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Stochastic Gradient Descent for Nonconvex
Learning without Bounded Gradient Assumptions

Yunwen Lei, Ting Hu, Guiying Li and Ke Tang

Abstract—Stochastic gradient descent (SGD) is a popular and
efficient method with wide applications in training deep neural
nets and other nonconvex models. While the behavior of SGD
is well understood in the convex learning setting, the existing
theoretical results for SGD applied to nonconvex objective func-
tions are far from mature. For example, existing results require
to impose a nontrivial assumption on the uniform boundedness
of gradients for all iterates encountered in the learning process,
which is hard to verify in practical implementations. In this
paper, we establish a rigorous theoretical foundation for SGD in
nonconvex learning by showing that this boundedness assumption
can be removed without affecting convergence rates, and relaxing
the standard smoothness assumption to Hölder continuity of
gradients. In particular, we establish sufficient conditions for
almost sure convergence as well as optimal convergence rates for
SGD applied to both general nonconvex and gradient-dominated
objective functions. A linear convergence is further derived in
the case with zero variances.

Index Terms—Stochastic Gradient Descent, Nonconvex Opti-
mization, Learning Theory, Polyak-Łojasiewicz Condition

I. INTRODUCTION

Stochastic gradient descent (SGD) is an efficient iterative
method suitable to tackle large-scale datasets due to its low
computational complexity per iteration and its promising prac-
tical behavior, which has found wide applications to solve
optimization problems in a variety of areas including machine
learning and signal processing [1, 2]. At each iteration, SGD
firstly calculates a gradient based on a randomly selected
example and updates the model parameter along the minus
gradient direction of the current iterate. This strategy of pro-
cessing a single training example makes SGD very popular in
the big data era, which enjoys a great computational advantage
over its batch counterpart [2, 3].

Theoretical properties of SGD are well understood for opti-
mizing both convex and strongly convex objectives, the latter
of which can be relaxed to other assumptions on objective
functions, e.g., error bound conditions and Polyak-Łojasiewicz
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conditions [1, 4]. As a comparison, SGD applied to nonconvex
objective functions are much less studied. Indeed, there is
a huge gap between the theoretical understanding of SGD
and its very promising practical behavior in the nonconvex
learning setting, as exemplified in the setting of training
highly nonconvex deep neural networks. For example, while
theoretical analysis can only guarantee that SGD may get stuck
in local minima, in practice it often converges to special ones
with good generalization ability even in the absence of early
stopping or explicit regularization [3].

Motivated by the popularity of SGD in training deep
neural networks and nonconvex models as well as the huge
gap between the theoretical understanding and its practical
success, theoretical analysis of SGD has received increasing
attention recently. The first nonasymptotical convergence rate
of nonconvex SGD was established in [5], which was extended
to stochastic variance reduction [6] and stochastic proximal
gradient descent [7]. However, these results require to impose
a nontrivial boundedness assumption on the gradients at all
iterates encountered in the learning process [4–6, 8], which,
however depends on the realization of the optimization process
and is hard to check in practice. It still remains unclear whether
this assumption holds or not when learning takes place in an
unbounded domain, in which scenario the existing analysis
is not rigorous. Furthermore, an essential assumption on the
smoothness of loss functions is required in the literature to
derive meaningful convergence rates [4–6].

In this paper, we aim to contribute a better understanding
of SGD. We highlight our contributions as follows.

(1) We build a sound theoretical foundation for SGD by show-
ing that bounded gradient assumptions can be removed
without affecting the convergence rates for nonconvex
learning. Our analysis covers both general nonconvex and
gradient-dominated objectives.

(2) We relax the standard smoothness assumption on loss
functions to a milder Hölder continuity on gradients.

(3) We introduce a zero-variance condition which allows us
to derive linear convergence of SGD. Sufficient conditions
are also established for the almost sure convergence mea-
sured by both function values and gradient norms.

This paper is organized as follows. We formulate problems
and present theoretical results in Section II. Related work and
discussions are presented in Section III. We present simulation
results and conclude the paper in Section IV and Section V,
respectively. The proofs are given in the appendix.
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II. PROBLEM FORMULATION AND MAIN RESULTS

Let ρ be a probability measure defined on a sample space
Z = X × Y with an input space X ⊂ Rd and an output
space Y ⊂ R. We are interested in building a prediction
rule h : X 7→ Y based on a sequence of examples {zt}t∈N
independently drawn from ρ. The quality of a prediction
rule h at an example z is measured by `(h(x), y), where
` : R× R 7→ R+ is a differentiable loss function, with which
we define the objective function as

E(h) = Ez
[
`(h(x), y)

]
=

∫
`(h(x), y)dρ. (1)

We consider models hw that can be indexed by w ∈ Rd and
denote E(w) = E(hw). We implement learning by SGD to
minimize the objective function E(w). Let w1 = 0 and zt =
(xt, yt) be the example sampled according to ρ at the t-th
iteration. We update the model sequence {wt}t∈N in Rd by

wt+1=wt−ηt∇̀
(
hwt(xt), yt

)
∇whwt(xt)=wt−ηt∇f(wt, zt),

(2)
where ∇` denotes the gradient of ` with respect to the first
argument, {ηt}t∈N is a sequence of positive step sizes and we
introduce f(w, z) = `

(
hw(x), y

)
for brevity. We denote ‖ · ‖2

the `2 norm, i.e., ‖w‖ =
(∑d

j=1 w
2
j

) 1
2 for w = (w1, . . . , wd).

