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Towards Better Generalization Bounds of Stochastic
Optimization for Nonconvex Learning

Yunwen Lei

Abstract—Stochastic optimization is the workhorse behind
the success of many machine learning algorithms. The existing
theoretical analysis of stochastic optimization mainly focuses on
the behavior on the training dataset or requires a convexity
assumption. In this paper, we provide a comprehensive analysis
on the generalization behavior of stochastic optimization with
nonconvex problems. We first present both upper and lower
bounds on the uniform convergence of gradients. Our analysis
outperforms existing results by incorporating the 2nd moment of
the gradient at a single model into the upper bound. Based on this
uniform convergence, we provide a high-probability bound on the
gradient norm of population risks for stochastic gradient descent
(SGD), which significantly improves the existing results. We show
that better bounds can be achieved under further assumptions
such as quasi-convexity or Polyak-Lojasiewicz condition. Our
analysis shows the computation cost can be further decreased by
taking the variance-reduction trick. Finally, we study the utility
guarantee of SGD under a privacy constraint. Our results show
a linear speed up with respect to the batch size, which shows the
benefit of computing gradients in a distributed manner.

Index Terms—Learning Theory, Generalization Analysis,
Stochastic Optimization, Stochastic Gradient Descent

I. INTRODUCTION

TOCHASTIC optimization such as stochastic gradient

descent (SGD) has found wide applications in training
complex models in the big-data era [1]. A basic idea of
stochastic optimization is to introduce randomness into the
optimization process to speed up the optimization by using the
sum structure of objective functions in machine learning (ML).
For example, SGD builds an unbiased estimate of gradients by
drawing a single example or a minibatch of examples. Variance
reduction techniques were introduced to further decrease the
variance of stochastic gradients [2H4].

The popularity of stochastic optimization motivates a lot of
theoretical studies to understand the convergence of algorithms
under different assumptions such as the Lipschitz continuity,
smoothness and convexity. For example, convergence rates on
the suboptimality of function values were developed for con-
vex problems [[1}[5, 6], while convergence rates on the gradient
of objectives were derived for nonconvex problems [3| [7H11].

Most of the theoretical analysis focuses on the behavior
of empirical risks (training errors) of models on the training
dataset. However, the ultimate goal of ML is to train a model
with a good behavior on the testing dataset [[12]. Based on
this consideration, researchers have studied an important issue
called the generalization gap to understand the difference
between training and testing [13]. Two popular approaches
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to study the generalization are the algorithmic stability ap-
proach [[14] and the uniform convergence approach [12]]. The
former shows that generalization is closely related to the
sensitivity of an algorithm up to a perturbation of the training
dataset, while the latter uses concentration inequalities for
empirical process to bound the generalization gap. Algorithmic
stability considers only the property of the output model, and
can imply capacity-independent bounds [[14]. As a comparison,
uniform convergence considers the uniform deviation between
training and testing over a function space, and yields capacity-
dependent bounds [12| [15H17]. However, stability analysis
often requires a convexity assumption to get meaningful
stability bounds [13]], and therefore have limited applications
to nonconvex problems.

To study the generalization of SGD with nonconvex prob-
lems, recent studies took a uniform convergence approach and
gave a high-probability bound ||V F(out)||3 = O(y/d/n) (we
use O to ignore logarithmic factors) [18, [19], where “out”
denotes the output model, F' denotes the population risk,
d is the dimensionality of the model and n is the sample
size. In the literature, it was shown that sup,, ||VF(w) —
VFEs(w)||3 = O(d/n) [16], where Fg denotes the empirical
risk. Therefore there is a gap between the high-probability
generalization bound of order O(y/d/n) [18} [19] and the
uniform convergence rate of gradients of the order O(d/n).
This observation motivates the following question: can we
further improve the existing high-probability analysis on the
generalization of stochastic optimization?

In this paper, we work toward a tighter generalization
analysis of stochastic optimization with nonconvex problems.
Our major contributions are summarized as follows.

« We develop both upper and lower bounds for the uniform
convergence of empirical gradients to the expectation
over a ball. Under a Lipschitzness assumption, we
develop uniform convergence rates with a logarithmic
dependency on the radius of the ball. We also develop
an upper bound with a linear dependency without the
Lipschitzness assumption, which still outperforms exist-
ing uniform convergence rates [18]] since the radius has a
multiplicative factor of d/n instead of the multiplicative
factor of v/d/\/n in [18]. Our upper bounds involve the
2nd moment of the gradient at an output model, which is
significantly smaller than the uniform Lipschitz constant.
Furthermore, we also develop dimension-free uniform
convergence of gradients for functions with a structure.

e We apply our uniform convergence of gradients to study
the generalization behavior of SGD. We develop a
high-probability bound of the order O(d/n) for squared-
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norm of population gradients without a Lipschitzness
assumption, which substantially improves the existing
bound O(1/d/n) [18} [19]. Under a further assumption
such as the quasi-convexity or Polyak-t.ojasiewicz (PL)
condition, we get high-probability bounds on the excess
population risks.

o We extend the analysis to study variance reduction opti-
mization algorithms, and show that similar convergence
of population gradients can be achieved with less com-
putation than the vanilla SGD.

« Finally, we extend our discussions to differentially private
SGD to deal with sensitive data, which is often encoun-
tered in application domains in finance and health care.
We give high-probability bounds on the utility guarantees.
Our results show a linear speed up with respect to (w.r.t.)
the batch size, meaning the iteration number decays by a
factor of the batch size. This is effective for large-scale
optimization since the computation of gradients with
minibatch can be implemented in a distributed manner.

The remaining parts of the paper are structured as follows.
We discuss the related work in Section [lIl and introduce the
problem formulation in Section We discuss the uniform
convergence of gradients in Section [[V|and present our results
on generalization in Section |V| We present the proof on SGD
in Section and leave other proofs to the appendix. We
conclude the paper in Section

II. RELATED WORK

In this section, we discuss related work on the generaliza-
tion analysis of stochastic optimization methods. We divide
our discussions into two parts: generalization via algorithmic
stability and generalization via uniform convergence.

Algorithmic stability is a fundamental concept to study the
generalization issues of learning algorithms, which measures
the sensitivity of the output model up to a perturbation
of a dataset [14]. A most widely used stability concept is
the uniform stability, which was used to study regularized
learning algorithms [14], SGD [13l 20] and differentially
private SGD [21]]. Several other stability concepts have been
introduced to study generalization under different assump-
tions, including hypothesis stability [14], Bayesian stabil-
ity [22, 23] and on-average stability [24H26]. For example,
argument stability can yield generalization bounds for SGD
with nonsmooth problems [26} 27], while on-average stability
can incorporate the empirical risks into the generalization
bounds, which implies fast rates under a low noise condi-
tion [24, 26]. A downside of stability analysis is that it often
requires a convexity or weak convexity assumption [28]] to get
meaningful stability bounds. For general nonconvex problems,
the stability parameter grows as an exponential function of
the summation of step sizes [13]]. Therefore, one needs to
choose fast-decaying step sizes of order 7, = O(1/t) to
get the summation of step sizes controlled [13]. While this
step size choice yields good stability and generalization, it
leads to a very slow decay of the optimization error. The
recent stability analysis only implies sub-optimal bounds for
nonconvex problems [29].

Another popular approach to study generalization of
stochastic optimization algorithms is the uniform convergence,
which considers the uniform deviation of the empirical process
indexed by a function class. For convex problems, one often
uses the uniform convergence of empirical risks to population
risks [15} 130 31], while for nonconvex problems one often
resorts to the uniform convergence of empirical gradients to
population gradients [[16}132H34]. The underlying reason is that
we can derive convergence rates of excess empirical risks for
convex problems [5l [35], and convergence rates of empirical
gradients for nonconvex problems [7]. These convergence rates
can be combined with the uniform convergence to yield mean-
ingful bounds for quantities related to testing. For nonsmooth
problems, the gradients are not well-defined and one resorts to
the uniform convergence of gradients of Moreau envelops [36].
The most related work is the recent study of SGD with
nonconvex objectives [18} 137], where high-probability bounds
of the order O(y/d/n) were developed for squared-norm of
population gradients. These discussions were extended to SGD
with heavy tails [[19]. The uniform convergence of gradients
was also used to study the utility guarantee of gradient descent
with nonconvex problems under a Lipschitz continuity of the
Hessian of loss functions [38]]. The above discussions consider
SGD for solving general problems under some smoothness
assumptions.

III. PROBLEM FORMULATION

Let p be a probability measure defined on a sample space
Z = X x ), where X is an input space and )V C R is an
output space. Let S = {z1 = (z1,91),.--,2n = (Tn,Yn)} be
a dataset drawn independently from p, where n is the sample
size. Based on S we wish to build a function g : X — Y
to learn the relationship between an input and an output. We
consider parametric models where a model is determined by
a parameter w in a parameter space YW = R%, where d € N is
the dimension. The performance of a model w on an example
z can be quantified by f(w;z), where f: W x Z — R is
a loss function. The average behavior of w on a test example
can be quantified by the population risk F(w) := E.[f(w; 2)],
where E_[-] denotes the expectation w.r.t. z. As a comparison,
the empirical behavior on S is measured by the empirical risk
Fs(w)=21%"" f(w;z). Let w* = argminwey F(w) be
a model with the minimal population risk.

In ML, we often apply an algorithm A to minimize the
empirical risk to get a model for future prediction. We use
A(S) to denote the output of A when applied to the dataset
S. SGD is a very popular algorithm due to its simplicity and
efficiency. Let w; be the zero vector and {7;}+ be a sequence
of positive step sizes. At the ¢-th iteration, we first randomly
draw i; from the uniform distribution over [n] := {1,2,...,n}
and then update w1 as follows

(D

where Vf denotes the gradient of f w.rt. the first argu-
ment. There is a lot of work on the convergence analysis
of SGD in terms of empirical behavior. For example, if
Fs is nonconvex and smooth, a classical result shows that

Wip1 =Wy — V(W5 23,),
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mingepr) E[|VFs(wy)|l2] = O(1/T7) [). In this paper, we
consider a more challenging problem on the convergence of
SGD in terms of the behavior on testing examples, which is
the quantity that matters in ML. We consider two performance
measures: one is the population gradient |[VF(A(S))||2 and
the other is the excess population risk F'(A(S)) — F(w*),
where || - ||z denotes the Euclidean norm. To this aim, we
introduce several assumptions.

Our first assumption is the smoothness of loss functions,
which is a standard and popular assumption in the literature
of nonconvex optimization [7, |8]].

Assumption 1. We assume that for any z, the function w —
f(w; 2) is L-smooth, i.e., for all w,w’' e W,z € Z

IVf(w;2) = V(W5 2)]2 < Lilw — w2

Our second assumption is the bounded variance of stochastic
gradients, which is widely used to study either optimization
errors [[/]] or stability of SGD [25] for nonconvex problems.

Assumption 2. We assume the existence of o > 0 such that
2
B, [||[Vf(Wi;21,) = VFs(wi)|[3] <o?, VteN,

where [E;, denotes the expectation w.r.t. i;.

Our third assumption is on the Lipschitz continuity of loss
functions, which is widely considered in the literature for
stochastic optimization with both convex [39, 40] and non-
convex problems [8| 41), 142], especially for high-probability
analysis [39, 40] and differential privacy analysis [42]]. This
assumption holds for robust regression, generalized linear
models and learning with shallow neural networks. In Section
(Supplementary Material), we provide more nonconvex
problems for which Assumption [3| holds with a universal G.

Assumption 3. We assume there exists some G > 0 such that
IVf(we; 2)]]a <G, VteN,zeZ.

It should be mentioned that Assumption [3] is stronger
than Assumption 2] i.e., we can always choose ¢ = G in
Assumption 2] if Assumption [3]holds. However, as we will also
consider generalization bounds (Theorem [7)) for SGD without
Assumption [3] we keep Assumption [2] here. Furthermore,
o can be much smaller than G and therefore we include
Assumption [2] to get a better dependency on G.

I'V. UNIFORM CONVERGENCE OF GRADIENTS

In this paper we are particularly interested in the gener-
alization behavior of stochastic optimization algorithms mea-
sured by the decay of |VF(wy)||2. To this aim, we require
a quantitative connection between population gradients and
empirical gradients at the output of the algorithm. Since the
output depends on the training sample, we turn to the uniform
deviation between population and empirical gradients over the
whole function class.

A. Upper Bounds

The following theorem gives upper bounds for the uni-
form convergence over a ball of finite radius. Let Bp
{w € R? : ||w|lz < R}. For any w, define Lg(w) :=
LS IV f(ws ).

We say A < B if there exists some universal constant C' > 0
such that A < BC. We use the notation A < B if A <
B and B < A. For simplicity of presentation, we assume
loglogn < dlog(LR/G) and L < Gd < Gn. The proof is
given in Section [A] (Supplementary Material).

Theorem 1. Let 6 € (0,1) and S = {z1,...,2,} be drawn
independently from p. Suppose Assumption [I| and Assump-

tion [3| hold. Then with probability at least 1 — § the following
inequality holds simultaneously for all w € Br

IV Es(w) — VE(w)]|, s U080 + dlog(fin))
2 n

N (LS(W)(log(1/5) +dlog(Rn))>%. )

n

Remark 1 (Explanation). We ignore logarithmic factors in
dLg(w)
v
and a fast-decaying term % (we assume d < n here). Note
that the Lipschitz constant G appears only in the fast-decaying
term and therefore can be ignored if n is sufficiently large. For

7”(%%(“’), and

this remark. Eq. (2) involves a slow-decaying term

example, if G2d < n, the dominating term is
Eq. (@) becomes

L} (w)(log? (1/6) + m)
ve (’3)

where we absorb the logarithmic factors in the notation O. A
notable property of Eq. (@) is that the Lipschitz constant G is

IVE(w) = VEs(w)|, = O

replaced by L2 (w), which is the 2nd-moment of ||V f(w; 2) |2
on S. For the generalization analysis, we are only interested
in |VF(w)— VFS(W)H2 at the particular model w = A(S)
instead of the uniform convergence. Then, an application
of Theorem [I] implies a generalization bound depending on

Lé(A(S)), which is significantly smaller than the uniform
Lipschitz constant G. Note G' = supycp,. sup, ||V f(w; 2)||2
involves two supremums. One supremum over w is replaced
by A(S), and the other supremum over z is replaced by an
average over S. By the self-bounding property ||V f(w; 2)||3 <
2L f(w;z) [43], we know

Lg(w) < %Zf(w,zz) = 2LFs(w).

Then, we apply Eq. (3) to the particular model A(S) to derive

[VF(A(S)) — VEs(AS)|,
~ /LF5(A(S))(log? (1/8) + \/d)
O(¥== T ).

