w

∗) +
βt∥w∗∥2

t
+

1

t

t∑
k=1

1

βk−1
.

The proof is completed.

Proof of Corollary 13. By Eq. (V.22), we know P
(i)
k ≤ 2

√
d
∑k

j=1 λj . Then it follows from Theorem 12 that

E[L(w̄t)− L(w∗)] ≲
1

γ
+ γ

[√d
t

t−2∑
k=1

t− k − 1

β2

k∑
j=1

λj +
t2

n2β2
+

t

β2

]
+

1

t

t∑
k=1

λk +
β∥w∗∥2

t
+

1

β
. (A.20)
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From the condition on {λk} and t, we know that

1

t

t∑
k=1

λk ≤ 1

tn2
√
d
(t− 2) +

2n
3
2

t
≲ n−1/2.

Hence, we derive
1

t

t∑
k=1

λk +
β∥w∗∥2

t
+

1

β
≲ n−1/2 +

n3/2

n2
+ n−3/2 ≍ 1√

n
. (A.21)

For k ≤ t− 2, we can derive

γ
√
d

t

t−2∑
k=1

t− k − 1

β2

k∑
j=1

λj ≤
γ
√
d

tβ2

t∑
k=1

t(kn−2d−1/2) ≍
√
n

tn3
t3n−2 ≍ 1√

n
. (A.22)

Moreover, from the condition on γ and t, we further have

γ
( t2

n2β2
+

t

β2

)
≍

√
n(

n4

n2n3
+
n2

n3
) ≍ 1√

n
. (A.23)

Plugging Eq. (A.21)-(A.23) into Eq. (A.20) and noting that 1/γ = 1/
√
n gives

E[L(w̄t)− L(w∗)] ≲ 1/
√
n,

which completes the proof.
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