Our theoretical analysis is based on a fundamental as-
sumption on the regularity of loss functions. Assumption 1
with α = 1 corresponds to a smooth assumption standard
in nonconvex learning, which is extended here to a general
Hölder continuity assumption on the gradient of loss functions.

Assumption 1. Let α ∈ (0, 1] and L > 0. We assume that the
gradient of f(·, z) is α-Hölder continuous in the sense that

‖∇f(w, z)−∇f(w̃, z)‖2 ≤ L‖w−w̃‖α2 , ∀w, w̃ ∈ Rd, z ∈ Z.

We have the following useful lemma under Assumption 1.

Lemma 1. Let φ : Rd 7→ R be a differentiable function. Let
α ∈ (0, 1] and L > 0. If for all w, w̃ ∈ Rd, z ∈ Z

‖∇φ(w)−∇φ(w̃)‖2 ≤ L‖w − w̃‖α2 , (3)

then, we have

φ(w̃)−
(
φ(w) + 〈w̃ −w,∇φ(w)〉

)
≤ L‖w − w̃‖1+α2

1 + α
. (4)

Furthermore, if φ(w) ≥ 0 for all w ∈ Rd, then

‖∇φ(w)‖
1+α
α

2 ≤ (1 + α)L
1
α

α
φ(w), ∀w ∈ Rd. (5)

Lemma 1 to be proved in Section A-A is an extension of
Proposition 1 in [9] from univariate functions to multivariate
functions. It should be noted that (5) improves Proposition
1 (d) in [9] by removing a factor of (1 + α)

1
α . The left-

hand side of (4) quantifies the error incurred by approxi-
mating φ(w̃) with its first-order approximation at w. There-
fore, Hölder continuity on gradients amounts to saying that
this approximation error can be bounded by a polynomial
function of the distance ‖w − w̃‖2 with exponent in (1, 2].
A similar restricted smoothness condition was considered in
[10] by assuming this approximation error to be bounded by
L1‖w−w̃‖22+L2 log(d)‖w−w̃‖21, where L1 and L2 are two
constants (L2 may be very small and depend on the sample

size). Eq. (5) provides a self-bounding property meaning that
the norm of gradients can be controlled by function values.

A. General nonconvex objective functions
We now present theoretical results for SGD with general

nonconvex functions to be proved in Section A-A. In this case
we measure the progress of SGD by gradients. Part (a) gives
a nonasymptotic convergence rate by step sizes, while Parts
(b) and (c) provide sufficient conditions on the asymptotic
convergence measured by function values and gradient norms.

Theorem 2. Suppose that Assumption 1 holds. Let {wt}t∈N
be produced by (2) with the step sizes satisfying C1 :=∑∞
t=1 η

1+α
t <∞. Then, the following three statements hold.

(a) There is a constant C independent of t such that

min
t=1,...,T

E[‖∇E(wt)‖22] ≤ C
( T∑
t=1

ηt

)−1
. (6)

(b) {E(wt)}t converges to an almost surely (a.s.) bounded
random variable.

(c) If Assumption 1 holds with α = 1 and
∑∞
t=1 ηt = ∞,

then, limt→∞ E[‖∇E(wt)‖2] = 0.

Remark 1. Part (a) was derived in [5] under the assumption

Ez
[
‖∇f(wt, z)−∇E(wt)‖22

]
≤ σ2, ∀t ∈ N (7)

and a constant σ > 0. This boundedness assumption depends
on the realization of the optimization process and it is therefore
difficult to check in practice. It was removed in our analysis.
Although Parts (b), (c) do not give convergence rates, an
appealing property is that they consider individual iterates. As
a comparison, the convergence rates in (6) only hold for the
minimum of the first T iterates. The analysis for individual
iterates is much more challenging than that for the minimum
over all iterates. Indeed, Part (c) is based on a careful analysis
with the contradiction strategy.

We can derive explicit convergence rates by instantiating
the step sizes in Theorem 2. If α = 1, the convergence rate in
Part (b) becomes O(T−

1
2 log

β
2 T ) which is minimax optimal

up to a logarithmic factor.