This bound is of the order o(y/Ld/n) in an interpolation
setting where Fig(A(S)) = o(1).
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Remark 2 (Comparison). Under an assumption that w +—
f(w; z) is convex, L-smooth and nonnegative for all z, Lemma
1 with ¢ = 1/n and Lemma 2 in [44] show the following
inequality with probability 1 — ¢ for all w € By

Ljjw—w"||2(log(1/6)+ dlog(nR))

IVE(W)=VFs(w)ll2 S -

N (L(F(w) — F(w*))(log(1/6) + dlog(nR)))%
N (LF(W*)nlog(l/(S))%. @

A key difference is that the analysis in [44] requires a
convexity assumption. Indeed, the idea of their analysis is
to control the uniform convergence for excess gradient, i.e.,
sup,, |[VF(w) — VF(w*) — (VFg(w) — VFs(w*))]|]2. To
apply Bernstein’s inequality, Zhang et al. [44] first gave an
estimate on the variance as follows

E.[[Vf(w;z) = Vf(w*;2)[)3] < L(F(w) = F(w")). (5)

This variance estimate requires a convexity assumption. As a
comparison, our analysis applies to nonconvex loss functions
since we directly consider the loss w +— f(w;z) instead
of the excess loss w — f(w;z) — f(w™*;z). Then, we use
the self-bounding property of smooth functions to show that
IV f(w;2)||2 < 2L f(w; 2) [43]. By this strategy, we remove
the convexity assumption in [44] to control the variance in
Eq. (). Intuitively, self-bounding property controls gradients
by function values, which is widely used to derive optimistic
rates for smooth problems [26l 43 |45].

The second difference is that Eq. involves the ex-
cess population risk F(w) — F(w*), which cannot be com-
puted from the dataset since p is unknown. As a compar-
ison, our upper bound in Theorem 1 involves Lg(w) =
LS IV f(w; )13, which is a data-dependent quantity.
As compared to the excess risk, Lg(w) is easier to esti-
mate. For example, in the proof of Theorem we show
ﬁZtT:l mLs(w;) < o%log(1/8) with probability at
least 1 — 4. This estimation of Lg(w;) simplifies the applica-
tion of Theorem [1l

Theorem (1| gives a bound with a logarithmic dependency
on R under a Lipschitzness assumption. We can get a bound
with a linear dependency without this assumption by noting
IV f(w;2) = V£(0;2)]| < L||wl2. Then we put G = LR+b
in Theorem I]to immediately get the following theorem, where
b =sup, ||[Vf(0;2)|l2. We omit the proof for simplicity.

Theorem 2. Let 6 € (0,1) and S = {z1,...,2,} be drawn
independently from p. Suppose Assumption |I| holds and b =
sup, [|[Vf(0;2)|l2 < co. Then with probability at least 1 — ¢
the following inequality holds simultaneously for all w € B

(LR + b)(log(1/6) + dlog(Rn))

HVFS(W)—VF(W)H2§ -

n (Ls(W)(log(l/fL) + dlog(Rn)))%. ©)

Remark 3 (Comparison). The uniform convergence analysis
of gradients was initialized by a seminal paper [16]] under

assumptions on gradient statistical noise, Hessian statistical
noise and Hessian regularity. Similar bounds were developed
by Rademacher complexities or covering numbers [ 18, |44]

(LR +b)Vd
—

Note that both Eq. (6) and Eq. have a linear dependency
on R. However, there is a multiplicative factor of d/n in front
of R in Eq. (6), while the multiplicative factor in Eq.
is \/&/ \/n. Therefore, our analysis outperforms the existing
uniform convergence rates under the same condition. As we
will show, this improved uniform convergence allows us to get
improved bounds for SGD under the same assumption in [18].

sup HVF(W) - VFS(W)HQ S
wEBR

(7

B. Dimension-independent Bounds

The uniform convergence rates in the previous subsection
have an explicit dependency on the dimensionality d, which
are not appealing for high-dimensional problems [46]. This
is especially the case for overparameterized models in mod-
ern ML. In this subsection, we aim to relax this issue by
developing dimension-independent uniform convergence for
problems with a structure when the weight vector w and the
data ¢(x) are appropriately controlled by norms. We consider
loss functions of the form

f(w; 2) = Ly, (w, d(z))), ®)

where ¢ : X — W is a feature map and ¢ : R? — R,.
This include many problems such as generalized linear models,
robust regression models [[16,[32] and shallow neural networks.
We denote a V b = max{a,b}. Let ()\;); be the eigenvalue
of the operator v +— Ex[(v,¢(X))p(X)] arranged in a
nonincreasing order.

Theorem 3. Suppose f takes the form in Eq. (8). As-
sume a +— L(y,a) is Lg-smooth for all y. Let By =
(Ey (¢(Y,0))%)2,sup, [|[¢(z)|l2 < By and § € (0,1). With
probability at least 1 — 0 the following inequality holds
uniformly for any w € Bp

¢B2Rlog(1/5)

HVF(w)fVFS(W)HQ :6( -

+ B¢LZ(% min (14 7(w)h + B2 i /\j))%),
j=h+1
where #(w) :=V(w) VL and V(w) := Ex[(w, $(X))?].

For functions of form @]) the uniform convergence of
gradients were developed in [32]

- LRB} logi(l/é).
2 ™ vn

Theorem [3|improves it by replacing RBy with minpen, (1 +
1

sup ||VF(w) — VFS(W)H

weEBR

9

F(w)h + R*3277, 1 Aj) %, which is always smaller since
221 A < Bi. Furthermore, as we will show, Theorem
implies a fast rate if there is a fast decay of eigenvalues. We
achieve this improvement by taking a localization analysis and
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using several techniques such as local Rademacher complexity,
peeling trick and structural results on covering numbers [47]].

To understand the benefit of Theorem [3] we impose some
assumptions on the decay of eigenvalues.

Assumption 4 (Polynomial decay). We assume the eigenval-
ues {A;}; of K(z,2') := (¢(x), ¢(2')) admit a polynomial
decay of degree p > 1, i.e., there exists a § > 0 such that
A < pj7P, V5 eN.

Assumption ] is widely used in deriving fast rates of kernel
learning methods [48H50]. Below we present a lemma on the
polynomial decay of eigenvalues.

Lemma 4 ([49]). Let X = [0,1]¢ and K € C%(X x X), where
CH(X x X) is the space of functions [ : X x X — R whose

sth partial derivatives D°f = ﬁ are continuous if
19T,

sl < o for any s = (s1,...,54) € N% If the marginal dis-
tribution of p on X is a Borel measure, then the corresponding
eigenvalues have a polynomial decay with p = G + %

Theorem 5. Let assumptions in Theorem [3| and Assumption
hold. Then, we have

1 1 2

pi(w)' 357 R

w)h + R? Z Ajp S ———Mm .
D

min {
heN

Furthermore, with probability at least 1 — & the following
inequality holds uniformly for any w € Bp

LyB3Rlo B,L % R¥
HVF w)-VFEs(w H_ ( ‘ - 83 22 ﬂn‘? )

= B pt/(p— )i +1.
Remark 4. While the uniform convergence rate in Theorem [3]

grows as a hnear function of R, the linear term only appears
n L,_zB Rlog 1 5

where ¢,

— , which is not a dominating term due to the
factor of 1/n. The second term in the upper bound enjoys a
sublinear dependency as Rv which is sharper than the linear
dependency in Eq. @]} The difference between RP and R is
significant if p is large (e.g., c is large in Lemma [)), which
is the case for Gaussian kernels K, (z,2') := exp(—|jz —
2'||?/(20%)),0 > 0. Indeed, Gaussian kernels belong to
C*(X x X) for any o € N. This shows the strength of
localization analysis in our discussions.

C. Lower Bounds

In this subsection, we present specific examples to develop
lower bounds for the uniform convergence of gradients. Note
that f defined in Eq. @]) is smooth since o is smooth, and
not convex since —o(wyx) is not a convex function of wy.

Proposition 6. Let X = {—1,+1}. Consider f : Wx X — R:

d
f(w;z) =

J

1
o(wjz)—
1

o(wgx), w= (wi,... ,wd)T, (10)

where o(t) = t2/2 and t; := max{t,0}. Let R = (d —

1 .
1)2 and assume x4, ..., x, are drawn independently from the

uniform distribution over {—1,+1}. With probability at least
1 —exp(—1/16) we know

1

(d—1)z
VF, _VF >80 11
JSup |V Fs(w) (W)l2 > o (1n

Remark 5. Proposition [6] shows that the square-root depen-
dency is necessary for the uniform convergence of gradients
for general nonconvex and smooth learning problems. Further-
more, the lower bound in Eq. matches the upper bound
in Eq. up to a logarithmic factor. This shows the tightness
of our analysis.

V. GENERALIZATION ANALYSIS

In this section, we present the generalization analysis for
stochastic optimization algorithms. We first consider SGD
under various assumptions, and then study its extension to
privacy-preserving and variance-reduced variants.

A. Stochastic Gradient Descent

We first consider error bounds of SGD on testing datasets
for three problem classes: general nonconvex problems, quasi-
weakly convex problems and gradient-dominated problems.
General Nonconvex Problems. We first consider general
smooth problems, for which we measure the performance
via population gradients. The underlying reason is that SGD
generally only guarantees a local minimizer if the problem
is nonconvex. Our idea to prove Theorem [/|is to decompose
IV F(w;)||3 into two terms as follows

[VEF(wy)|3 < 2|[VF(wy) — VEs(we)[13 + 2|V Es(wy)][3.

We call the first term the generalization error, which shows
how the empirical behavior on .S would generalize to the test
set. We call the second term the optimization error, which
shows how the empirical behavior would improve along the
optimization process. We will use the uniform convergence
of gradients to control the generalization error, and apply
tools in optimization theory to control the optimization error.
Eq. (I2) is also imposed in [18], which is milder than the
Lipschitzness assumption since 7, is often small (e.g., of order
1/+/t). Theorem [7| focuses on the underparamterized setting,
i.e., d < n. The detailed proof is given in Section

Theorem 7. Let {w.} be produced by Eq. (I) with n, =<
1/vt V/t. Let Assumptions Iand Ihold Assume there is Go with

VIV f(we 2)|le < Go, Ve [T),z€ 2. (12)
For any ¢ € (0,1), with probability at least 1 — §
T
1 do“log1/d
e S mIvEGw =6 (e
POPRE et n
2 1 L2\/>d2
+ L(e® + G2)lo g(l/(S)(\/T-l- )) (13)
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Remark 6 (Comparison). Under the same assumptions, the
following bound for SGD was recently developed if taking

ne = 1/ 18, [19]

1 T

23:1 Mt =1
5(L(G§ +0?) 10g(1/5)(

nel|VE(wy)l[3 =

1 dL*\T

—+ \F)) (14)
vT n

Both this bound and Theorem (7| I involve the term L(G2+
o )%, which corresponds to the optimization error
bound. The remaining terms are due to the generalization

bounds. It is clear that our risk bound is always better than
Eq. since (we assume d < n here)

do?  L*(o”+ G3)VTd?
n 2

3
7dLn\/T. (15)

< (Gg+a?)
If the optimization error bound dominates the generalization
(this happens if 7" is small), then both Theorem [7]and Eq. (14)
yield the same risk bound. If the generalization dominates
optimization, our risk bound ig significantly sharper. For
example, if we choose T = # then Theorem [7| implies
risk bounds of order O(d/n)

1
T
Dot Mt =1

As a comparison, Eq. implies vacuous bounds of order
O(1) for this 7. Indeed, Eq. (T4) requires to stop at a much
earlier iteration to balance the optimization and generalization.
By Eq. (14), the optimal choice is T' < +%5 and in this case
Eq. implies risk bounds

2+ G2)dlog(1/6) )

NV F (w3 = o FT G

T

1 VdL?(o? +G0)log(1/6))
Z?:l M ¢=1 vn .
(16)

For T =< 435, both Eq. and Eq. yield risk bounds
of the same order. However, as 1" increases from this point,
the generalization part dominates and Eq. (I3) shows that the
existing bound in [I8] is larger by a factor of max{v/T,n/d}
than ours.

The discussion in [18] is based on the uniform convergence
rate in Eq. (7), which is a linear function of R. A major step
in 18] [19] is to show with high probability for n; =< 1/v/t

w3 < R% = O(L(0* + G3)VTlog(1/9)), t € [T], (17)

|V (w)|3=0(

which, according to Eq. (7), implies
(L3(a + G2)dV/T log” (1/5)>

n

IV E(w:)~VFs(wy)|[3 =

(18)
As a comparison, we use our improved uniform convergence
in Theorem 2] with R = Ry defined in Eq. (T7), and get

[V EF(w,)~VFEs(w)|s = O(dLséwt)

N (02 + G2 L3VTd? log2(1/6)),

n2

which is much better than (I8) since d/n there is replaced by
d?/n? in the last term.

The above risk bound involves a linear dependency on d.
We can remove this dependency by imposing constraints on
the norm of data and weight w for problems with a structure.

Theorem 8. Let f take the structure in Eq. ). Let assump-
tions in Theorem 3| Eq. (I2) and Assumption 2 hold. Let {w,}
be produced by Eq. () with n; < 1/+/t. For any § € (0,1),
with probability at least 1 — 6 we have

T 2712 T
1 o~ Bili

—r— 2l VEw)} = O( 7

doim1 Mt 1= nY 1Mt 1=

+F(wih + (0% + G3)VT LB log(1/9)) Z )\)

j=h+1
log(1/5) ~ VTL}B}log(1/6)
Y = )):

where 7(-) is defined in Theorem

t min
4 heNy

(1

+ LeB3(o® + G3)(

Remark 7. Theorem [§] uses localization arguments to derive
risk bounds depending on the eigenvalues of the operator
v = Ex[(v,¢(X))é(X)]. To understand how this localiza-
tion improves the analysis, we impose Assumption @] with
p > 1 and assume 7(w;) = O(1). If we focus only on the
dependency on n, then we can choose 7' =< ni¥ to get
ZT Zt  lIVE(wy)||2 = O(n~71), which becomes

o1 / n) if p — oo. As a comparison, the analysis based on
Eq. (9) can only imply rates of order O(1/4/n).

Quasi-weakly Convex Problems. Now we consider quasi-
weakly convex problems, which means that the suboptimality
F(w)—F(w*) can be bounded by the inner product of w—w*
and VF(w). This shows w — w* is positively correlated to
VF(w), and therefore —V F(w) is a direction towards w*.

Assumption 5. Let o > 0. We assume F' is a-quasi-weakly
convex in the sense that for all w € W
(w—w", VE(w)) > a(F(w) - F(w")).  (19)
The class of quasi-weakly convex functions is characterized
by a parameter « € [0,1] [51]. If @ = 1, then Eq. (19)
is known as star convexity [52]. As « becomes smaller,
the function becomes “more nonconvex”. In the following
theorem to be proved in Section [D] (supplementary material),
we show that the assumption on quasi-weak convexity al-
lows us to derive bounds for excess population risks. This
implies that SGD is able to identify an approximate global
minimizer of the population risk. In the remainder of the
paper, we always impose Assumption (3| and ignore the term
%(log(l /8) + dlog(Rn)) in the uniform convergence rates,
i.e., we only use Eq. (3) for simplicity of presentation. We
also only assume d < n for brevity.