Corollary 3. Suppose that Assumption 1 holds. Let {wt}t∈N
be the sequence produced by (2). Then,
(a) If ηt = η1t

−θ with θ ∈ (1/(1 + α), 1), then,
mint=1,...,T E[‖∇E(wt)‖22] = O(T θ−1).

(b) If ηt = η1(t log
β(t + 1))−

1
1+α with β > 1, then,

mint=1,...,T E[‖∇E(wt)‖22] = O(T−
α
α+1 log

β
1+α T ).

Remark 2. As shown in Corollary 3, the convergence rate
improves from O(1) to O(T−

1
2 ) if α increases from 0 to 1 (up

to a logarithmic factor). The decrease of the convergence rate
is the cost we pay for considering a more general condition.

B. Objective functions with Polyak-Łojasiewicz inequality
We now proceed with our convergence analysis by imposing

an assumption referred to as PL inequality named after Polyak
and Łojasiewicz [1]. Intuitively, this inequality means that
the suboptimality of iterates measured by function values
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can be bounded by gradient norms. PL condition is also
referred to as gradient dominated condition in the literature
[6], and widely adopted in the analysis in both the convex
and nonconvex optimization setting [4, 11, 12]. Examples of
functions satisfying PL condition include neural networks with
one-hidden layers, ResNets with linear activation and objective
functions in matrix factorization [12]. It should be noted that
functions satisfying the PL condition is not necessarily convex.

Assumption 2. We assume that the function E satisfies the
PL inequality with the parameter µ > 0, i.e.,

E(w)− E(w∗) ≤ (2µ)−1‖∇E(w)‖22, ∀w ∈ Rd,
where w∗ = argminw∈Rd E(w).

Under Assumption 2, we can state convergence results
measured by the suboptimality of function values to be proved
in Section A-B. Part (a) provides a sufficient condition for
almost sure convergence measured by function values and
gradient norms, while Part (b) establishes explicit convergence
rates for step sizes reciprocal to the iteration number. If
α = 1, we derive convergence rates O(t−1) after t iterations,
which is minimax optimal even when the objective function
is strongly convex. Part (c) shows that a linear convergence
can be achieved if E[‖∇f(w∗, z)‖22] = 0, which extends the
linear convergence of gradient descent [4] to the stochastic
setting. The assumption E[‖∇f(w∗, z)‖22] = 0 means that
variances of the stochastic gradients vanish at w = w∗ since
Var(f(w∗, z)) = E

[
‖f(w∗, z)−∇E(w∗)‖22

]
= 0.

Theorem 4. Let Assumptions 1 and 2 hold. Let {wt}t∈N be
produced by (2). Then, the following statements hold.
(a) If

∑∞
t=1 η

1+α
t < ∞ and

∑∞
t=1 ηt = ∞, then a.s.

limt→∞ E(wt) = E(w∗) and limt→∞ ‖∇E(wt)‖2 = 0.
(b) If ηt = 2/((t + 1)µ), then for any t ≥ t0 := 2L

2
αµ−

1+α
α

we have E[E(wt+1)] − E(w∗) ≤ C̃t−α, where C̃ is a
constant independent of t (explicitly given in the proof).

(c) If E[‖∇f(w∗, z)‖22] = 0, Assumption 1 holds with α = 1
and ηt = η ≤ µ/L2, then

E[E(wt+1)]− E(w∗) ≤ (1− µη)t(E(w1)− E(w∗)).

Remark 3. Conditions as
∑∞
t=1 η

2
t < ∞ and

∑∞
t=1 ηt = ∞

were established for almost sure convergence with strongly
convex objectives [3], which are extended here to nonconvex
learning under PL conditions. Convergence rates O(t−1) were
established for nonconvex optimization under PL conditions,
bounded gradient assumption as E[‖∇f(wt, z)‖22] ≤ σ2 and
smoothness assumptions [4]. We derive the same convergence
rates without the bounded gradient assumption, and relax the
smoothness assumption to a Hölder continuity of ∇f(w, z).

III. RELATED WORK AND DISCUSSIONS

We group discussions on related work into three categories.
SGD for convex learning. SGD has been comprehen-

sively studied in the convex setting. For generally convex
objective functions, regret bounds O(

√
T ) were established

for SGD with T iterates [2], which imply convergence rates
O(1/

√
T ) [3]. For strongly convex functions, regret bounds

can be improved to O(log T ) [13] which imply convergence

rates O(log T/T ). These results were extended to learning in
reproducing kernel Hilbert spaces [14–17] and learning with
a mirror map to capture the geometry of problems [18].

SGD for nonconvex learning. As compared to the maturity
of understanding in convex optimization, convergence analysis
for SGD in the nonconvex setting is far from satisfactory.
Asymptotic convergence of SGD was established under the as-
sumption Ez

[
‖∇f(wt, z)−∇E(wt)‖22

]
≤ A

(
1+‖∇E(wt)‖22

)
for A > 0 and all t ∈ N [19]. Nonasymptotic conver-
gence rates similar to (6) were established in [5] under the
boundedness assumption (7). For objective functions satisfying
PL conditions, convergence rates O(1/T ) were established
for SGD under the boundedness assumption (7) [4]. This
boundedness assumption in the literature depends on the real-
ization of the optimization process, which is hard to check in
practical application domains including computer vision [20].
In this paper we show that the same convergence rates can
be established without any boundedness assumptions. This
establishes a rigorous foundation to safeguard SGD. Existing
discussions also require to impose a smoothness assumption on
f(w, z), which is relaxed to a Hölder continuity of ∇f(w, z).
Both the PL condition and Hölder continuity condition do
not depend on the iterates and can be checked by objective
function themselves, which are satisfied by many nonconvex
models [4, 6, 12]. It should be noted that convergence analysis
was also performed when f(w, z) is either convex [21] or
nonconvex [22] without bounded gradient assumptions, both
of which, however, require E(w) to be strongly convex and
f(w, z) to be smooth. Furthermore, we establish a linear
convergence of SGD in the case with zero variances, while this
linear convergence was only derived for batch gradient descent
applied to gradient-dominated objective functions [4]. Neces-
sary and sufficient conditions as

∑∞
t=1 ηt =∞,

∑∞
t=1 η

2
t <∞

were established for convergence of online mirror descent in a
strongly convex setting [21], which are extended here to con-
vergence of SGD for gradient-dominated objective functions.

Variants of SGD. Recently, the trick of variance reduction
has been introduced to accelerate the performance of SGD
in both the convex [23, 24] and nonconvex setting [6, 25].
A novel nonnegative momentum was incorporated into the
variance-reduction based algorithm to derive a stochastic
gradient method with an optimal convergence rate in the
convex setting [26]. For a specific class of strongly non-
convex problems, an epoch-wise stochastic method was also
developed to exploit the strongly nonconvex parameter [25].
These variance-reduction based algorithms [25, 26] assume
a finite-sum structure on the objective function, i.e., ρ is an
empirical measure based on training examples, and require the
loss function to be smooth. As a comparison, our analysis does
not impose a finite-sum structure on the objective function and
considers a more general class of loss functions with Hölder
continuous gradients. Our analysis also does not impose a
strongly nonconvex assumption on the loss function [25].

IV. SIMULATION VALIDATION

In this section, we present some experimental results to con-
firm our theoretical findings. We consider generalized linear
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(a) Splice (b) Usps (c) Phishing (d) Shuttle

Fig. 1. Gradient norm as a function of iteration number for different datasets: Splice, Usps, Phishing and Shuttle.

TABLE I
DESCRIPTION OF THE DATASETS USED IN THE EXPERIMENTS.

Dataset n d Dataset n d
Splice 1000 60 Usps 7291 256

Phishing 11, 055 68 Shuttle 43, 500 7

models of the form hw(x) = σ
(
〈w, x〉

)
to learn the relation-

ship underlying the training examples {(x1, y1), . . . , (xn, yn)}
with yi ∈ {0, 1}, where σ(s) = (1 + e−s)−1 is the logistic
link function defined on R [12]. We consider loss functions
`p(a, y) = |a − y|p with p ∈ [1, 2], for which the empirical
objective function becomes Ep(w) = 1

n

∑n
i=1 fp(w, zi) where

fp(w, z) =
∣∣σ(〈w, x〉) − y

∣∣p. For p = 2 and p = 1, the
loss function becomes the least squares loss and the absolute
loss, respectively. The robustness of the trained model would
improve as p decreases. It can be checked that fp(w, z)
is nonconvex w.r.t. w and its gradient ∇f(w; z) = p ·
sgn
(
σ(〈w, x〉) − y

)∣∣σ(〈w, x〉) − y
∣∣p−1∇wσ(〈w, x〉) is αp-

Hölder continuous with αp = p − 1. According to Corollary
3, if we apply SGD with step sizes ηt = η1t

− 1
p , then

mint=1,...,T E[‖∇E(wt)‖22] = O(T (1−p)/p) (up to logarithmic
factors). We aim to verify this result by considering different
p in {5/4, 3/2, 7/4, 2}. For each temporarily fixed p, we
consider ηt = η1t

− 1
p and use ten-fold cross-validation to

tune η1 in the set {1, 2, 4, . . . , 256}. We then compute the
quantity Et,p := mint̃=1,...,t ‖∇Ep(wt̃,p)‖2, where {wt̃,p}t
is a sequence of iterates produced by SGD to minimize
Ep(w). We consider 4 classification datasets from the LIB-
SVM dataset [27] with information given in Table I. We trans-
form multi-class datasets into binary classification datasets by
grouping the first half of class labels into positive labels, and
the remaining class labels into negative labels. We repeat the
experiment 20 times and report the average of results.