Theorem 9. Let Assumptions|l} 2} Bland[5| hold. Let § € (0, 1)
and {w:} be produced by Eq. (I). With probability at least



IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE

1 — 6 we have

T
aZm(F(wt) — F(w

n G?*(dlog(Ryn) + log(1/4))
n

T
x * 1
)) S Iw™ 3 +G*)_ ni log? 5

t=1

(3

In particular, if n; < 1/\/t and T < n/d, we get

(20)

Theorem 10. Let Assumptions [I} [2| B] and [6] hold. Let 6
(0,1) and {w} beproduced by Eq. (1) with ny = 2/(u(t+1)).
Denote Lp:=T"2 Zt 1 tLs(wy). With probability 1 — ¢

o ~/G2log?(1/5) dLrlog(1/6)  LG>
F(wrp)—F(w )—O( VT + " +TM2>.
If T > n?G*/(d®L) and T 2 LnG?/(udLr), then

Theorem (10| implies bounds of order O( %ﬁum)

>

~

Algorithm 1 Differentially Private SGD

~ A\l . ~|lw*|3Vd
() Yot - rw) = oS

i G2V/dlog(1/5)  G?log(1/6)vVd
e ).

Remark 8. We now discuss the related work on the general-
ization analysis of SGD to study the decay of F(w;)—F(w*). 2
Generalization bounds of SGD were established for convex
problems based on algorithmic stability [13, 25H27]. High-
probability generalization bounds of SGD were also studied
for convex problems based on the uniform convergence of
empirical risks to population risks [31]. A key assumption for
these discussions is the convexity of loss functions, which is
relaxed to a quasi-weak convexity assumption in Theorem [0}

Remark 9. To prove Theorem O we need to give a high-
probability bound of Zt 1 ft, where

& = (W — W, V(Wi 2,) — VEs(We)).

To apply a concentration inequality to handle it, we need to
bound the magnitude of &, as follows

el < nellw* = wel2l[V f (wes 22,) —

Therefore, to get an informative bound we need to give a good
estimate of |w¢||2. Indeed, the most essential part in proving
Theorem [9] is to control ||w,||2. This is totally different from
the proof of Theorem [7| where a crude bound of ||wyl2 is
sufficient due to the logarithmic dependency of the uniform
convergence on the radius under the Lipschitzness assumption.

VFs(wy)|2-

Gradient-dominated Problems. Finally, we consider
gradient-dominated problems, which are common in non-
convex optimization [8, 53} 54], and are shown to hold true for
deep (linear) and shallow neural networks [20, I55]. Roughly
speaking, gradient dominance means that the suboptimality
in terms of function values can be bounded by gradients.

Assumption 6 (PL Condition). We assume F' satisfies PL or
gradient-dominated condition with parameter p > 0, i.e.,

)||2a

Under the PL condition, we can derive excess population
risk bounds of the order O(d/(npu)) by stopping SGD after
an appropriate number of iterations. As a comparison, most
of existing studies of stochastic optimization for gradient-
dominated problems consider excess empirical risk bounds,
i.e., how Fs(wr) — infy, Fs(w) would decay as a function
of T'. The proof is given in Section

F(w) — F(w )<wa Ywew. @l

1 Set noise variance o2

Input: w; = 0, learning rates {n;};, parameter 5,¢,6 > 0

and dataset S = {z1,...,2,}
_ 8TG?log(1/6)
- n2e2

Set batch size m := max{1,n+/e/(47)}
fort=1,2,...,7T do
sample a batch By = {z;, ,,...,
uniformly from S '
update wyy; according to Eq.
Output: {w;}

Zi, .+ with replacement

B. Differentially Private SGD

In this subsection, we use our previous generalization anal-
ysis to develop differentially private algorithms to handle sen-
sitive data. Differential privacy measures how the perturbation
of a training dataset would change the distribution of output
models [56]. We say S and S’ are two neighboring datasets
if they differ by a single example.

Definition 1 (Differential Privacy). Lete > 0and § € (0,1). A
randomized mechanism .4 provides (e, §)-differential privacy
(DP) if for any two neighboring datasets S and S’, and any
set I in the range of A there holds

P{A(S) € E} < eP{A(S') € E} + 6.

A basic idea to develop differentially private algorithms is
to inject noises in the learning process according to the sen-
sitivity of the algorithm. We consider a differentially-private
SGD introduced in [21] (Algorithm [I)), where the stochastic
gradient is estimated based on a minibatch of samples. At
each iteration, we first sample a batch B; = {2, ,,..., 2, .}
with replacement from the uniform distribution of S. Then we
update the model as follows

m

wi = wi -+ ZW wizn,,)+Gr), (@2
where G; ~ N(0,0%1,) (Gaussian distribution) and
TG?log(1 5

n2e?
We present the pseudo-code in Algorithm [I] whose privacy
guarantee is given in the following lemma.

Lemma 11 (Privacy guarantee [21]). If Assumption [3] holds,
then Algorithm|l|is (e, d)-differentially private.

In the following two theorems, we establish the utility
guarantees of Algorithm [I] Theorem [12] considers the utility
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guarantee as measured by the gradient norm of empirical risks,
while Theorem [13] considers the utility guarantee as measured
by the gradient norm of population risks.

Theorem 12. Suppose Assumptions and 3| hold. Let {w}
be produced by Eq. (22). Then for any § € (0, 1), the following
inequality holds with probability at least 1 — §

T

Ny IVEs(we)l3 S 1+nlog(1/8)(G* + 07)+
t=1

G2Li (T log(1/6))* +

o?Ln*T
T+ LiPotTd.

Theorem 13. Under the same assumptions of Theorem we
have

Wt

( n(d + log(1/6)) XT:
+1+nlog(1/8)(G? 4 02) + G*Ln? (T'log(1/6)) H

2Ln*T
+ o + L??QO'%Td).
m

WZHVF Wi ||2 =

We specify parameters in the utility guarantees and derive
the following corollary on the utility guarantee of DP-SGD.

Corollary 14. Let assumptions in Theorem |12 . hold. Sup—
pose we choose m according to Algorithm |l| and =
mln{ \/ﬁ \/ma } Ifm < \fUQ/G2 and T > %252,
then with probablhty at least 1 — § we have

1 5 _ G?*log(1/8) G+/Ldlog(1/5)
T;HVFs(wﬁ)st e (24)

and

T Z |V F(w, ||2

G2 1og(1/5)
n2e?

(d+log (1/6) 1 ZLS (wi)+

G\/Ldlog 1/6) ) 25)

According to the choice of m in Algorlthm 1 the require-
ment m < VTo?/G? corresponds to 1 < ¢%v/T/G? and
n\/e/(4T) < VTa?/G?, which further corresponds to T >
max{2G4/a GQH\[/O‘Q} Furthermore, the condition T >

e % means either 7' > or T > 4e30*n?/(G4d?).

n2e?o?
dG?

Remark 10. Under the assumption ||w¢||s < D for some
D > 0, utility guarantees of the order E[||VFs(A(S))||3] <
LGDy/dlog(n/8)108(1/9)  yave been derived for a Random

Round Pri?;lte Stochastic Gradient Descent in [57], which
requires O(n?) gradient evaluations. This discussion was
extended to other private algorithms with utility guarantee
bounds on population gradient squares [38 58]. However,
these discussions require a computation of full gradient per
iteration and is therefore not computationally efficient to
handle large-scale data. For example, the algorithm in [58]]
requires O(nev/L/(G+/dlog(1/6)) iterations with O(n) gra-
dient evaluations per iteration, leading to a total gradient
computation O(nQe\E/(GQ /delog(l/é)). As a comparison,

our algorithm requires O(’infm% ) iterations and therefore the

gradient computation complexity is O( g ). Better utility
(GLd log(1/6) ) 2

guarantees of order E[|VFs(A(9))|2] < e

were developed for a differentially-private stochastic recursive
variance reduced descent method proposed in [42ﬂ which
enjoys a smaller total gradient computational complexity of
the order O((ne)?/(dlog(1/4))). Their utility guarantee is
measured in terms of ||V Fg(A(S))||2, while we also provide
guarantee as measured by ||VF(A(S))|2. Furthermore, the
discussions in [38 42l 58] developed utility guarantees in
expectation, while our analysis gives high-probability bounds.
Finally, our analysis in Corollary shows that if m < /T,
our algorithm achieves a linear speed up on the iteration
number w.r.t. the batch size, i.e., the number T of iterations
decays by a factor of m. The gradient computation per iteration
can be performed in a distributed manner.

dG2

C. Stochastic Variance Reduced Optimization

In this subsection, we consider a class of stochastic variance
reduced optimization algorithms [2| 13 |8, 9, 154], which are
implemented in epochs. Let w( be an initialization point. For
the s-th epoch, we first set a reference point wg = Ws_1,
draw a batch I, C [n] and compute vo = Vf;. (wo). Here we
use the notation fr(w) = II\ Yicr J(w;z) for I C [n] with

|I| being the cardinality of I. We can set I, = [n] [2} 8} [54]
or build I, by drawing with replacement from the uniform
distribution over [n] [9] [L0]. Then we run m; inner iterations.
At the t¢-th inner iteration, we first draw a batch I; C [n]
from the uniform distribution over [n] and update models
with gradient estimators of decreased variance. The original
SVRG [2} 8] takes the following gradient estimator (we omit
the dependency on s for brevity)

vy = Vfr,(wi) = Vf1,(wo) + vo, (26)

while the recent discussions propose the following gradient
estimator [3, 9]

vy =V, (W) = Vfr,(wWi_1) + vi_1.

The variance of these v; diminishes to zero as we run more
and more iterations, which allows us to update iterates with a
constant step size w41 = w; — vy while still enjoying con-
vergence [2]. The framework of stochastic variance-reduced
optimization is described in Algorithm [2}

We now give the population gradient bounds for stochastic
variance reduced optimization algorithms. Theorem [I3] con-
siders the SVRG in [8], while Theorem [I6] considers the
SARAH in [3] and the Spider in [9]. The proofs of these two
theorems are given in Section [E] (supplementary material). We
present convergence rates in expectation here since the existing
optimization error bounds are stated in expectation.

Theorem 15. Ler Assumptions [I] 2] and B hold. Let A be the
SVRG in [8]. We can take O(n+ Ln3 /¢2) stochastic gradient
evaluations to get a model A(S) with

E[|VE(A(S))]l2] = O+ m[L\%(m)-

Ithe measure is slightly different here: they consider the gradient norm
while we consider the gradient norm square.

27
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Algorithm 2 Stochastic Variance Reduced Optimization

Input: step size 7, initialization wq, {m,}

for s=1,2,... do
set Wg = We_1
draw a batch I, C [n]
compute vo = V f; (Wo)
update w; = wo — 17vo
fort=1,...,ms;—1do

draw a batch jt C [n]

compute v; by either (26) or
update w1 = Wy — NV

set W, as w;_, where ¢ is drawn according to a distribution
on [my]

choose the output from {W} according to some strategy

Theorem 16. Let Assumptions [I} 2| and [5] hold. Let A be
either the SARAH in [3] or the Spider in [9]. We can take
O(min {c®/€*,n + /nL/e*}) stochastic gradient evalua-
tions to get a model A(S) with

o(c+ WE[L% S0y

Remark 11. We now consider the iteration complexity of

these algorithms to achieve E[|VF(A(S))l2] = O(v/d/n).

For simplicity, we assume E[Lé (A(S))] < 1. Taking

e = O(y/d/n), Theorem E shows SVRG requires O(n +

Ln3 /€?) = O(n + Ln3 /d) stochastic gradient evaluations.

By comparison, Theorem [16] shows SARAH/Spider requires
3

i {2+ ) O o {725

stochastic gradient evaluations, which are less than that of
SVRG. Furthermore, Theorem [/| shows that SGD requires

(n?/(L?d?)) stochastic gradient evaluations to achieve
E[||[VF(A(S))|l2] = O(y/d/n), which is also larger than that
of SARAH/Spider. It should be mentioned that for SGD we
derive population gradient bounds with high probability, while
for stochastic variance reduced optimization we derive bounds
in expectation. Other than SARAH/Spider, a stochastic nested
variance-reduced gradient descent (SNVRG) was developed
for nonconvex optimization, which uses K +1 nested reference
points to build semi-stochastic gradients for further variance
reduction [10]. This algorithm also achieves the computational
complexity of order O(min {03 /€3, n+/nL/€e?}) to achieve
the accuracy e. Therefore, our analysis also implies similar
generalization bounds for SNVRG.

E[[VF(A(S))ll2] =

n—|—n%L/d}>

VI. PROOF ON STOCHASTIC GRADIENT DESCENT

In this section, we present the theoretical analysis of SGD.
We first consider general nonconvex problems in Section
and gradient-dominated problems in Section Finally, we
consider SGD under a privacy constraint in Section

A. Proof of Theorem[]]

Below we present the proof of Theorem [/} By the elemen-
tary inequality (a + b)? < 2(a? + b?), we know

T T
> mlIVEW)3=>_ nllVF(wi)=VFs(wi)+VFs(w)]3
t=1 t=1

T T
<2 0| VE(w) = VEs(wy)[5+2 ) 0l VEs(wy)ll5.

(28)

Proof of Theorem[7] Tt was shown in [18]] that with probabil-
ity at least 1 — /3

w2 = 6((02 + Gg)L\/Tlog(l/a)), Vie[T]. (29)
Then, the L-smoothness of f implies
IV f(wes 2) s = O((0 + Go) L3 T4 log? (1/6)) := G. (30)

Then, we can apply Theorem [l| with G = G to derive
the following inequality with probability at least 1 — 26/3
simultaneously for all ¢ € [T]

|V F(wi) =V Fs(wy)], = o(dL\/Sﬁ(wt)Jr
(0 + Go)L gTzll(d—i-logl/d)logé(l/&)).

The following optimization error bound was shown in [18]]
with probability at least 1 — 6/3

1 T

T
Zt=1 Nt 1—1
3D

We combine the above two inequalities and Eq. (28) together,
and derive

L(o? + G2) log(l/5)>

nel[V Fs (w3 = O( Yo

T
1 0?4+ G2)log(1/5
=T 77tHVF(Wt)H2 = ( L ) 1/9)
D=1 Mt =1 VT
d a 24 G2)L3VTd%log®(1/5
S s P CUEVIR g /)y
nY iy M = n

(32)
By Assumption 2] we know

Ls(wy) = Eq, [[[Vf(wy;21,) —
<o+ ||[VFEs(wy)]3.

VFEs(we)[3] + [V Fs(we)l13

It then follows from Eq. (3I) that

T T

1
> mLs(wi) <o+ ——
Zt 1Mt =1 D1t =

—O(a + L(o? +G2)log(1/5)/f)

el VEs (w3

(0 log(1 /5))

We plug the above inequality back into Eq. and get the
stated bound. The proof is completed. O

Proof of Theorem[§] By the structure, we know that f is
L = (L¢B3)-smooth. By Eq. (29) and Theorem [3| with
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R = O((0® + G2)3VI;B4Ti log?(1/5)), we derive the
following inequality with probability 1 —26/3 simultaneously
for all ¢t € [T

frrtw o], =0 LR
+B¢LZ(% Jmin (1+7‘(Wt)h+R2 Z A ))%)
' j=h+1

We combine it with Eq. (31)) and derive

1 T

Zthl Mt =1
B 5([4532(0’2 + G(Q)) log(1/6)
a VT

nel|VE (w3

L2B*R?log?(1/6
L LB (/)Jr

T
B2L?