In Fig. 1, we plot Et,p versus t for p ∈ {5/4, 3/2, 7/4, 2}
for 4 datasets. For all datasets, we see that Et,p decays with
an increasingly fast rate as we increase p from 5/4 to 2. This
is consistent with Corollary 3 showing that convergence rates
improve if the smoothness (reflected by the order α of Hölder
continuity) of the objective function increases.

V. CONCLUSION

We present a solid discussion of SGD for nonconvex learn-
ing by showing that the bounded gradient assumption imposed
in the literature can be removed without affecting learning

rates. Our analysis relaxes the smoothness assumption to the
Hölder continuity of gradients. We consider general nonconvex
and gradient-dominated objective functions, and derive opti-
mal rates in both scenarios. Interesting future work includes
the extension to distributed learning and sparse learning.
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APPENDIX A
PROOFS

A. Proof of Theorem 2

We present here the proofs of Theorem 2 and Corollary 3.
To this aim, we first prove Lemma 1 and introduce Doob’s for-
ward convergence theorem on almost sure convergence [28].

Proof of Lemma 1. Eq. (4) can be proved in the same way as
the proof of Part (a) of Proposition 1 in [9]. We now prove
(5) for non-negative φ. We only need to consider the case
∇φ(w) 6= 0. In this case, set

w̃ = w − L− 1
α ‖∇φ(w)‖

1
α
2 ‖∇φ(w)‖−12 ∇φ(w)

in (4). We derive

0 ≤ φ(w̃) ≤ φ(w)−
〈
L−

1
α ‖∇φ(w)‖

1
α
2

∇φ(w)

‖∇φ(w)‖2
,∇φ(w)

〉
+

L

1 + α
L−

1+α
α ‖∇φ(w)‖

1+α
α

2

= φ(w)− L− 1
α ‖∇φ(w)‖

1+α
α

2 + L−
1
α (1 + α)−1‖∇φ(w)‖

1+α
α

2

= φ(w)− αL−
1
α

1 + α
‖∇φ(w)‖

1+α
α

2 ,

from which the stated bound (5) follows.

Lemma 5. Let {X̃t}t∈N be a sequence of non-negative ran-
dom variables with E[X̃1] <∞ and let {Ft}t∈N be a nested
sequence of sets of random variables with Ft ⊂ Ft+1 for all
t ∈ N. If E[X̃t+1|Ft] ≤ X̃t for all t ∈ N, then X̃t converges
to a nonnegative random variable X̃ a.s. and X̃ <∞ a.s..

Proof of Theorem 2. We first prove Part (a). According to
Assumption 1, we know

‖∇E(w)−∇E(w̃)‖2 =
∥∥E[∇f(w, z)]− E[∇f(w̃, z)]

∥∥
2

≤ E
[
‖∇f(w, z)−∇f(w̃, z)‖2

]
≤ L‖w − w̃‖α2 .
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Therefore, ∇E(w) is α-Hölder continuous. According to (4)
with φ = E and (2), we know

E(wt+1)≤E(wt)+〈wt+1−wt,∇E(wt)〉+
L‖wt+1−wt‖1+α2

1 + α

= E(wt)−ηt〈∇f(wt, zt),∇E(wt)〉+
Lη1+αt

1 + α
‖∇f(wt, zt)‖1+α2

≤ E(wt)− ηt〈∇f(wt, zt),∇E(wt)〉

+
L2η1+αt

1 + α

(1 + α

α

)α
fα(wt, zt), (8)

where the last inequality is due to (5). With the Young’s
inequality for all µ, v ∈ R, p−1 + q−1 = 1, p ≥ 0

µv ≤ p−1|µ|p + q−1|v|q, (9)

we get
(

(1+α)f(wt,zt)
α

)α
≤ α

(
(1+α)f(wt,zt)

α

)α 1
α

+ 1 − α.

Plugging the above inequality into (8) shows

E(wt+1) ≤ E(wt)− ηt〈∇f(wt, zt),∇E(wt)〉

+
L2η1+αt

1 + α

(
(1 + α)f(wt, zt) + 1− α

)
.

Taking conditional expectation with respect to zt, we derive

Ezt [E(wt+1)]

≤ E(wt)− ηt‖∇E(wt)‖22 + L2η1+αt

(
E(wt) + 1− α

)
(10)

≤ (1 + L2η1+αt )E(wt)− ηt‖∇E(wt)‖22 + L2(1− α)η1+αt .
(11)

It then follows that

E[E(wt+1)] ≤ (1 + L2η1+αt )E[E(wt)] + L2(1− α)η1+αt ,

from which we derive

E[E(wt+1)] + L2(1− α)
∞∑

k=t+1

η1+αk

≤ (1 + L2η1+αt )
(
E[E(wt)] + L2(1− α)

∞∑
k=t

η1+αk

)
.

Introduce At = E[E(wt)] + L2(1 − α)
∑∞
k=t η

1+α
k ,∀t ∈ N.

Then, it follows from the inequality 1 + a ≤ exp(a) that
At+1 ≤ (1 + L2η1+αt )At ≤ exp(L2η1+αt )At. An application
of the above inequality recursively then gives

At+1 ≤ exp
(
L2

t∑
k=1

η1+αk

)
A1 ≤ exp

(
L2

∞∑
k=1

η1+αk

)
A1 := C2,

from which we know E[E(wt)] ≤ C2,∀t ∈ N. Plugging the
above inequality back into (11) gives

E[E(wt+1)] ≤ E[E(wt)]−ηtE[‖∇E(wt)‖22]+L2η1+αt (C2+1−α).
(12)

A summation of the above inequality then implies
T∑
t=1

ηtE[‖∇E(wt)‖22] ≤
T∑
t=1

(
E[E(wt)]− E[E(wt+1)]

)
+L2(C2+1−α)

T∑
t=1

η1+αt ≤ E(w1)+L
2(C2+1−α)C1,

from which we directly get (6) with C := E(w1)+L
2C1(C2+

1− α). This proves Part (a).

We now prove Part (b). Multiplying both sides of

(11) by
∏∞
k=t+1(1 + L2η1+αk ), the term

∏∞
k=t+1(1 +

L2η1+αk )Ezt [E(wt+1)] can be upper bounded by
∞∏
k=t

(1+L2η1+αk )E(wt)+L
2(1−α)

∞∏
k=t+1

(1+L2η1+αk )η1+αt

≤
∞∏
k=t

(1 + L2η1+αk )E(wt) + C3η
1+α
t , (13)

where we introduce C3 = L2(1−α)
∏∞
k=1(1+L

2η1+αk ) <∞.
Introduce the stochastic process

X̃t =

∞∏
k=t

(1 + L2η1+αk )E(wt) + C3

∞∑
k=t

η1+αk .

Eq. (13) amounts to saying Ezt [X̃t+1] ≤ X̃t for all t ∈ N,
which shows that {X̃t}t∈N is a non-negative supermartin-
gale. Furthermore, the assumption

∑∞
t=1 η

1+α
t < ∞ implies

that X̃1 < ∞. We can apply Lemma 5 to show that
limt→∞ X̃t = X̃ for a non-negative random variable X̃ a.s..
This together with the assumption

∑∞
t=1 η

1+α
t < ∞ implies

limt→∞ Ỹt → Ỹ for a non-negative random variable Ỹ , where
Ỹt =

∏∞
k=t(1+L

2η1+αk )E(wt) for all t ∈ N and Ỹ <∞ a.s..
Furthermore, it is clear a.s. that∣∣E(wt)− Ỹ

∣∣ = ∣∣∣(1− ∞∏
k=t

(1 + L2η1+αk )
)
E(wt)+

∞∏
k=t

(1+L2η1+αk )E(wt)−Ỹ
∣∣∣ ≤ ∣∣∣(1− ∞∏

k=t

(1+L2η1+αk )
)∣∣∣E(wt)

+
∣∣∣ ∞∏
k=t

(1 + L2η1+αk )E(wt)− Ỹ
∣∣∣ −−−→
t→∞

0,

where we have used the fact limt→∞
∏∞
k=t(1+L

2η1+αk ) = 1

due to
∑∞
t=1 η

1+α
t <∞. That is, E(wt) converges to Ỹ a.s..

We now prove Part (c) by contradiction. According to
Assumption 1 and Lemma 1, we know

‖∇f(wk, zk)‖2 ≤
( (1 + α)L

1
α f(wk, zk)

α

) α
1+α

≤ L 1
α f(wk, zk) + (1 + α)−1,

where we have used the Young’s inequality (9). Taking expec-
tations over both sides and using E[E(wk)] ≤ C2, we derive

E[‖∇f(wk, zk)‖2] ≤ L
1
αE[E(wk)] + (1 + α)−1

≤ L 1
αC2 + (1 + α)−1 := C4. (14)

Suppose to contrary that lim supt→∞ E[‖∇E(wt)‖2] > 0. By
Part (a) and the assumption

∑∞
t=1 ηt =∞, we know

lim inf
t→∞

E[‖∇E(wt)‖2] ≤ lim inf
t→∞

√
E[‖∇E(wt)‖22] = 0.

Then there exists an ε > 0 such that E[‖∇E(wt)‖2] < ε for
infinitely many t and E[‖∇E(wt)‖2] > 2ε for infinitely many
t. Let T be a subset of integers such that for every t ∈ T we
can find an integer k(t) > t such that

E[‖∇E(wt)‖2] < ε, E[‖∇E(wk(t))‖2] > 2ε and
ε ≤ E[‖∇E(wk)‖2] ≤ 2ε for all t < k < k(t). (15)

Furthermore, we can assert that ηt ≤ ε/(2LC4) for every t
larger than the smallest integer in T since limt→∞ ηt = 0.