T
nY i1
The proof is completed.

B. Proof of Theorem

In this section, we prove Theorem [I0] on excess population
risk bounds for SGD under the PL condition.

Proof of Theorem [I0} According to the update (I), we know

T T
2
w2 <G =G —— = Ry. 33
w2 < ;nk ;M(/ﬂ+1) T (33)
According to Assumption |1} we know
L
F(wiy1) < F(wy) + (Wi —wy, VE(wy)) + §|\Wt+1—Wt||§
L |V f (we; 2i,) |13

= F(wy) — mi(Vf(we; 2i,), VF(Wy)) +

According to Assumption |3} we further get

2

F(wiy1) < F(we)=ne(V f(We; 25,) = Vs (wy), VE(wy))
LnfG2
2

~1(V Fs(We) =V E(w), VE(w,)) =1 |[VE (wy)|[3+
By the Schwarz’s inequality, we further get
F(wi1) < F(wi) = ne(V f(wis 23,) — VEs(wy), VE(wy))

i i
+ SV Es(wi) = VE(wo)|l3 + TV F (o)1
2G2
— |V E(we) 3+ =15

It then follows from Assumption [6] that
F(wig1) < F(w) = (V f(We; 25,) =V Fg(wy), VF(wy))+

o Ln2G?
W)~ F(w ))+’7tT.
Denote A; := F(w;) — F(w*). The above inequality can be

reformulated as (1 — pn, =1 —2/(t 4+ 1))

S IV Es(w) =V F (w0) |3~ (F

2 2V f(wy;2;,)—VEs(wy), VE(wy))
At+1§(1 t+1)At* W+ 1)
1 2LG?
+ mHVFS(Wt) — VE(wy)|l5 + ISk

We multiply both sides by ¢(t +

2t<Vf(Wt, Ziy ) _

1) and get

VFs(Wt), VF<Wt)>

t(t+1)Apyq < (1) A
I

t 2LG?

+ ;HVFS(Wt) — VF(wy)lf5 + 2

Taking a summation of this inequality from ¢ = 1 to T" shows

[\3

. (VEs(wy) =V f(wy; 2;,), VF(Wy))

T
T(T+1)Aryq < Z

2LG?T
112

t
+ Z; ;HVF(wt) — VFs(wy)|2 + (34)
t=

Introduce the following martingale difference sequences

§t = £<VFS(Wt) = Vf(wi;2i,), VE(wy)), Ve [T].

According to Assumption we know |&| < 2G%t and
therefore one can apply Lemma to derive the following

inequality with probability at least 1 — §/2

th ( thlog 2/90) )

According to Eq. (3), we have the following inequality with
probability at least 1 — 6/2

< G*T3log'?(1 /8).
7

T

Y HIVF(w) - VFs(w)|l3 = O

t=1

(T2ZT(d+ log(l/é)))

We plug the above two inequalities back into Eq. (34) and

- derive the following inequality with probability at least 1 — §

G*T3 log'/*(1/5
T(T+1)AT+1:O( o8 (/))+

I
~ /T2Lp(d+log(1/6))\ 2LG2T
O( np ) + u?

This gives the stated bound. O

C. Proofs on Differentially Private SGD

In this section, we present the proof on utility guarantees
of Algorithm [T} To this aim, we first introduce the following
lemma on the concentration behavior of elementary random
variables [59]. Let x?(n) denote the chi-square distribution
with the degree of freedom being n.

Lemma 17 ([59]). Let X ~ x?(n). Then
P{X > n+2vnt+ 2t} < exp(—t).
Proof of Theorem[I2] According to Assumption [2] and the

i.i.d. property of i; ;, we know

m 2

o
Z (W5 24, VFS(Wt)H <

(35)

m’
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By the L-smoothness of Fg we know
L
Fs(Wis1) S Fs(We) H(Wep1 —we, VEs(We)) + 5 [ wiegs —

= Fg(wy) — 77<% i V(w2 ;) + G, VFS(Wt)>
=1
L2 $ st

By the standard inequality ||a+b||3 < 2||al|3+2(|b]|3 we know

[ 2 vrss

2
, P2V Es(wi)+Gill3

< 2”% ; V(Wi 7, )~V Fs(we)

1 m 2 ) )
ssz;Vf<wt;zit,j>—VFs<wt>HQ+4||VFs<wt>||2+4||Gt||2Choosmg )

We combine the above two inequalities together and derive

< va Wuzz” VFS(Wt),VFs(Wt)>

1 m
0(Gy VEs(w) ||V Fs(wo) [3+Lo2 | "V f(wis 2, )
j=1

2
— VEs(wy) || + 2LV Es(we) 3 + 2L Gel3. - G36)

For any ¢ € [T], we define

& = <VFS(Wt) - %Zm:Vf(Wt;zit,j),VFs(Wt)>,

j=1

&= H% i Vw2, ;) — VFS(Wt)“z
j:l

m 2

Z Wt,szJ VFS(Wt) )

*EB,

It is clear that {&:},{&;} are two martingale difference se-
quences. Taking a summation of Eq. (36) fromt =1tot =T
and using Eq. (33), we get

T T T
Fs(wry1) <Fs(wi)+n Y &-1Y (G, VEs(wy))+Ln*» &
t=1 t=1 t=1
o2 LT r T
TZ o @Lp? — ) Y IVEs(wo)3+ 200> Y [IGul3.
t=1 t=1
(37)

According to Assumption [3] we know

& —Ep& =6 <2G° and |§ —Ep,¢| < 4G

It then follows from the Schwarz’s inequality and Eq. (33) that

i Ea (6~ En )] =Bn ) < [V Fs(wol

o?|VFs(w)l3

m

2
— VFs(wy) ) <

Z Vf Wi, Zzt ]

(38)

By Part (a) of Lemma [D.I] we get the following inequality
with probability at least 1 — §/4

T 1
D g <4c? (2T 1og(4/5)) ? (39)
t=1

According to Part (b) of Lemma and Eq. (38), we get the
following inequality with probability at least 1 — §/4

po® Sy [VFs(wi)3 | 2G*log(4/0)
+ .
2G2%m p

T

thﬁ

t=1

min{G?m/(30%),1} implies the following
inequality with probability at least 1 — §/4
302 }
"G2m )’

T
Z & <
=1
(40)

Let & = —(G¢, VFEg(wy)). Then, it is clear that & (condi-
tioned on V Fs(w;)) is a Gaussian random variable with mean
0 and variance 02|V Fs(w;)||3. Therefore, we have

PPl VEs (w13
5 :

We then apply Lemma [D.]] (Part (c)) to derive the following
inequality with probability at least 1 — §/4
T

log(4/6
— (G1, VFs(wy)) ) < 291 ZHVF O3+ g(p/).
t=1

T
1 9 9 4
5 E IVFs(wy)|5 + 2G loggmax{l

t=1

log Eq, exp(p;) <

Taking p = 1/(302%) gives the following inequality

T
% Z |V Es(wy)||3+307m10g(4/5).

t=1 @)
We know that Y7 |Gi[|2/0% ~ x*(Td), where x*(Td)
means the chi-square distribution with the degree of freedom
Td. By Lemma[17] with probability at least 1 — /4 we have

Y (G1, VFs(wy)) <

t=1

T
D G5 /07 < Td +21/Tdlog(4/6) + 21og(4/6). (42)
t=1

We plug Eq. (39), (0), @I), @2) back into Eq. (37), and

derive the following inequality with probability at least 1 — §

*m)}

Fs(wri1) < Fs(wy) + 2nG?log(4/6) max{1,30% /(G

+ 3noZlog(4/6)) + 4G* Ln? (2 log(4/5)T) :
T

+ (/6 +n/6+2Ln* —n) Y _[[VFs(we)]3
t=1

(Td +2y/Tdlog(4/5) + 2 log(4/5)).

o?Ln’T

+ 2Ln*o?



IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE

Since n < 1/(12L), we further get the following inequality
with probability at least 1 — 9

Nl=

T3 IVEs(Wol3 < Fs(w1) + 4G L (21og(4/9)T )

+21nG? log(4/6) max{1,30%/(G*m)}+3nc2log(4/5))

2Ln*T
+ T2 210} (Td + 2y/Tdlog(1/6) + 210g(1/9) ).
m
The proof is completed. O

Proof of Theorem According to Eq. (22), we know

t m
_% ZZVf(Wk, Zik,j)

k=1 j=1

t

HZGk

k=1

Wiyl =

It is clear that 22:1 G, follows the Gaussian distribution
N(0,to21,) and therefore

t

[wetill2 < EZZHVJC Wi Ziy ;) |2 + 1| N (0, t071a) |2
k=1 j=1

< tG + nl|N(0, to71a)]|2-
Let X ~ N(0,to%l,). Then || X||?/c% ~ x?(td). According
to Lemma [T7] we know
P{| X2 > or(Vid + v2a)}
< P{||X||3 > 0% (td + 2V'tda + 2a)} < exp(—a).
That is, with probability at least 1 — §/(27") we have

IN(O, to2L)lls < o7 (Vid + /2108 (2T/3)).

By the union bounds of probability, we know with probability
at least 1 — ¢/2 the following inequality holds for all ¢ € [T

[Wisille < nTG+nor (VTd++/21log(2T/5)) := Ry. (43)

According to Eq. (3), we get the following inequality with
probability at least 1 — §/4

7S VP (w9 Py [ = (MZLS (w).

t=1 t=1

(44)
By Theorem [T2] the following inequality holds with probabil-
ity at least 1 — §/4

T
Y IV Fs(wo)ll3 = O(1+nlog(1/6)(G? + o)+
t=1

1 ot Ly*T

G2Lif (Tlog(1/6))* + T2 4 Ln%%Td). (45)
m

Let A be the event that Eq. {3), #4), hold. Then we

know P{A} > 1—¢, under which we use Eq. and derive

T
nZIIVF(Wt)H%

( (d+log 1/6))

=0 s(W¢)+14+nlog(1/8)(G* +02)

T
2.t
o?Ln?T

+ 22y LnQU%Td).
m

N

+ G*Ln*(Tlog(1/6))

The proof is completed. O

Proof of Corollary According to Theorem [12] the follow-
ing inequality holds with probability at least 1 — §

1 10g(1/5)(G2+0%)
T;HVFS wi)ll3 < = T T

L G log? (1/5)
VT

Since m < VT'0?/G? and n = mm{ s JﬁgT}’ we
further get

o2L
i n

+ Lnod.

T

1

= IV Fs (w3
t=1

2, 2

<L, los(1/0)(@ o}
Tn T

_ G?log(1/8) | ov/Llog? (1/6)

n?e? VTm

< G?log(1/9) oI log? (1/5) LG
n2e2 vIT'm

Since T > n? ZC‘;, we know aVL < GF and therefore

we get the stated bound Eq. ( "We now prove Eq. 23).

According to Theorem and the above deductions, the
following inequality holds with probability at least 1 — ¢

ZLS Wt
G\/Ldlog (1/9) )

02Lnlog%(1/6) + Lyo2d
m
N V' Ldor
VT
Ldlog(1/0)

ne

d +log(1/0))
fZHVF (w3 = (1B L

G?log(1/0)
2

n2e?

The proof is completed. O

VII. CONCLUSIONS

We study the generalization of stochastic optimization algo-
rithms for nonconvex problems via the uniform convergence
of gradients. Our uniform convergence rate incorporates the
2nd moment of the stochastic gradients of a particular model,
and is significantly better than the existing rates. We develop
high-probability bounds of the order O(d/n) for SGD with
nonconvex problems, which significantly improves the existing
bounds [[18 [19]. We further remove the dependency on d for
problems with a structure. We show that improved bounds are
possible under further assumptions such as quasi-convexity or
PL condition. Finally, we extend our discussions to variance-
reduced variants and SGD under privacy constraints. Our
results show a linear speed up w.r.t. the batch size by exploiting
the smoothness assumption.

There remain several questions worthy of further discussion.
For example, our discussion requires a smoothness assump-
tion. It would be interesting to extend our analysis to relaxed
smoothness assumptions such as quasi-smoothness [60] and
Holder continuity of gradients [26]].
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Supplemental Material for “Towards Better
Generalization Bounds of Stochastic Optimization
for Nonconvex Learning”

Yunwen Lei

Abstract

In the Supplemental Material, we prove some theoretical results stated in the main text. The Supplemental Material consists
of six parts: the proofs on the upper bounds of uniform convergence, the proofs on dimension-free bounds, the proofs on the
lower bounds of the uniform convergence, the proofs of SGD for quasi-weak convex problems, the proofs for stochastic variance
reduced optimization, and the proofs of a concentration inequality for an empirical process.

A. PROOF ON UPPER BOUNDS OF UNIFORM CONVERGENCE
A. Definitions and Classical Lemmas
The uniform convergence depends on the complexity of functions. Two classical complexity measures of function classes
are Rademacher complexities and covering numbers.

Definition 1 (Rademacher complexity). Let F = {f : Z — R} be a function class. Let €1, ..., €, be independent Rademacher
variables with P{e; = 1} = P{¢; = —1} = 1/2. We define the empirical Rademacher complexity as follows

Rg(F) = f]E supZelf Zi)-

no feri4

Definition 2 (Covering number). Let (G,d) be a metric space and set 7 C G. For any € > 0, a set F A < Fis called an
e-cover of F if for every f € F we can find an element g € F* satisfying d(f, g) < e. The covering number N (e, F, d) is
the cardinality of the minimal e-cover of F:

N (e, F,d) := min {|]-"A| : F2 is an e-cover of .7-"}.
Dudley’s entropy integral provides a connection between these two complexity measures. We consider the refined entropy
integral in [Srebro et al.| (2010).

Lemma A.1 (Dudley’s entropy integral). Let 7 = {f : Z +— R} be a function class with sup;crds(f,0) < D and
S ={z,...,2n}, where dg is a pseudometric on F defined as follows

n

as(f,9) = (5 S (/=) - 9(a0))?)

i=1

Rs(F) < 1nf 4a+12/ 1/1OgNT]:dS

The following classical result gives estimates on the covering numbers of a Euclidean ball.

Lemma A.2 (Pisier|[1999). Define the metric do(w,w') := ||w — w’'||2 over ball Bg. Then log N (r, Bg, ds2) < dlog(3R/T).

SIS

Then, there holds

The following lemma gives a Bernstein inequality for random variables taking values in a Hilbert space.

Lemma A.3 (Smale and Zhou |2007). Let H be a Hilbert space with the norm || - || and let § be a random variables with
values in H. Assume ||£|| < M < oo almost surely. Denote 02 (€) = E[||€||?]. Let {&,}_; be n independent draws of &. Then,
for any 6 € (0,1), with probability at least 1 — § we have

H < 2M10g(2/5) (20 (& )z)g(2/6)>%

1 n
PPICEEC)
i=1
The following lemma gives the self-bounding property of a smooth and nonnegative function.