6

By (14), (15) and Assumption 1 with α = 1, we know

ε ≤ E[‖∇E(wk(t))‖2]−E[‖∇E(wt)‖2]

≤
k(t)−1∑
k=t

E[‖∇E(wk+1)−∇E(wk)‖2] ≤ L
k(t)−1∑
k=t

E[‖wk+1−wk‖2]

=L

k(t)−1∑
k=t

ηkE[‖∇f(wk, zk)‖2] ≤ LC4

k(t)−1∑
k=t

ηk. (16)

Analogously, one can show

E[‖∇E(wt+1)‖2]−E[‖∇E(wt)‖2]≤E[‖∇E(wt+1)−∇E(wt)‖2]
≤ LE[‖wt+1 −wt‖2] ≤ LηtE[‖∇f(wt, zt)‖2] ≤ LC4ηt,

from which, (15) and ηt ≤ ε/(2LC4) for any t larger than the
smallest integer in T we get

E[‖∇E(wk)‖2] ≥ ε/2 for every k = t, t+ 1, . . . , k(t)− 1

and all t ∈ T . It then follows that

E[‖∇E(wk)‖22] ≥
(
E[‖∇E(wk)‖2]

)2 ≥ ε2/4 (17)

for every k = t, t+1, . . . , k(t)−1 and all t ∈ T . Putting (17)
back into (12), E[E(wk(t))] can be upper bounded by

E[E(wt)]−
k(t)−1∑
k=t

ηkE[‖∇E(wk)‖22] + L2C2

k(t)−1∑
k=t

η2k

≤ E[E(wt)]−
ε2

4

k(t)−1∑
k=t

ηk + L2C2

k(t)−1∑
k=t

η2k.

This together with (16) implies that

ε3/(4LC4) ≤
ε2

4

k(t)−1∑
k=t

ηk ≤ E[E(wt)]− E[E(wk(t))]

+ L2C2

k(t)−1∑
k=t

η2k, ∀t ∈ T . (18)

Part (b) implies that {E[E(wt)]}t converges to a non-negative
value, which together with the assumption

∑∞
t=1 η

2
t < ∞,

shows that the right-hand side of (18) vanishes to zero as t→
∞, while the left-hand side is a positive number. This leads
to a contradiction and lim supt→∞ E[‖∇E(wt)‖2] = 0.

Proof of Corollary 3. Since θ > 1/(1 + α), we know∑∞
t=1 η

1+α
t = η1+α1

∑∞
t=1 t

−θ(1+α) <∞. Eq. (6) and

1

1− γ
[(T + 1)1−γ − 1] ≤

T∑
t=1

t−γ ≤ 1

1− γ
T 1−γ , γ ∈ (0, 1)

immediately imply mint=1,...,T E[‖∇E(wt)‖22] = O(T θ−1).
Part(b) can be proved analogously and we omit the proof.

B. Proof of Theorem 4

Lemma 6 ([8]). Let {ηt}t∈N be a sequence of non-negative
numbers such that limt→∞ ηt = 0 and

∑∞
t=1 ηt = ∞. Let

α, a > 0 and t1 ∈ N such that ηt < a−1 for any t ≥ t1. Then
we have limT→∞

∑T
t=t1

η1+αt

∏T
k=t+1(1− aηk) = 0.

Proof of Theorem 4. We first prove Part (a). We introduce
Bt := E[E(wt)]−E(w∗),∀t ∈ N. By (11) and Assumption 2,

E[E(wt+1)] ≤ (1 + L2η1+αt )E[E(wt)]

− 2µηt
(
E[E(wt)− E(w∗)]

)
+ L2(1− α)η1+αt .

Subtracting E(w∗) from both sides gives

E[E(wt+1)]− E(w∗) ≤ (1 + L2η1+αt )
(
E(wt)− E(w∗)

)
+ L2η1+αt E(w∗)−2µηt

(
E[E(wt)]−E(w∗)

)
+L2(1−α)η1+αt

=
(
1 + L2η1+αt − 2µηt

)(
E[E(wt)]− E(w∗)

)
+ C5η

1+α
t ,

where we introduce C5 := L2
(
E(w∗)+1−α

)
. The assumption∑∞

t=1 η
1+α
t < ∞ implies limt→∞ ηt = 0, which further

implies the existence of t1 such that ηαt ≤ µ/L2 and ηt ≤ 1/µ
for all t ≥ t1. Therefore, it follows that

Bt+1 ≤ (1− µηt)Bt + C5η
1+α
t , ∀t ≥ t1. (19)

A recursive application of this inequality then shows

BT+1 ≤
T∏
t=t1

(1− µηt)Bt1 + C5

T∑
t=t1

η1+αt

T∏
k=t+1

(1− µηk),

(20)
where we denote

∏T
k=T+1(1−µηk) = 1. The first term of (20)

can be estimated by the standard inequality 1− a ≤ exp(−a)
for a > 0 together with the assumption