0000-0000/00$00.00 © 2021 IEEE
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Lemma A.4 (Srebro et al|2010). If for all z, the function w — f(w; z) is nonnegative and L-smooth, then |V f(w; 2)||3 <
2L f(w; 2).
Our analysis requires to estimate some integrals, and the following two lemmas are useful.
Lemma A.S. Let a > 0. Then
V7 exp(—a?)

/ exp(—z?)dx < —

Proof. A standard result about Gaussian integral shows that
@ 1
/ exp(—z?)dz > g(l — exp(—a?))?®.
0
It then follows from [;* exp(—a?)dx = \/7/2 that

/:O exp(—2?)dx = g - /Oa exp(—2?)dx < VT (1 -(1- exp(—a2))%)
_Vm1- (1 — exp(—a?))
S 2 14+ (1- exp(—aQ))% 2
The proof is completed. O
Lemma A.6. Let a,b > 0. Then

b
/ log? (a/e)de < blog? (a/b) + 27 'by/7.

0

Proof. Let x = log% (a/€), we know € = aexp(—x2). It then follows from integrating by parts that

b ) log% (a/b) o %(a/b) log%(a/b)
/ log2 (a/e)de = a/ rdexp(—z?) = azx - exp(fx2)| N - a/ exp(—z?)dx
0

oo
o0 oo

1 e 2 1 aﬁ
= alog?(a/b) exp(—log(a/b)) +a | | exp(—z“)dz < blog?(a/b) +
log 2 (a/b) 2

where we have used Lemma [A.3] The proof is completed. O

exp(—log(a/b)),

B. Bounds on Square Norm of Gradients

In this subsection, we present results on relating Lg(w) to L(w), which are defined as follows
1 n
Ls(w) = — Yo IViwiz)l5,  Lw) = E[|[Vf(w;2)]3]. (A.1)
i=1

This connection is illustrated below.

Lemma A.7. Let Assumptions hold. For any x > 0, with probability at least 1 — 2exp(—x) the following inequalities
hold simultaneously for any w € Bg

2 2
Ls(w) — 2L(w) < G*dlog(LR/G) n G*(x + loglogn)

~ ’

GPdlog(LR/G)  C2(x + loglogn) (A-2)
L(w) — 2Lg(w) < 222 p 2 LT 0808
n n

To prove Lemma we introduce the following lemma to be proved in Section [} which is a variant of Theorem 6.1
in [Bousquet| (2002).

Definition 3 (Sub-root function). We say ¢ : [0,00) — [0, 00] is a sub-root function if it is non-decreasing, not identically
zero and r — ¢(r)/+/r is non-increasing. The fixed point of ¢ is the unique point r* such that ¢(r*) = r*.

Lemma A.8. Let F be a class of functions that map Z to [0,b]. Let ¢,, be a sub-root function such that

E. sup % Zeif(zi)} < (;S,L(T),

FeF£ 30, flz)<r TV T
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where €; are Rademacher variables. Define r}, as the solution of the equation ¢,,(r) = r, and denote ro = b(z+61loglogn)/n.
Then for any x > 0, with probability at least 1 — 2 exp(—x), the following inequalities hold simultaneously for all f € F

% D f(z) < 2B.[f(2)] + 1087}, + 2070 + 38+/rors, (A3)
=1

2 n
<= Z f(2i) + 1067 + 48rq. (A.4)

Proof of Lemma[A.7) For any w, we introduce fy(2) := ||V f(w;2)|3, and
Fr= {z — fw(z) TWE BR}, .}N"R,T = {z — fw(z) :W € Bg, Lg(w) < r}.
We define a metric JS over F. R by

1
2

3\'—‘

s(forr Fur) = ( 2 IV ftw; 0l = IV (" 2)13)°)"
<r

For any w,w’ € W with Lg(w) <7, Lg(w’) we know

& (fuo, for) = %Z (V£ (ws z0)ll2 = V£ s 20)ll2) (IV (w3 20) 2+ [V £ (W5 20)]12)”
=1

IN

2 DIV z) = VAW B9 )1 + 97321

2 /
< 22 R S (19 s 0l + IV £ 2 B)
=1

=2L%||w — w'|[3(Ls(w) + Ls(w')) < 4L*||w — w'[3r,
where we have used (a + b)2 < 2a% + 2b%. That is, dg(fw, fw') < 2Lrz||w — w’|2. It then follows from Lemma that
log N (&, Frryds) <logN'(e/(2Lr?), Br,ds) < dlog (6LRrze ).
Note that for any w with Lg(w) < r, we have

_ _ 1 n GQ n
d5(fw,0) = =3 VI (wiz)lls < > [V F(w;20)3 = G*Ls(w) < G*r.

i=1 i=1
It then follows from Lemma [A. 1] and Lemma that

- 12f GV 12vd

N (Fr,) < log? (6LRre)de < — (Gf log? (6LR/G) + 2~ 1G\/E) bu(r).  (AS)
It is clear that ¢, is a sub—root functlon and the fixed-point r}; is
. 122G2d(10g L6LR/G) + 2 1f) G2dlog7iLR/G)
The stated bounds then follow directly from Lemma with F = F r and b = G?. The proof is completed. O

C. Proof of Theorem ]|

Proof of Theoremm Let € > 0 and {w1,...,W,,} be an e-cover of Bp under the metric do(w, w’) = ||w — w'||2. Then,
Lemma [A2] shows that
logm < dlog(3R/¢). (A.6)

We now consider any j € [n] and define & = V f(w}; z;). Then, it is clear that ||{;||2 < G. Furthermore, by the definition of
L we know
all€N3] = Ex 1V f (Wi 20) 3] = Lw;).
We then apply Lemma and get the following inequality with probability at least 1 — §/m
2Glog(2m/9) n <2L(wj) log(2m/5)>%
n n

[VFs(w) - ), = | 56 - B ), <

< 2G (log(2/6) + dlog(3R/e)) N (2L(wj)(10g(2/5) —&—dlog(SR/e)))%.

n
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By the union bounds of probability, with probability at least 1 —§ the following inequality holds simultaneously for all j € [m]

2G(log(2/6) + dlog(3R 2L(w;)(log(2/8) 4+ dlog(3R 3
[ — oy = 20RO L0RGR1) | 200) (o8 C)0) + Dog(GRIONYE
For any w € Bp, by the construction of {w1,...,w,,}, we know there exists an j € [m] such that |w — w,||2 < € and
therefore
|VFs(w) = VF(w)|, < ||VFs(w;) = VE(w;)||, + || (VFs(w;) — VF(w;)) — (VFs(w) = VF(w))||,

< ||VEs(w;) = VE(w;)|, + [VFs(w;) = VEs(w)|l2 + [ VF(w;) = VE(w)]2
< ||VFs(w;) — VF(w;)|, + 2L|w — w;| < || VFs(w;) — VF(w;)||, + 2Le
< 2G (log(2/6) + dlog(3R/e)) N (2L(w‘7)(log(2/5) + dlog(3R/e))

)2 +2Le,  (AS8)
n

where we have used Eq. (A7) in the last step. By the standard inequality (a + b)? < 2(a? + b?), we know
L(w;) = E[I[Vf(wj: 2)[13] < 2E: [V f(wjs 2) = Vf (w3 2)[[3] + 2B [V f (w3 2)]13]
< 2L%||wj — w3+ 2L(w) < 2L%¢* 4 2L(w).

By Lemma we further get the following inequality with probability at least 1 — ¢
G?*dlog(LR/G) N G*(log1/6 + loglogn)

n n '
We plug the above inequality back into Eq. and derive the following inequality with probability at least 1 — 26
simultaneously for all w € B (we use the assumption loglogn < dlog(LR/G))
G(log(1/8) + dlog(R/e)) N

n

L(w;) S L?¢ + Ls(w) +

|VFs(w) — VF(w

M, =

(Le + T+ GVdlog? (LR/G) + Glog%(1/6)> <log(1/6) + dlog(R/e)

T - )%—&—Le.

We choose ¢ = 1/n and derive

G(log(l/é) + dlog(Rn)) N L

|[VFs(w)— VF(w

M, =

n
GVdlog? (LR/G) + Glog? (1/5)y /log(1/8) + dlog(Rn)\ %
+ (L/n+ VIs(w) + v ) n )"
Since L < Gd < Gn, we know dlog(LR/G) + log(1/9) < log(1/6) + dlog(Rn) and therefore get the stated bound. The
proof is completed. O

Remark A.l. In the proof, we conduct the localization analysis to study the convergence of V f(w; z) to its expectation. In
the literature, some works considered the excess loss f(w;z) — f(w™; z) or the excess gradient V f(w; z) — V f(w*; z) in their
localization analysis (Bartlett et al.l [2005; [Zhang et al.l 2017). Their motivation is to use a Bernstein-type condition. Indeed,
the analysis in Bartlett et al.[ (2005) considers the following Bernstein condition

E.[(f(w;2) — f(w";2))%] S F(w) — F(w*), (A.9)

while the analysis in [Zhang et al| (2017) considers the Bernstein condition in Eq. (3). Typically, one requires a convexity
assumption to satisfy these Bernstein conditions. For example, the paper (Bartlett et al., [2006) introduces the modulus of
convexity to show Eq. (A.9), while the paper (Zhang et al.| 2017) uses the convexity of w — f(w;2) to show Eq. (3). As we
consider nonconvex problems, we do not have these Bernstein conditions. This explains why we conduct the analysis directly
on f instead of the excess gradient z — V f(w;z) — Vf(w*;2).

B. PROOF OF THEOREM[3]

The following lemma is the Talagrand’s inequality to control the uniform deviation between expectation and empirical
average by incorporating the variance information (Bartlett et al., 2005)). Let Var[X] denote the variance of a random variable
X.

Lemma B.1 (Bartlett et al[[2005). Let F be a class of functions that map Z into [—b,b]. Assume there is some r > 0 such
that Var[f(Z)] < r for any f € F. Then for any ¢ € (0, 1) with probability at least 1 — § we have

sup ( - —Zf (2) ) < 4E[Rs(F)] + (2r10g(2/5))% n Sblog(2/5).

feF n 3n
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The following lemma shows that the Gaussian complexity can be bounded by covering numbers from below.

Lemma B.2 (Sudakov minoration inequality (Ledoux and Talagrand, (1991)). Let F be a class of real-valued functions,

S={z,...,2n} and g; be a sequence of N(0,1) Gaussian random variables. Then
E [bung, z,] >\/ﬁbupelog2./\f(e,]:,ds),
fe]:ze[n] €>0

where ds(f,9) = (1 XL, (F() = 9(20))%) .
The following lemma provides covering number estimates for linear function classes.
Lemma B.3 (Zhang|2002). If ||¢(x)||2 < By, then for any € > 0, we have
36RzB2

log (e, {& + (9(a), W) : [ wlla < R}, dse) < ——5— log, (6n + 8B, R/e),

where dS,oo(fa g) = maX;e[n] |f(zs) — g(xi)].

The following lemma provides a contraction property for Rademacher complexities. It also holds for Gaussian complexities,
i.e., with ¢; replaced by standard normal random variables g;.

Lemma B.4 (Contraction Lemma (Bartlett and Mendelson, 2002)). Suppose 7 : R — R is G-Lipschitz in the sense that
|7(t) — 7(t)| < G|t — t|. Then the following inequality holds for any F

E. bupZe, xz < GE. supZezf Zi).
ferF; JeF =
The following lemma provides estimates on vector Rademacher complexities for functions with a structure.

Lemma B.5. Suppose f takes the form f(w;z) = {(y,(w,$(x))), where ¢ : X — W is a feature map and { : R? — R,.
Assume a — U(y,a) is Gy-Lipschitz continuous and Lg-smooth for all y. Then

- 12
7E jgl];/)vHi_zlein(w;zi) , < %
24v/2B, L 144v/2B, Vi log] (6n + 8v/mByGy
(B, [ 3w ot P L LR ) ),
where Vyy = Supy,cyy (% >y (i (w, ¢($z)>))2> .
Proof. For any w € W, v € By, define
hw v (2) = (Vf(w;2),v) = 'y, (W, 6(2)))(d(2), V).
The following inequality was developed in |Lei and Tang| (2021)
Z W,V Zz - w ,v’(zi))g
i=1
<257 (i, (W, 8(20))) — € (i, (W', d(@i))))  (Bli), v)? + 22 (¢ (i, (W, (@) (D), v) — ((z), V')
=1
< 2B} Z (' (yi, (W, d(23))) — € (i, (W, ¢(mi)>))2 + 2(2 (€' (yi, (W', gb(xz))))Q) ({2%{ ((p(2i),v) — <¢(mi)7v/>)2)7
i=1 1=1
where we used |(¢(z), v)| < By. For any f, g, define the following metrics
ds(£,9) = (5 S (0G0 = 9(2)7) " d(f9) i= max | £(a1) = g(). (B.1)
i=1
Then, we have
ds (hw vy bwrv) < V2Bgds(BD, h)) + (% > (i (W, o)) )%dsw(h@, n2,

1=1
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where we introduce
W (z) =0 (y, (w,é(x))) and KD (z) = (g(x), V). (B.2)

That is, to build an e-cover of {z 5 hy(z) : w € W,v € By} w.rt. the metric dg, it suffices to build an e/(2v/2By)-cover

of {z s £'(y, (w,¢(z)))} w.rt. the metric ds, and also an ¢/(2v/2Vyy)-cover of {z + (¢(x),Vv) : v € B} w.rt. the metric
ds,o. Note the latter two function classes are indexed by w and v, respectively. Therefore, we have

logJ\/(e, {z hwy(z):weW,ve Bl},ds) <

10gN(€/(2\/§B¢), {z0(y,(w,0(x)) : we W},ds> + 10g]\/<6/(2\/§17w), {z— (¢p(z),v):ve Bl},dsm). (B.3)
By Lemma [B.2] we know

tog® A (e {2 = £ (3 (w,0(0))) - w € W} ds) < By sup Zgz ir (w0, 6(2:)))]

\f ne
By Lemma [B.3] we know

6B, logé (6n + 8By /)

€

log? J\/(e, {z— (p(z),v):ve Bl},d&w) <
We plug the above two inequalities back into Eq. and derive
log% J\/(e, {z = hwy(2) i weEW, v E Bl}7ds>

_ 2V2B, 12v/2B, Vi log3 (6n + 16v/2B, Vo /e)
<7 E [vftelgvzgz ir (W, 6(w:)))]| + -
~ 1 ~
< 2v2 2By L, { sup Zgz . } N 12v/2By Vi log? (6n + 16\@B¢Vw/e),
\/ne €

where the last inequality follows from the contraction principle for Gaussian complexity together with the L,-Lipschitz
continuity of ¢/ (Lemma [B.4). Note that |hw v(2)| < Gel|¢(2)]2]|v|l2 < Ge¢Bg. Therefore, we can apply Lemma with
a = 3/4/n to derive the following inequality

1
—E. sup Z €ihw v (%)
n  wew,veB; i—1

~ 1 —~
12 12 G¢By 2v/2By L ‘ " ' 4 12v/2ByVyy log3 (6n + 8y/nBy Vi)
SVam VTR * de
3/v/n weEW LT

—~ 1 ~
12 24V2ByLy - 144v/2B,Viy log2 (6n + 8ynBsViy)y [C¢Be 1
< +(7¢ sup > g; N+ ¢ 5 ( o ))/
3

€

N

E [ Su i i —de.
lwew & vn /v €

The proof is completed by noting that f3/’zB¢ Lde = 1og(G¢Byy/n/3) and Viy < Gy. O

The following lemma provides estimates on the local Gaussian complexity for linear function classes (Bartlett et al., 2005)).
The original estimate considers Rademacher variables. It can be directly checked from the proof that it also holds for Gaussian
variables.

Lemma B.6 (Bartlett et al.2005). Let V(w) = Ez[(w, ¢(z))?]. Let (\;); be the eigenvalue of the operator v — Ex[(v, $(X))p(X)]
arranged in a nonincreasing order. Then

lIE[ sup Zglw o(x §( Igun<rh+R2 Z A))

n w:V(w)<r,|w|<R;Z j=h+1

ol

where g; are standard Gaussian random variables.
The following lemma is standard and we omit the proof for brevity.

Lemma B.7. Let a,b > 0. Ifa:2 < ax+b, then 2 < a®+2b. On the other hand, ifr=a+ \/Bfor a,b >0, then ax+b < z2.
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Theorem B.8. Suppose f takes the form f(w;z) = {(y, (w,p(x))), where ¢ : X — W is a feature map and { : R? — R,.
Assume a — £(y,a) is Lg-smooth for all y. Let By = (Ey(ﬁ’( Y,0))?)2,sup, ||¢(x)]l2 < By and & € (0,1). Let V(w) =
Ex [(w, #(X))?]. With probability at least 1 — & we have

VF(W)—VFS(W)H —O(B¢Le< rhmn (rh+R2 Z /\))é+LlB‘%R:M+B¢(BZ+L“/;)<bg($/5)>é>.
G=h+1

sup
weBRr:V(w)<r

Proof. Due to the L;-smoothness of /, we know the following inequality for any w € Bp

1 (y, (w, ()| < 1 (y, 0)] + Lel(w, ¢(x))] < |€'(y,0)| + Lellwll2[| ()| < [€(y, 0)] + LeRBy.

Therefore, ¢ is G,-Lipschitz continuous in Br with Gy < L¢ByR. For any w,v with V(w) < 7, ||v|2 < 1, we know the
variance of z — (V f(w; z), v) satisfies

Varz[(Vf(w: Z),v)] <Ez[(Vf(w; ) V)] SEzZ[IIVF(w: 2) |31 vII3) < Ez[[IV f(w; Z)|[3]

=Ez[|0'(Y, (w, s(X))6(X)|3] < BIEz[|¢(Y, (w, 6(X)))I?]
< 2B3(Ey [(£'(Y, 0))2] + LiEz[(w, ¢(X))?]) < 2B3(B} + Lir), (B4)

where we have used the inequality |¢'(y,a)| < |¢/(y,0)| + L¢|a — 0] due to the smoothness of ¢ and the standard inequality
(a +b)? < 2a? + 2b%. Furthermore, there holds

(Vf(w; Z),v)| < [IVF(w; Z)l2llvll2 < [V, (w, g(XON6(X) |2 < GeB.
We can apply Lemma [B.I] to show the following inequality with probability at least 1 — &

sup
weEBR:V(w)<r

VF(W)—VFS(W)H = sup <EZ[Vf(W;Z)]— iin(w;zi)7v>

2 weBg:V(w)<r|lv[2<1

logf/é) ) 3 N 8G By log(2/6)

< 4E[m5({z s (Vf(w:2),v) : W € Br, V(w) < |v]l2 < 1})} +2By(By + Lg\/F)( -

4 - log(2/86)\3 = 8G¢Bylog(2/9)
="K sup eV F(W;2), V) + 2By (By + Loy/r) (22100 2 4 22620 O815/0)
n WEBR,V(W)<r,\|v||2<1; ) o )( n ) 3n
4 log(2/8)\3 = 8G¢Bylog(2/9)
=-E su &V f(w;z; + 2By (Bp + Lov/7 + . B.5
n WEBR:VIzw)gr ; f( ) 2 ¢( ¢ 2\/)( n ) 3n ( )
By Lemma and Lemma [B.6] we know
lIEJ sup el
n wEBR:V(w)<
24v/2B4 Ly lo GB 3 su T gilw, d(x; - 1
§ o g( eBov/n/3E [weBR:Vp(w)grz“lﬂ #(@)] | 124144VEB,E[V,]log} (6n+8y/nByCy) lo(GeBy/n/3)
< " NG
~ 1
s 3 124144V2By4E[V,]log2 (6n+8y/nByGy) log(G,B 3
<4SB¢Lplog(GgB¢\f/3)( min (rh+ B2 30 )" + +L4V2BEV logs (6n+8VinBoGe) log(GeByv/n/3)
heN Pt N
(B.6)

where we introduce

[N

W[50 twotn)’)

wEBR:V(w i—1

S\H

We now estimate IE[‘A/T} By the standard symmetrization trick (Bartlett et al., 2005)), we can relate the uniform deviation by
Rademacher complexity as follows

n n

Bl o (3 (Ol b 6@)) B2 [(C woo@)])] 2] s LS a0 (w o))’

WEBR:V(W)<r — wEBR:V(w)<r T i—1
(B.7)
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For any w,w’ € By with V(w) <r, V(w’) <r, we know

I3 (s tw, 00D)° = (¢ s (007

= 2 (P w6 ) + £ i (002 M) (2 e tw.0) — (i (W6 )
)2

3 (¢ w0 )+ i

IN

max( Yi, (W 7¢($i)>)—fl(yi7<w/a¢($i)>))2

i€[n]

s4ﬁ2max(£'<yi,<w,¢<xi>>>—6'<yi,<w',¢<xi>>>) < AV2LEmax | (w. () — (W' 0()

i€[n]

where the last second inequality follows from the definition of Vr and the inequality (a + b)? < 2a% + 2b%. It then follows
that (recall the definition of 1y, %) in Eq. (B:2) and the definition of dg, in Eq. (B.I))

ds((hD)?, (WD)?) < 2V, Leds oo (B2, h2))

and therefore
logN( {(BD)2 . w e Br: V(w) < r},ds) < N(e/(217 L), {h? iw e Bp: V(w) < r},ds,oo)
144V2L21%c2335
< —————2log, (6n + 16V, L,RBy/¢),

€

where we have used Lemma on covering numbers for linear function classes. Lemma with a = 3/4/n and |h£,&) (2)] <
G then imply that

~ 1 ~ 2

I 21 _ 12 144V, LyRBylog? (6n+ 6/nV,LiRBy) [t 1

E. sup *Z€i(€/(yi,<W,¢($i)>)) } < + ¢ 0 E/ﬁ ) / —de
3

wEBR:V(w)<r T i—1 /v €

12 144V, LeRBy log3 (6n + 6/nGyLiRBy) log(G2\/n/3)

T Vn vn

Bl

We combine this inequality and Eq. (B.7) and derive
1 n

B < swp  Eg[(C((w,o(X)"]+2E[ s > ey (w, o))’

weEBR:V(w)<r wEBR:V(w)<r T i—1

24 288(E[V2])2 LyRBy 10g2 (6n + 6y/nGeLyRBy) log(G3\/n/3)
N + R
Vn vn

where the last step is due to Eq. (B.4). The above inequality is a quadratic inequality of (E[V ]) . We can apply Lemma [B
to show that

< 2(B? + Lir) +

~ 1 L2R2B2log, (n + /nGeLeRBy) log2(G2\/n
Vn n
We plug the above inequality back into Eq. (B:6), and derive that

iEweB?‘l/p(w - iV f(w;2) _O(B¢Lg(1m1n(rh+R2 _Zh:lx\))é+§%(Be+sz/;+M5§R>)~

We plug the above inequality back into Eq. (B:3) and derive the following inequality with probability at least 1 — &

sup

VE(w) — VFs(W)H -
wEBR:V(w)<r 2

O<B¢Le( min (rh—i—RQth:H)\ ))7 L‘{iiR +B¢(Bz+Lz\/;)(LOg($/5))% +Gfﬁ$g(1/5)>.

The proof is completed by noting that G, < LyRB,. O

To conduct a localization analysis, we require the following uniform localized convergence argument developed in |Xu and
Zeevi (2024) based on the peeling trick. While the original statement holds for the uniform convergence of function values, it
is direct to extend their argument to the uniform convergence of gradients. Recall that a VV b = max{a, b}.
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Lemma B.9 (Unifozm localized convergence argument (Xu and Zeevi, [2024)). For a function class F = {fw : w € W}
and the functional V_: W [0, R], assume there is a function v (r;0), which is non-decreasing w.r.t. r and satisfies that
Vs € (0,1),Yr € |0, R], with probability at least 1 — 6

wp |-V ~ B2V A2, < r:0),
weW:V(w)<r i=1

Then, given any 6 € (0,1) and rg € (O,E], with probability at least 1 — 6, for all w € W
1 — ~ ~
1= 3" Vihwlz) — E2[VHu(2)], < w(zww) V ro; 8/ log2(2R/r0)). (B.8)
i=1

Proof of Theorem 3] We define

w(r, 6) = 5(B¢Le<% min (rh + R f: Aj))% + LzBéng(l/& + By(Be + Lzﬁ)(@)%)y

j=h+1
where C is a constant which only has a logarithmic dependency on R,n and other parameters. Then, by Theorem P

satisfies the condition in Eq. with V = V. Therefore, we can apply Lemma with V' =V, R = supycp, V(w) and
ro = 1/n to derive the following inequality uniformly for all w € By

|VE(w) = VEs(w)| < 6*(134)135(% i (2(V(w) v 1/m)h + B i Aj))% ) LZB;R1og(1§g2(21%)/5)+
j=h+1
B¢(Be+Lg\/m)<10g(10g2f]%n)/5))%)

The stated bound then follows since By(By + Lgy/2(V(w) V 1/n))n~2 is not the dominating term if we restrict b > 1. [
Proof of Theorem [3] By the polynomial decay, we know

Fw)h+R> > N <FHw)h+BR* > §77
j=h+1 j=ht1
< 7F(w)h+ ﬁRQ/ x7Pdx = F(w)h + BR?*R*P(p — 1)~ L.
h

We can choose h = [(f(lf;)%]. Then, we have

no

R

(w

sy

Fwh 5 7(w) (27— w3

~—

<R

SRENE  BR(BRE (W) PR 5
p—1 ~ p—1\F(w) B p—1
It then follows that

oo 1112

. ~ 2 . < p'f’(W) pﬁpRP

Iglelg{r(w)h—l—R Z};HAJ}NP—I .
j=

We then plug this bound into Theorem [3to get the stated bound. O

C. LOWER BOUNDS OF UNIFORM CONVERGENCE
A. Proof of Proposition [0]

In this subsection, we prove Proposition [6] on lower bounds on the uniform convergence of gradients. To this aim, we first
introduce a concentration inequality called the McDiarmid’s inequality.

Lemma C.1 (McDiarmid’s inequality (McDiarmid, [1989)). Let X1, ..., X,, be independent random variables and g : X™ — R.
Assume for any index i and x1,...,2,,x, € X we have

l9(@1, . i1, i, Tig1, - wn) — 9(@1, L T, T T, T) | < (C.1)

where ¢; > 0,4 € [n]. Then, for any a > 0 we have

Pr{g(X1,...,X,) —E[g(X1,...,Xn)] < —a} <exp ( - %)
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Proof of Proposition [ Since o’(t) = ¢4, we know

o' (wiz)x (wrx)yx
Vf(w;z)= : = .
(w3 ) o' (wg—12)x (wg—1x) 4T
—o’'(wqx)x —(wgx) 1

Then, we have §
% i (i) 1x — Ex (w1 X) 4 X]

VFg(w)-VF(w)= :
B ™ lzz 1(wd 11‘,)4.562 Ex[(wg—1X)+X]
— = l(wdxl)+xz + EX[(de)+X]

n

We choose wy = ... =wg—1 =v € [—1,1] and wy = 0. It is clear that w € Bg and (wqx)+ = 0 for any z. It then follows
that

n

Z V)4 T — EX[(WX)+X]’

1

IVEs(w) = VF(w)[2 = (d—1)2

and therefore

1

sup ||VFEs(w)—VE(w)|2>(d—1)2 sup ’f vxz 1T — Ex[(UX)+X]’
weEBR vi|v|<1
=(d-1) 3 sup ’—( (ve;) s + Z v +x1) —Ex[(vX)+X]|,
v:|v|<1 iel
where Iy ={i € [n]:z; =1} and I_ = {i € [n] : ®; = —1}. For any i € I we know (vz;)+x; = v, and for any ¢ € I_
we know (vz;)yx; = —(—v)4. Furthermore, we know
1 1
Ex[(vX)4X] = §(U+ —(-v)4) = V-

It then follows that (|I| denotes the cardinality of a set I)

1 v
sup [VEs(w) = VE)ll2 > (@~ 1% sup | -(14Joy — 1 |(~0). ) — &
wEBR vi|v|<1
1
> d—lf—(I 1y —|I_|(~1 )—7
> (d=0F|= (1114 = 1114 ) = 5
e 1
=d-1)2|—/— — - C2
(@-nH=E -2, (€2)
where we have taken v = 1 in the second inequality. We now give bounds on K,, := ]% — %’ Let ¢; = 20[;,—1) — 1, where

H[.] denotes the indicator function, i.e., taking values 1 if the argument is true, and O otherwise. Then it is clear that ¢; is a
Rademache variable, i.e., taking values in {41} with the same probability. We know

n

Zei = QZH[ZFI] —n=2|I,]—n.

=1 i=1

It then follows that K,, = 5| Y% | ¢;| and

v

1
] Nt (C.3)

where we have used the Khitchine-Kahane inequality Ec|Y . | ;| > 2-3n2 (Haagerup, [1981). Define g(eq,...,€,) =
ﬁ| Z?:l e,| It is clear that for any €1, ..., €,, €, we have

n
IZal-1 > grals] 3 ara- 3 -d
j=1

JElnl:g#i JEln]:j#i JEIn]:j#i
Therefore, g satisfies the bounded increment condition in Eq. (CI) with ¢; = =. By Lemma with a =
we know

<2

and ¢; = %,

1
4v/2n

4\/1%} S exp ( B (4\/%)222?_1 n—z) =exp (- 1%)

Pr{g(el, coy€n) —Elg(er, ... en)] < —
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Therefore, with probability at least 1 — exp(—1/16), we know K,, — E[K,] > —ﬁ, which implies

1 1 1
W2n  4/2n  42n

where we have used Eq. (C.3). This together with Eq. (C.2) implies the stated bound with probability at least 1 —exp(—1/16).
O

K, =E[K,] + (K, — E[K,]) >

B. Lower Bounds in Expectation

In this subsection, we give lower bounds for the uniform convergence in expectation. We first consider a general f, and
present lower bounds in terms of covering numbers. For any f we define f(w;z) = f(w;z) — E,[f(w;2)]. We consider
covering numbers w.r.t. the following distance metric

[N

ds((w, ), (W V) = (- S0 (VF (w20, %) — (VW' 20, ¥))?)
i€[n]

over the function class ~
Fw,p, ={z— (Vf(w;z),v):weW,ve B}

Eq. (CZ) below shows that the uniform convergence of gradients can be bounded by E|[supycyy || Yiem &V f(w; z)l2]
from below, which, according to Eq. (C.3) can be further bounded by covering numbers from below.