∑∞
t=1 ηt =∞ as

T∏
t=t1

(1−µηt)Bt1≤exp
(
− µ

T∑
t=t1

ηt

)
Bt1 −−−−→

T→∞
0. (21)

An application of Lemma 6 with a = µ then shows that

lim
T→∞

T∑
t=t1

η1+αt

T∏
k=t+1

(1− µηk) = 0. (22)

Combining (20), (21) and (22) together shows

lim
T→∞

E[E(wT )] = E(w∗). (23)

According to Part (b) of Theorem 2, we know that {E(wt)}t−
E(w∗) converges to a random variable X̃ a.s., which is
nonnegative by the definition of w∗. This together with Fatou’s
lemma and (23), implies that

E[X̃]=E
[
lim
t→∞

E(wt)
]
−E(w∗)≤ lim inf

t→∞
E
[
E(wt)

]
−E(w∗)=0.

Since X̃ is non-negative, we have limt→∞ E(wt) = E(w∗)
a.s.. Let φ(w) = E(w)−E(w∗). It is clear that φ(w) satisfies
(3) and is non-negative. Now, we can apply Lemma 1 to show
α‖∇φ(w)‖

1+α
α

2 ≤ (1 + α)L
1
αφ(w), from which we know

‖∇E(wt)‖
1+α
α

2 ≤ (1 + α)L
1
α

α

[
E(wt)− E(w∗)

]
, ∀t ∈ N.

This together with limt→∞ E(wt) = E(w∗) a.s. immediately
implies limt→∞ ‖∇E(wt)‖2 = 0 a.s.. This proves Part (a).

We now prove Part (b). It is clear from the definition of t0
that L2η1+αt ≤ µηt for all t ≥ t0. Therefore, (19) holds with
t1 = t0. Taking ηt = 2/(µ(t+ 1)) in (19), we derive

Bt+1 ≤
t− 1

t+ 1
Bt + C5

( 2

(t+ 1)µ

)1+α
, ∀t ≥ t0. (24)

Multiplying both sides of (24) with t(t+ 1) gives

t(t+1)Bt+1 ≤ t(t−1)Bt+C5(2µ
−1)1+αt(t+1)−α, ∀t ≥ t0.
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Taking a summation from t = t0 to t = T gives

T (T+1)BT+1 ≤ t0(t0−1)Bt0+C5(2µ
−1)1+α

T∑
t=t0

t(t+1)−α.

It is clear that
T∑
t=t0

t(t+ 1)−α ≤
T∑
t=t0

t1−α ≤
T∑
t=t0

∫ t+1

t

x1−αdx ≤ (T + 1)2−α

2− α
,

from which and (T + 1)/T ≤ (1 + t−10 ) for all T ≥ t0 we
derive the following inequality for all T ≥ t0

BT+1 ≤
t0(t0 − 1)Bt0
T (T + 1)

+
C5(2µ

−1)1+α(T + 1)1−α

(2− α)T

≤ t0(t0 − 1)Bt0
T (T + 1)

+
(1 + t−10 )1−αC5(2µ

−1)1+α

(2− α)Tα
.

This gives the stated result with

C̃ = (t0−1)(E[E(wt0)]−E(w∗))+
(1 + t−10 )1−αC5(2µ

−1)
1

α+1

2− α
.

We now consider Part (c). Analogous to (8), we derive

E(wt+1) ≤ E(wt)− η〈∇f(wt, zt),∇E(wt)〉
+ 2−1Lη2‖∇f(wt, zt)‖22. (25)

Since E[‖∇f(w∗, z)‖22] = 0 we know ∇f(w∗, z) = 0
almost surely. Therefore, w∗ is a minimizer of the function
w 7→ f(w, z) for almost every z and the function φz(w) =
f(w, z) − f(w∗, z) is non-negative almost surely. We can
apply Lemma 1 to show ‖∇φz(w)‖22 ≤ 2Lφz(w) almost
surely, which is equivalent to ‖∇f(w, z)‖22 ≤ 2L(f(w, z) −
f(w∗, z)) almost surely. Plugging this inequality back to (25)
gives the following inequality almost surely

E(wt+1) ≤ E(wt)− η〈∇f(wt, zt),∇E(wt)〉
+ L2η2

(
f(wt, zt)− f(w∗, zt)

)
.

Taking expectation over both sides then gives

E[E(wt+1)]−E(w∗) ≤ E[E(wt)]−E(w∗)−E[‖∇E(wt)‖22]
+ L2η2E[E(wt)− E(w∗)].

It follows from Assumption 2 and η ≤ µ/L2 that

Bt+1 ≤ Bt − 2µηBt + L2η2Bt ≤ (1− µη)Bt.
Applying this result recursively gives the stated result.
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