Lemma C.2 (Lower bounds in expectation). Let S = {z; : i € [n]} C Z. Let {¢;,i € [n]} be independent Rademacher
variables (i.e., €; take values in {£1} with the same probability). Then

Es[jgvHVFS( W) — VF(w H ] > Esebgv)vnzez[:]ezvf w; 2|2 } (C.4)

Furthermore, there holds

B sup |30 0w )] = Yo {clog® N(e, 7., ds)}

T (C.5)
2log? (n)
Remark C.1 (Upper bounds in expectation). Since f(w;z) = f(w;z) — Ez[f(w; Z)], we know
~ 1 n - 1 n
Ez(f(w:2)) = =3 f(wiz) = Bz | f(w; 2)) = Eslf(w: 2)]| = = 3 (f(wiz) —Elf(w: 2)))
i=1 i=1
I 1<
= =3~ (Balf(wi 2)] - f(wiz)) = Ezlf(wi 2)] = — > f(wiz).
i=1 1=1
It then follows that (by taking gradients)
1O - I~ s
Bs| sup B2V f(w; 2)] - > Vi) | = Bs| s [B219 fow; 2)] - — > Vi) ]
By the standard symmetrization trick (Bartlett et al., 2005), we know
- 1 <& _
Es[slel];/)v HEZ[Vf(W,Z)] - E;Vf(w,zi) 2} — {‘31611;/)\} H ZelVf W; 2;) }
We combine the above two inequalities together and derive
1 n
Es[sg%HEZ[Vf(W,Z)]—n;Vf(w,zi) 2} — [viggvHZquw Zi) } (C.6)

Furthermore, by Lemma [A.T] we get

EE[SEE\;H iein(w;zi)Hz} = EE{ sup <iein(w;zi),v>}

weWw,ve B, i=1

5
< inf {4na 4 12\/5/ log%/\/(e,fW,Bl,c{s)de} (C.7)
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where D = sup,eyy (£ 30, [IVF(w; 2:)[13) .

Remark C.2 (Tightness of bounds in expectation). Eq. (C:6) shows E[ sup,, ||V Fs(w w)||,] < 2ZE[supy || S0, eV F(wsz)|,]-
This shows that the lower bound in Eq. (C:4) is tight up to a constant factor of 4. Furthermore by Eq. (C7), we have the
following inequality for any a > 0

n D
EE{ sup H Zein(w; zZ)HQ} <4dna + 12\/5/ eflelog% N(e,fwﬁl,ds)de (C.8)
wew T o

D
< 4na + 12\/5/ e Lsup {€ log% N(€,Fw.p,,ds) }de
o e’>0

D
< dno + 12y/nsup {€'log? N(¢', Fw., , CZS)} /
€’>0 «

= 4na + 12y/nsup {e log? N(e, Fw, B, CZS)} log(D/a). (C.9)
e>0

We take ov = n~ 2 sup {elog2 N(e,]—"WBl,dAS)} and derive that
e>0

E[ sup HZQVf (w; 2 H ] ( nsup{elog N (e, Fwy Bl,ds)}) (C.10)

which matches the lower bound in Eq. @ up to a logarithmic factor and justifies the tightness of our lower bound.

We now prove Lemma [C.2] To this aim, we introduce the following lemma as an extension of the contraction principle for
Rademacher complexities.

Lemma C.3. Let aq,...,a, € R and F be a class of real-valued functions. Let S = {z1,...,2z,} and €; be a sequence of
Rademacher random variables. Then

E. sup H Z a;e;Vf(z;)

fer

<maxaEsupH &Vf(z
max [ai] E%z f(z)

Proof. We know
Eosup | 5 w50

=E. sup Z a;e;V f(zi), > < max|a;|E. sup < Z ein(zi),v>

feF i) 2 fEF,vEB, i) i€[n] fEF,vEB: i
= ?ela;l)]{‘aAE sup H Z &V f(zi) o
l

where we have used the contraction principle of Rademacher complexities (Bartlett and Mendelson, 2002)

E, sup Z ai€;9(zi) < max|al\E sup Z €:9(2;).
9€9 i€[n] 9€9 i€[n]

The proof is completed. U
Proof of Lemma|[C.2] Let S’ = {z},...,z]} be independently drawn from p. By the Jensen’s inequality, we know

Es.[ sup | Z @V F(wiz)ll2] = B[ sup | ‘Z (VI (w3 2) ~ B[V (w; )]

wew
= Es,e[vslelgv H Z eV f(w;z) Z 08 [Vf(W;ZQ)}HJ
<Egg . [ sup H Z eV f(w;z) — Z eV f(w;2) 2}
i€[n]

:Es,s/{sup HZVf w; 2;) ZVf

wew i€[n]
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where we have used the symmetry between S and S’ in the last identity. By the triangle inequality, we further know

E 76{ sup || Z &V F(w;zi)|2 }

wew

1€[n]
< Eg| sup H Vf(w;z)—nE,V W;zH + Eg/| sup H v —nE,V wzH
oL | 2 wstwizg —m.w s |+ B g | 5 9501w
= QES[ sup H Z Vi(w;z)— nIEZVf(W;z)H }
wew I 2
This shows the first inequality. We now prove the second inequality. Let g1, .. ., g, be independent N (0, 1) random variables.

Furthermore, by the Jensen’s inequality we have (note |g;|e; has the same distribution of g;)
E [ sup givf W, Z } = E, [ sup 9i €ivf W,z } < Eg max |g; Ee[ sup Gz‘vf W,z },
o[ sup I3z, ] = Eel gup |5 ok s 20l ] < Bl sup 15 v w21,

where we have used Lemma Since Eg max;cp, |gi| < 2 log% (n), we get

n R . _ § N
| sup | ;qvf(w;zaHJ > Mgé(mEg.ig%”;ng(w?zi>||2}

1 r n ~
" logi(n) ‘ iV (W3 20), }
2log? (n) g_wevbvu5>631<;g f(w;z),v)

1

= 71@1 ) 7] :|
2log? (n) ¢ WEVSVU\I/)EB1 ;g F(w; ), v)

> L? sup {elog® N (e, Fw,p,, ds) },
QIOgE(n) e>0

where in the last step we have used Lemma The proof is completed. O

We now present explicit lower and upper bounds on the uniform convergence of gradients for a specific function class of
the form in Eq. (8), where we can give dimension-independent bounds. Note Eq. (C.I1) holds if R is sufficiently large. The
above upper and lower bounds in Eq. (C:12) match up to constant factors.

Proposition C4. Let f(w;2) = 3(w 'z —y)2 If

T . P . .
REH Y el ~EXXT)| > 2” Zel(EZ[YX Wz])‘ . (C.11)
1€[n] i=1
then ) H
R 1 & 3 Rsup, ||z
i) H* a2l —Exx )2’ ] <E H F F(w H < 125UDg 17z C.12
FElln Xl -BExT || sup [vrsn) - vren| | £ == €1

To prove Proposition [C.4} we require the following lemma on lower bounds for operator norm of random matrices.

Lemma C.5 (Tropp [2016). Let Ay, ..., A, € R4%% pe n symmetric matrices. Then
1 n
B 3 a2 (5] 242
ic[n] p i=1 P

where || - ||, denotes the operator norm of a matrix.

Proof of Proposition For f(w;z) = 3(w'z —y)?%, we know

) % n max; 2A7||0p 7

Viw;2)=a2'w—yzr —Ez[ XX 'w—-YX]=(zz" —E[XX))w+Ez[YX — ya].
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Therefore, there holds

E. sup Z ein(w;z)H =E, sup
weEBR ze[n] weEBR

Z ez(xZ IE[XXT Dw + Z eEz[VX — yzxz]

i€[n] 1€[n]

> E. sup Z € (,TZ IE[XXT WH
wEBR i€[n]

€i(Ez[Y X — yii]) H2
1

- Rﬂze‘ Y ewia] ~EXXT)) e(EZ[Y X — yixi])H .
i€n) o i=1 2
By Eq. (C.I1) and Lemma [C.3] we get
n 1
E . > 91 EH (zie] —E[XXT]|| > RE H EXX T 2.
wsél]IB)R iZerw z R Ze TiT D o R {(32 ; 1)? Op) }

Furthermore, the analysis in |Lei and Tang (2021) shows that

> aviwa)|

1€[n]

Rsup, ||z||3
vnooo

1
—E sup
n wEBR

We combine the above two inequalities together, and derive

3 1

2

] < —E sup
op N weBgr

el et -y 3 avima), s 2

The proof is completed by noting Eq. and Eq. (C4) together. O

In this subsection, we consider bounds in expectation. As a comparison, we develop bounds with high probability in the
main text. The following lemma shows that one can transfer bounds with high probability to bounds in expectation.

Lemma C.6. Let X be a non-negative random variable and a > 0. Suppose that for any 6 € (0, 1), with probability at least
1—-96, X <alog(1/6). Then, E[X] < a.

Proof. Let t = alog(1/4). Then, we have § = exp(—t/a). The assumption then shows that Pr{X > ¢t} < exp(—t/a). It then
follows that

E[X] = /000 Pr{X > t}dt < /OO exp(—t/a)dt = a/OOO exp(—t/a)d(t/a)

o0
:a/ exp(— :—a/ dexp(—
0

The proof is completed. O

Based on Lemma we can directly transfer the high-probability bounds to bounds in expectation. For example, in
Theorem [I} we show with probability at least 1 — ¢ that

sup [V Es(w) = VE(w)]|, < 1Og(l/é)(Gdloi(Rn) n (LS(W)leg(Rn)))E).

wEBR n
Then, Lemma shows that

Gdlog(Rn) N (Lg(w)dlog(Rn)))%.

lE[ sup ||VFs(w) — VE(w)|, } S, n

~Y
weEBRr

D. PROOF OF THEOREM O]

In this section, we prove Theorem [9] In our proof, we require to apply concentration inequalities for martingale difference
sequences. In Lemma we present concentration inequalities for real-valued martingales. Part (a) is the classical Azuma-
Hoeffding inequality for martingales with bounded increments (Hoeffding, |1963), while Part (b) and Part (c) are Bernstein-type
inequalities where the concentration behavior is better quantified in terms of the variance (Zhang, 2005).

LemmaD.1. Let 21, . . ., z,, be a sequence of independent random variables. Consider a sequence of functionals & (21, ..., 2k), k =
1,...,n
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(a) Assume that |§, — B, [Ex]| < by for each k. Let 6 € (0,1). With probability at least 1 — § we have

ng—Z]Ezk &) < (2 ZbQIOg ) . D.1)

(b) Let o2 =31 _ E., [(¢—E-, [§k])2] be the conditional variance. Assume that &, —E,, [§x] < b for each k. Let p € (0, 1]
and § € (0,1). With probability at least 1 — § we have

blog L
Z §k — Z E.,[&] < pa 7(;? 2. (D.2)

(c) Let p > 0. With probability at least 1 — § we have

- 1 « log(1/8
D & <= logE., exp(péy) + log(1/9),
k= p k=1 P

Lemma [D.2]is the Pinelis-Bernstein inequality for martingale difference sequences in a Hilbert space (Tarres and Yao, 2014).

Lemma D.2. Let {£;}ven be a martingale difference sequence in RY. Suppose that almost surely ||€x||2 < B and

t
SCE[€ 3l - - o] < o7
k=1

Then, for any § € (0, 1), the following inequality holds with probability at least 1 — §

max || kaHz < 2( —|—0t> log(2/96).

1<j<t
We now present the proof of Theorem [9]

Proof of Theorem [9 By Eq. (I) and Assumption 3} we know

t—1
Iwellz = || > s (Wi 26,)
k=1

t—1
L <Y me. (D3)
k=1

Define

T 1 T T
1 L ~ [dlog(Rjn) + log(1
Ry = (4||w*||§ + 2G22n?) + 16(2(;”1 J(an)z)log(él/cﬂ + 8GC\/d og(Ryn) + log(1/9) S D4

n
t=1 t=1 t=1

and R, = G ZtT:1 1, where C is a constant independent of n, T, L,G and d (to be defined later). According to Eq. (I) and
Assumption [3} we know

[Werr = w5 = [we = W3 + 07 [V f (We; 215 + 206 (W™ — wi, V f (Wi 23,))
<lwe = w5 + 0P G? + 20 (W — Wy, V(Wi 2i,)).
It then follows that
(Wi = w3 < [lwe = w3 + 07 G + 2n0(W* — Wy, V f(wy; 2;,) — VFs(wy))
+ 2 (W* — wy, VFs(wy) — VE(wy)) 4+ 2ne(w™ — wy, VE(wWy)).
According to Assumption [5] we further get
[Werr = w3 < [we = W[5 + 07 G? + 20 (w* — Wi, Vf(wWi; 23,) — VFs(wy))
+ 2 (wW* — wy, VFg(wy) — VF(wy)) 4 2nca(F(w™) — F(wy)).
It then follows that

[Wepr — w3 < lwe — w13 + 07 G? + 20 (W* — Wy, V f(wy; 25,) — VFs(wy))
+2me|[w* — w2l VEs (W) — VF(wy) |2 + 2qa(F (W) — F(wy)).
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We take a summation of the above inequality and get

T T
lwrsr = wlI3 + 20 ) m(F(wi) = F(w")) < |lw*[3+G* ) nf
t=1 t=1
T T
+2) (W = wi, V(Wi zi,) = VEs(We)) +2 ) nellw” = will2[VEs(wi) = VE(w)ll2. (D.5)
t=1 t=1

We define two random variable sequences

§e = ne(W* —wy, V(Wi 24,) — VEs(We))ljw,|la<Rops
& = mllw* — w2 VEs(wi) = VE(We)|laljw,|o<rr, t=1,2,...,T,

where 14 is the indicator function for an event A, i.e., I4 = 1 if A holds and 0 otherwise. It is clear that {{;} is a martingale
difference sequence

Es, (6] = neljw, o <rr B, [(W* —we, Vi(we z,) — VFS(Wt)ﬂ =0.
Assumption [2] implies
B, (6 — B [60)] = 0wl < B, (w7 — Wi, Vf(wes 21,) — VEs(w))?]
< Pl o< W = Wol3E, [V (w03 20,) — VEs(wi) 3]
< i (Br + [w*[l2)"o
Furthermore, Assumption [3] implies

€] < mellw™ — wil[2l|V f (Wi 21,) — VEs(Wi) |2l w,|l.< Ry
< 2G| w* = welloljw, < rr < 2Gne([|W"[2 + Rr).

According to Lemma we derive the following inequality with probability at least 1 — §/2 (1), is nonincreasing)

2G +R .
?é[aszf <2( n1(||w3||2 T)+(RT+||W I2) Znt )10g4/5) (D.6)

Furthermore, Theorem I and Eq. (3) imply the following inequality with probability at least 1 — §/2 simultaneously for all
t € [T] (note ||wy|l2 < R for ¢t € [T] by Eq. (D:3))

t t
dlog(RLn) + log(1/6) R ~ . dlog(R,:m) + log(1/6
E \/ (Fty )n /%) § Mel|W* = Wll2Ljw, ,<r, < CG(|lW |2+RT)\/ oy 31 1/9) > 1k,
k=1 k=1
(D.7)

where C is a universal constant independent of n,d, L, G and T. Let A be the event that both Eq. and hold
for ¢ € [T]. The above discussions imply that P(A) > 1 — §. We now assume the event A happens and use mathematical
induction to prove ||w¢||2 < R under this condition. The case ¢t = 1 is clear since w; is the zero vector. We now assume
maxyepy ||[Wil2 < Rr and we want to prove ||w;i1]|2 < Ry. Since Iy, |,<r, = 1 for k € [t] we know

& = Me(W* = wi, Vf(Wi; 25,) — VFs(wy)),
& = mellw” = wi|l2|[ VEs(wi) = VE(wi)ll2, & € [t].
It then follows from Eq. (D.3) that (T replaced by t)
t t t
Iweer = w3 < W3+ G ni+2) & +2) &
k=1 k=1 k=1
It then follows from ||wyy1]|3 < 2||w*||3 + 2||wis1 — w*||3 that

t t t
[werrll3 < 4|w*3+2G > ni+4> G+4) &

k=1 k=1 k=1
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We can plug Eq. (D.6) and Eq. (D.7) back into the above inequality and get

T

2O 2 2 R) | (R o o) (30 02)F) 0s(4/0)

3

t
Iweiallf < 4llw* 3+ 262> 0 +8(
k=1

dlog(R/yn) + log(1/6) zt:

n

+45G(W*2+RT)\/ k-

k=1

Since ||w*||2 < Rr, we further get

¢ T T
2G'm; 1 ~ dlog(R/xn) + log(1/9)
2 (12 2 2 2 T

e 5 < 4wl +267 3+ 168 (=0 + a(;nm) log(4/9) + scGRT\/ - >
Note the right hand side of the above inequality is a linear function of Rr. For the Ry defined in Eq. (D.4), we know the
right hand side of the above inequality is smaller than R2. (by Lemma [B.7). This proves the case for k = ¢ + 1 and finishes
the proof of showing max;cir) [|[w¢l[2 < Ryp.

Under the event of A, we have |w;||2 < Rr. It follows from (D.5), (D.6) and (D.7) that

T T T T
2aZnt(F(wt) —F(w") < |w 2 +G? ZU? + QZ& + 2252
Pt t=1 t=1 t=1

T
< w3+ G20 +4( - + (R + wll2)o (3o n?) ") log(4/9)

t=1 t=

~ . dlog(Rymn) + log(1/5) —
20w + Ry LB s §
t=1

2Gn (||w* |2 + Rr) -
1

n

According to our definition of Ry, we know

T
. G?(dlog(R,n) + log(1/6 2
RS < w3+ 62 tog?(1/s) + LB Ho8l/0)) 57y
t=1 t=1

This gives Eq. (20).
For n; < 1/v/T we have Zthl n? <1 and Zthl 1 < V/T. 1t then follows that

. (im)l S m(Plon) - Fow')) < IVIE G2 ecy ik log”(1/0) | GP(dlog(Rpm) +og(1/8)) Yoy
t=1 t=1 D=1 poy "
< Iwlz 6 log?(1/9) n G*(dlog(Rin) + log(1/8))V'T
~ VT VT n '
This gives the stated bound and finishes the proof. O

E. PROOF ON STOCHASTIC VARIANCE REDUCED OPTIMIZATION

In this section, we prove Theorem [T3] and Theorem [I6] on bounds of stochastic variance reduced optimization algorithms.

Proof of Theorem [I3] To achieve the empirical accuracy E[||VFs(A(S))[|l2] = O(e), it was shown that SVRG requires T =
O(n + Ln3 /é?) stochastic gradient evaluations (Reddi et al., 2016). According to Assumption |3} we know |v¢|l2 < 3G and
therefore || A(S) 2 < 3GT < Gn + GLn3 /2. Eq. () then implies

de[Lé(Aw))])

E[[VF(A®S)) - VEs(AS))]],] = O( NG

It then follows that
E [||VF(A(S))H2} < E[||VFS(A(S))||2] +E [||VF(A(5)) - VFS(A(S))HQ} —et 6(

The proof is completed. O
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Proof of Theorem[I6] To achieve the empirical accuracy E[||V Fis(A(S))|[2] = O(e), it was shown that Spider/SARAH requires
T = O(min {o®/e3,n + /nL/e*}) stochastic gradient evaluations (Nguyen et al., 2017; [Fang et al., 2018). According to
Assumption 3| we know [|v¢||2 < 3G and therefore ||A(S)||2 < 3GT < Gn + /nGL/€2. Eq. (3) then implies

E[HVF(A(S)) - VFS(A(S))HQ] - 6(

It then follows that

E[[VEA®),] <E[|[VEs(As)],] +E[IVF(AS) - VEs(AS)],] =€+ O(

The proof is completed. O

F. PROOF OF LEMMA [A 8]

In this section, we prove Lemma To this aim, we introduce several necessary lemmas. The following two lemmas
show the uniform deviation of an empirical process in terms of local Rademacher complexities. For simplicity, for a function
f:Z~—Rand S={z,...,2,}, we denote

Pf= 3 f(), Pf=E.Lf()
i=1

Lemma F.1 (Lemma 6.1 in [Bousquet| (2002)). Let F be a class of functions that map Z to [a,b]. Assume there exists some
r > 0 such that for every f € F, we have Pf* < r. Then, for every x > 0, with probability at least 1 — 3 exp(—x)
16(b — a)x

sup |Pf — P, f| < 6Rs(F) + v/2ra/n +
feF 3n

Lemma F.2 (Lemma 6.2 in [Bousquet (2002)). Let F be a class of functions that map Z to [a,b]. Let Fy, be a sequence of
subsets of F such that sup ¢ r, Pf? < Koy, where 6 = (b—a)2™% and K > 0. For any 6 > 0, denote

z(0) = 2log (% log, 2(b; a))'

Then for all x > 0, with probability at least 1 — exp(—x), simultaneously for all k > 0 and all f € F,

2K 0k (x + x(6 16(b — a)(z + x(d
|Pf — Puf] < 6%Rs(Fi) + ¢ 1ot o)), 160~ )z +(6)
We now present the proof of Lemma which follows closely from Section 6.2 in [Bousquet| (2002). For a sub-root
function ¢ with the fixed point 7*, we have that ¢(rr*) < v/rr* for any r > r*. We will use this property several times in
the following proof.

Proof of Lemma [A.8] Eq. (A-4) was proved in Bousquet (2002). We only prove Eq. (A3). For any k > 0, denote &), = b2~%
and introduce

(F.1)

Fo={f€F : 6411 < Pf <}
It is clear that Pf2? < bPf < by for any f € Fj,k > 0. According to Lemma with probability at least 1 — exp(—zx),
simultaneously for all £ > 0 and for all f € F}

|Pf— Pof| < 6Rs(Fr) + (F.2)

20k (x + (k) N 16b(x + x(0x))

n 3n ’
where x(9) is defined in Eq. (F.I). Now we always assume that Eq. (F.2) holds, which happens with probability 1 — exp(—z).
Introduce the notation

+ + :
n 3n
Then for any f € Fj, we have P, f < Uy, which implies F, C {f € F : P,,f < Uy} and therefore

n n

Ee[ sup EZQf(Zi)} < Ee[ : Suli %ZQJC(%)}

n
Fe€FR i

U = 01, + 6Rs(Fr)

This together with the definition of Uy implies

Uk < 65 + 660 (U) + Qb5k($:$(5k)) N 16b(x ;nx((sk)).
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Let ko be the largest number such that dy, > b/n, from which we know d;, < 2b/n. We now consider two cases. In the
first case, we consider any k < kq. For these k, we know & > 20y, > 2b/n and therefore (n > 5) (Bousquet, [2002))

z(0x) < 2log(m/v2logyn) < 6loglogn.
If Uy, > r}, the property of sub-root function then implies ¢, (Uy) < m . It then follows that
Uy < 65 + 660 (Us) + /2050 + 1670/3 < 61 + 63/Tnrs, + /20570 + 1610/3.
Solving this quadratic inequality of /Uy then gives (Lemma with = = /Uy)
Uk < 367 + 205 + /80,710 + 32r0/3 := 1 (51).

In the other case that Uy, < r7, the above inequality still holds. Therefore, we can apply Eq. (F.2) to derive that for all & < ko
and f € Fy

n

|Pf—P,f] < 6]E€{ sup %Zeif(zi)} + /20,10 + 1679/3

fiPnf<rn(dx) ' 55

< 600 (17 (6%)) + /26,70 + 1670 /3 < 60, (1 (2Pf)) + 1/ 28k70 + 1670/3
< 6/rirm(2PF) + \/20570 + 1670/3 < 6:/7% (367«;; L APf +4y/Pfro + 327"0/3) + /20570 + 167/3

1 1
< 6./ (36r;; +8Pf + 35r0/3) * £ 2V/Pfro + 16r0/3 < 2/PF(6:y/2r, + v/ro) + 6y/7, (36r;; + 35r0/3) * 1+ 16r0/3,

where we have used the fact that §;, < 2Pf for f € Fj, in the second inequality and the fact ¢, (1, (2Pf)) < \/7irn(2Pf)
due to the sub-root property. It then follows that

Pof < Pf+2y/PF(6/2r5 + Vi) + 61/, (361 + 3510/3) " + 16r0/3,
which further implies (note 12v/2 + 6V12 < 38)
Pof < Pf+ Pf + (61/2r; + /7)” + 3617 + 6y/12ror5, + 1670 /3
< 2Pf +72r) + 10 + 124/2r% 70 + 3617 + 6:/12r077 + Trg < 2P f + 10877 + 1010 + 38\/7o7},.
In the second case, we consider k > ko. Then Pf < 2b/n for any f € Fj. Then we introduce
F={feF:Pf<2b/n}.

For any f € F, we have P f2 < bPf < 2b%/n. We then apply Lemma to derive the following inequality with probability
at least 1 — 3exp(—2a’)

N

N

~ 1 !
sup |[Pf — Pof| < 6Rs(F) + /4022 [ + g’: . (F.3)

fer

We always assume Eq. (F:3) holds, which happens with probability at least 1 — 3exp(—z’). It then follows that

2b ~ 166z’ ~
Puf < 2 4 6%s(F) + VW2 [ + — - = T.
That is, F C {feF:P,f< [7} and therefore (z/ > 1)
~ 2 1 & 16bz’  2b ~ 8ba'
U< o + GEE{ sup — Zeif(zi)} + /422 /n? + n < - + 66, (U) + .

FiPf<U i

IfU <, then we have P, f < r} by the definition of U. Otherwise, we have q’)n(ﬁ) < \/r;;lj' (by sub-root property) and
therefore 8ba’ + 2b
U <6y/ril+ =2
n

We solve the above quadratic inequality of \/5 and derive U < 3677 + %,Hb (Lemma with x = \/5 ). That is,

16ba’ + 4b .
Pnf§36r:;+zT+, Vfel.

We then combine the above two cases, and choose 2’ = z + log3 and derive the stated bound with probability at least
1 — exp(—x). The proof is completed. O
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G. PROBLEM CASES WITH BOUNDED GRADIENTS
In this section, we provide some special problem cases where Assumption [3] holds.

A. Shallow Neural Networks

Let ¢ : R — R be an activation function. Suppose that there exists a G > 0 such that |¢’(a)| < G, for all a € R. Examples
of such activation functions include the ReLLU function and the sigmoid function. Consider shallow neural networks with the

form
m

B(Wia) = —= > a0((w).a).

where m is the number of nodes in the hidden layer, a; € {—1,1} indicates the connection weight between the j-th node in
the hidden layer to the node in the output layer, and w) € R¢ denotes the connection weight between the jth hidden node
and the nodes in the input layer. Let £ : R x Y — R with |¢(a,y)| < Gy for any a € R and y. Examples of such ¢ include
the logistic loss and the Huber’s loss. Consider the following loss function

(W5 2) = {(@(W;2), ).
Assume that ||z||2 <1 for all x € X. Then, we know

a1’ ((w), z))a

1
dP(W;z)= — :
Vo(W;z) NG : ,
am¢’(<w(m),x>)x
from which we know
1 & . 2
IVO(W; )7 = . > (@ (w9 2))) )3 < G,

Il
-

J
where || - || denotes the Frobenius norm. By chain rule, we know V f(W;z) = ¢/(2(W;z),y)V®(W,; ) and therefore

[VF(W;2)]l2 < [€(2(W;2),y)[[VE(W;2)||[r < GGl
Therefore, Assumption @ holds with G = G,G,.

B. Robust Regression

For robust regression, we often consider loss functions of the form f(w;z) = £(y — (w,x)), where £ : R — R, is a
potentially nonconvex function to improve robustness. A typical example is the Tukey’s biweight loss, which is defined as

ta) = 1—(1—a%/ad)®, if|al g ao
1, otherwise,

where ag > 0 is a hyperparameter. It is clear that for any |a| < ag we have

6 2\2 6 6
Ca)=5(1-5) =)l <5 <.
ag ag aj ~ ag

If we assume ||z|2 < 1, then for any w and z we have
IVf(w:2)ll2 =1 (y = (w,2))l[[z]l2 < 6/ao.
That is, Assumption [3| holds with G' = 6/ay.

C. Generalized Linear Models

For generalized linear models, we consider loss functions of the form f(w;z) = (¢(w'z) — y)z, where £ : R — R is
a link function. Generalized linear models have shown superior performance as compared to convex formulations in some
applications. Standard choices of ¢ include the sigmoid link ¢(a) = (1 + exp(—a))~"! and the probit link ¢(a) = ®(a), where
® is the Gaussian cumulative distribution function. Now we show that under the assumption ||z||2 < 1,|y| < 1 and the choice
¢(a) = (1 + exp(—a))~!, Assumption [3| holds. Indeed, we have

[€(a)] = (1 +exp(—a)) ™" <1

and
iy —exp(—a) )| — exp(—a) exp(—a) 1
=T eapay — = Tren-a)? = Bep(-a/2)? 1

It then follows that
IV f(w;2)|l2 = 2[6(w ) —y| | (w2)|[|z]]2 < 1.
That is, Assumption [3] holds with G = 1.
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